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∣∣∣∣∣∣∣∣∣∣
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∣∣∣∣∣∣∣∣∣∣
= . 12

2 .�A�3��
,�detA = 2,Kdet(A−1 +2A∗) = (Ù¥A∗´A���Ý
). 125
2

3 .�A = (ai j)´3��"Ý
, Ai j´ai j��ê{fª. eai j +Ai j = 0 (i, j = 1,2,3),K

detA = . −1

4 .�A�n��
,�A2 = A,K(E +A)−1 = . (^AL«) E− 1
2A

5 .��þ|α1 = (1,1,a,1,a2)T, α2 = (1,1,b,1,b2)T, α3 = (1,1,c,1,c2)T,Ù¥a,b,cüüp

É,K�þ|α1,α2,α3 (ÀW/70½/�70)�5Ã'. 7

6 .�A = (α1,α2,α3,α4)�4��
, eα1,α2�5Ã', �α3 = α1 + 2α2, α4 = 3α1 + 4α2,

Kàg�5�§|AX = 0�Ï)� . k1(3,4,0,−1)T +k2(1,2,−1,0)T, k1,k2�?¿

ê
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�!üÀK: (18©,zK3©,�6K)

1 .�A,B�n��
,K . C

(A) (AB)T = ATBT (B) (AB)−1 = A−1B−1

(C) det(AB) = det(A)det(B) (D) tr(AB) = tr(A)tr(B)

2 .�A�n��
,òA�111�121���B,2òB�12�¦3�C,KC = . C

(A) 3E(1,2)A (B) 3AE(1,2) (C) E(1,2)AE(2(3)) (D) E(2(3))AE(1,2)

3 .�A, B�2�Ý
, A∗,B∗©O´A,B���Ý
. edetA = 2, detB = 5,K

(
O A

B O

)
�

��Ý


(
O A

B O

)∗
� . B

(A)

(
O 5B∗

2A∗ O

)
(B)

(
O 2B∗

5A∗ O

)
(C)

(
O 5A∗

2B∗ O

)
(D)

(
O 2A∗

5B∗ O

)

4 .�n���þ|α1,α2, · · · ,αm (m < n)�5Ã',Kn���þ|β1,β2, · · · ,βm�5Ã'

�¿�^�´ . D

(A)�þ|α1,α2, · · · ,αm�d�þ|β1,β2, · · · ,βm�5LÑ

(B)�þ|β1,β2, · · · ,βm�d�þ|α1,α2, · · · ,αm�5LÑ

(C)�þ|α1,α2, · · · ,αm��þ|β1,β2, · · · ,βm�d

(D)Ý
A = (α1,α2, · · · ,αm)�Ý
B = (β1,β2, · · · ,βm)�-

5 .�A´m×nÝ
, B´n×mÝ
, E´m�ü Ý
,eAB = E,K . D

(A) A���þ|�5Ã', B���þ|�5Ã'

(B) A�1�þ|�5Ã', B�1�þ|�5Ã'

(C) A���þ|�5Ã', B�1�þ|�5Ã'

(D) A�1�þ|�5Ã', B���þ|�5Ã'

6 .�A,Bþ�n��
,�÷vA+B = AB,±e`{�Ø�´ . D

(A) A−E�_ (B) r(A) = r(B) (C) AB = BA (D) detA = detB
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n!(12©)�a�Û��e��5�§|kÃ¡õ),¿�ÑÙÏ).
x1 +2x2 + x3 = 1

2x1 +3x2 +(a+2)x3 = 3

x1 +ax2−2x3 = 0

) é�5�§|�O2Ý
A�11Ð�C�:

A =


1 2 1 1

2 3 a+2 3

1 a −2 0

→


1 2 1 1

0 −1 a 1

0 a−2 −3 −1

→


1 2 1 1

0 1 −a −1

0 0 (a+1)(a−3) a−3


→


1 0 1+2a 3

0 1 −a −1

0 0 (a+1)(a−3) a−3


,

l
r(A) ≥ 2, �¦���§|kÃ¡õ), Kr(A) = r(A) < 3, �r(A) = r(A) = 2. âd,

(a+1)(a−3) = 0�a−3 = 0,��a = 3.

