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�!W�K: (18©. zK3©,�6K)

1 .�3��
A = (α,β ,γ), B = (α,β ,δ ). edetA = a, detB = b, K1�ªdet(3A−B) =

. 12a−4b

2 .�A =


1

2

3

,K�A¦È����Ý
B/X . diag(a,b,c), a,b,c ∈ F

3 .�A = (ai j)�3��
, Ai j�ai j��ê{fª, eA�z1���Ú�2, �A�1�ª

�3,KA11 +A21 +A31 = . 3
2 .

4 .��þ|α1,α2, · · · ,αs�5Ã',¿��d�þ|β1,β2, · · · ,βt�5LÑ.K (ÀW

/70/�70)�3,��þβ j ( j = 1,2, · · · , t)¦��þ|β j,α2, · · · ,αs�5Ã'.7

5 .�(α1,α2,α3,α4,α5)²1Ð�C�z�


1 2 0 0 3

0 0 1 0 4

0 0 0 1 0

0 0 0 0 0

,K ´α1,α2,α3,α4,α5�

4��5Ã'|,Ù{�þ�^T4��5Ã'|L«� . α1,α3,α4; α2 = 2α1,

α5 = 3α1 +4α3

6 .�A =


1 1 2

2 x −1

−1 6 3

,e�3�"Ý
B¦�AB = O,Kx = . −5

1
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�!üÀK: (18©,zK3©,�6K)

1 .�A,B,Cþ�n��
,±e`{�(�´ . A

(A) A2−E = (A+E)(A−E) (B) A2−B2 = (A+B)(A−B)

(C)eAB = AC,KB =C (D)eAB = O,KA = O½B = O

2 .�A =


a1 a2 a3

b1 b2 b3

c1 c2 c3

, P =


1 0 0

0 2 0

0 0 1

, Q =


1 0 0

0 1 0

0 3 1

,KPAQ = . C

(A)


a1 2a2 +3a3 a3

b1 2b2 +3b3 2b3

c1 2c2 +3b2 c3

 (B)