òa = 3�\,����§|kA)γ = (3,−1,0)T,�Ñ|kÄ:)Xη = (−7,3,1)T,¤±�

�§|��Ü)�γ +aη ,Ù¥a´F¥�?¿ê.

5ùp�Ä:)XØ��,Ün=�.

~��Ø1 Ï)Ö��Ø,�)Ï)�/ª·Ï(Ï)=A)+a×Ä:)X, a ∈ F)ÚÄ:)

X�ê�Ø(n− r(A),Ù¥n´��þ��ê).

~��Ø2 Ø¬�ä)�3�^�,~X���¦det(A) = 0,½ö)Ña = −1½3,���

�a =−1��/.

~��Ø3 Ý
Ð�C�¥O��Ø.

o!(12©)�A�n��
,�÷vA2 = 2025A+2026E. ¦¢êc0,c1¦�

r(A+ c0E)+ r(A+ c1E) = n,

¿y�.

y² ({�) dA2 = 2025A+2026E��, (A−2026E)(A+E) = 0.

�E©¬Ý
¿?1Ð�C�:(
A−2026E O

O A+E

)
→

(
A−2026E A−2026E

O A+E

)
→

(
A−2026E −2027E

O A+E

)
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→

(
(A−2026E)(A+E) −2027E

O A+E

)
→

(
O −2027E

O A+E

)
→

(
O E

O O

)
�

r(A−2026E)+ r(A+E) = n

Ïd, c0 = 1, c1 =−2026½öc0 =−2026, c1 = 1.

({�)Ï�(A−2026E)(A+E) = 0,¤±

r(A−2026E)+ r(A+E)≤ n+ r((A−2026E)(A+E)) = n.

q

n = r(−2027E) = r((A−2026E)− (A+E))≤ r(A−2026E)+ r(A+E)

=

n≤ r(A−2026E)+ r(A+E)

�

r(A−2026E)+ r(A+E) = n

Ïd,c0 = 1, c1 =−2026½öc0 =−2026, c1 = 1.

({n) �§A2 = 2025A+ 2026E ´A�z"õ�ª, =: λ 2− 2025λ − 2026 = O. )�A�

�λ1 = 2026, λ2 =−1.

du��õ�ªÃ­�, A�é�z. �A��2026��ê­ê�r, A��−1��ê­ê

�s,Kr+ s = n.

éuÝ
A−2026E,A��2026C�0,A��−1C�−2027,�r(A−2026E) = s.

éuÝ
A+E,A��2026C�2027,A��-1C�0,�r(A+E) = r.

Ïd

r(A−2026E)+ r(A+E) = s+ r = n.

�c0 =−2026, c1 = 1,Kk:

r(A+ c0E)+ r(A+ c1E) = r(A−2026E)+ r(A+E) = n.

5{n¥^�A���'�£��Æ�,kÜ©ÓÆ¦^ù«�{.

~��Ø1 {�¥?1Ð�1C��vkz��ª�

(
O E

O O

)
/ª.

~��Ø2 {�¥(A−2026E)(A+E) = OØU��A−2026E = O½öA+E = O.
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Ê!(12©)�A�n��
. y²: AØ�_�¿�^�´�3�"é¡Ý
B¦�AB = O.

y² (¿©5)

({�)b�A�_,KA−1AB = B = O,�B´�"Ý
gñ,b�Ø¤á,�AØ�_.

({�)b�A�_,Kr(A) = n,Ï�AB = O,¤±

r(A)+ r(B)≤ n⇒ r(B)≤ 0⇒ r(B) = 0⇒ B = 0,

�B´�"Ý
gñ,b�Ø¤á,�AØ�_.

({n)Ï�AB=O,¤±r(A)+r(B)≤ n.dB 6= 0,kr(B)≥ 1,l
r(A)≤ n−r(B)≤ n−1< n,

�AØ�_.

({o)Ï�B´�"Ý
,¤±B�3�"�β . dAB = 0,�Aβ = 0,=β´AX = 0��"),

�AØ�_.

(7�5) ({�)dAØ�_,kr(A) = r < n.�3�_Ý
P,Q,¦�A = P

(
Er O

O O

)
Q.

-

B = Q−1

(
O O

0 En−r

)
(Q−1)T,

kAB = O, BT = B. dur < n, B 6= O.Ïd,é����"é¡Ý
B¦�AB = O.

({�)dAØ�_,�AX = 0�3�"),P�α.

-B=ααT ,KAB=AααT =O,BT =B,�B 6=O.Ïd,é����"é¡Ý
B¦�AB=O.

~��Ø1 dB´�"Ý
í�detB 6= 0. Äk, BØ�½´�
,=¦B´�
, B�"�Ø

UíÑB�1�ªØ�u0.

~��Ø2 �EÝ
B�vk�ÄB�é¡5.

8!(10©)�A,B,C,Dþ�n��
,÷vA�_. y²:

(1) det

(
A B

C D

)
= det(A)det(D−CA−1B);

(2)qeABT = BAT,Kdet

(
A B

C D

)
= det(ADT−BCT).

y² (1) ({�)du∣∣∣∣∣A B

C D

∣∣∣∣∣=
∣∣∣∣∣ E O

−CA−1 E

∣∣∣∣∣
∣∣∣∣∣A B

C D

∣∣∣∣∣=
∣∣∣∣∣A B

O D−CA−1B

∣∣∣∣∣ = |A| ∣∣D−CA−1B
∣∣ .
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({�)��±^�©¬�Éµ∣∣∣∣∣A B

C D

∣∣∣∣∣=
∣∣∣∣∣A B

C D

∣∣∣∣∣
∣∣∣∣∣E −A−1B

O E

∣∣∣∣∣=
∣∣∣∣∣A O

C D−CA−1B

∣∣∣∣∣= |A| ∣∣D−CA−1B
∣∣ .

(2) ({�)d(1)��∣∣∣∣∣A B

C D

∣∣∣∣∣= |A| ∣∣D−CA−1B
∣∣= |A| ∣∣DT−BT(A−1)TCT∣∣= ∣∣ADT−ABT(A−1)TCT∣∣ .

qÏ�ABT = BAT,¤±?�Úk∣∣∣∣∣A B

C D

∣∣∣∣∣= ∣∣ADT−BAT(AT)−1CT∣∣= ∣∣ADT−BCT∣∣ .
({�)Ï�A�_,¤±AT��_. |^(1)�∣∣∣∣∣A B

C D

∣∣∣∣∣=
∣∣∣∣∣AT CT

BT DT

∣∣∣∣∣= ∣∣AT∣∣ ∣∣DT−BT(AT)−1CT∣∣= |A| ∣∣DT−BT(AT)−1CT∣∣
=
∣∣ADT−ABT(AT)−1CT∣∣= ∣∣ADT−BAT(AT)−1CT∣∣= ∣∣ADT−BCT∣∣ .

({n)Ï�A�_,�ABT = BAT,¤±(
E

−B E

)(
E

A

)(
AT CT

BT DT

)
=

(
AT CT

O ADT−BCT

)
.

ü>�1�ª,�

|A|

∣∣∣∣∣AT CT

BT DT

∣∣∣∣∣= |AT||ADT−BCT|= |A||ADT−BCT|.

(ÜA�_,=� ∣∣∣∣∣A B

C D

∣∣∣∣∣=
∣∣∣∣∣AT CT

BT DT

∣∣∣∣∣= |ADT−BCT|.

~��Ø1 ��íÑ

∣∣∣∣∣A B

C D

∣∣∣∣∣= |AD−BC|½ö

∣∣∣∣∣AT CT

BT DT

∣∣∣∣∣= ∣∣ATDT−BTCT
∣∣.

~��Ø2 @�

∣∣∣∣∣A B

C D

∣∣∣∣∣=
∣∣∣∣∣AT BT

CT DT

∣∣∣∣∣.
~��Ø3 b�B�_.
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2025-2026Æc1�ÆÏf��ÆêÆ�ÆÆ�5p��ê(I)6�Ï�Áò

Ô!(10©)�n��"¢�
A÷vA = kA∗,Ù¥k 6=−1, A∗�A���Ý
,y²: A�_.

y² �y{. b�AØ�_.

Äk,duA��"�
ÚA = kA∗,´�k 6= 0�A∗��"�
. ?
,dk 6= 0ÚA = kA∗,·�

kr(A) = r(A∗). �e5,£�r(A)Úr(A∗)�m�'X:
r(A∗) = n � r(A) = n,

r(A∗) = 1 � r(A) = n−1,

r(A∗) = 0 � r(A)< n−1.

dr(A∗) > 0, AØ�_Úr(A) = r(A∗), ·�kr(A∗) = 1Úr(A) = n− 1, ��ö��, =n = 2.

ÏA����
,Ø��

A =

(
a b

c d

)
,

Ù¥a,b,c,dþ�¢ê. K

A∗ =

(
d −b

−c a

)
.

dA = kA∗,·�k 

a = kd

b = −kb

c = −kc

d = ka

duk 6=−1,kb = c = 0. qdudetA = 0,·�k

0 = ad−bc = a(ka)−0 = ka2.

Ïk 6= 0,�a = 0,?
d = 0,=A�"�
,�b�gñ. �A�_.

~��Ø1 �k`²k 6= 0�rk��Øê.

~��Ø2 éA = kA∗ü>�1�ª�,��ÄdetA�U�0��¹,��O�ÑdetA'uk�

L�ª. X:dudetA = kn(detA)n−1,¤±detA = k−n.

~��Ø3 b�detA = 0�ÏL^�A = kA∗ÚAA∗ = (detA)E��A2 = OB(¡A = O.

~��Ø4 r^�A = kA∗��AT = kA∗,l
ÏLAA∗ = (detA)Ey²detA > 0.

~��Ø5 ��ÄdetA�U�0��¹,��^A∗�ÑA−1�½Âl
(¡A�_.
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l!(8©)�A,B,C©O´m×n, t×n�n× sÝ
,Ù¥C���þ´BX = 0�Ä:)X.y²:

(1) β´AX = 0�BX = 0�ú�)�¿�^�´β =Cα ,Ù¥α´(AC)Y = 0�);

(2) r

(
A

B

)
= r(AC)+ r(B).

y² (1) (¿©5) dβ = Cα , l
Aβ = ACα = 0, Ó�BC = 0, �Bβ = BCα = 0. l


β´AX = 0�BX = 0�ú�).

(7�5) �C = (C1,C2, · · · ,Cs), dBβ = 0±9C1,C2, · · · ,Cs´BX = 0�Ä:)X, ���

3a1,a2, · · · ,as,¦�β = a1C1+a2C2+ · · ·+αsCs =Cα ,Ù¥α = (a1,a2, · · · ,as)
T. l
ACα =

0,=α´(AC)Y = 0�).

(2) ({�)N´��

n− r

(
A

B

)
= {

(
A

B

)
X = 0�)�4�Ã'|��ê}

±9

n− (r(AC)+ r(B)) = s− r(AC) = {ACY = 0�)�4�Ã'|��ê},

l
�α1,α2, · · · ,αt´ACY = 0�Ä:)X,Ks−r(AC)= t.eyCα1,Cα2, · · · ,Cαt´

(
A

B

)
X =

0�Ä:)X=�.

��¡,d(1)��Cαi´),�dC�÷�,��Cα1, · · · ,Cαt�5Ã'.

,��¡, eβ÷v

(
A

B

)
β = 0, Kd(1)�β = Cα , Ù¥ACα = 0. l
α = ∑

t
i=1 aiαi, l


β =Cα = ∑
t
i=1 aiCαi. y..

({�)5¿� (
A

B

)(
C E

)
=

(
AC A

O B

)
,

·�k

r

(
A

B

)
≥ r(

(
A

B

)(
C E

)
)≥ r(AC)+ r(B).

,��¡,q5¿�

r(AC) = r(

(
A

B

)
C)≥ r

(
A

B

)
+ r(C)−n = r

(
A

B

)
− r(B).

·�����Ø�ª,�y..
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~��Ø1 1(1)�¯á�7�5y²^�.

~��Ø2 1(2)�¯¦^C−1�Ð�C�,¦^Ø�ªr

(
A

B

)
≥ r(A+B)��.
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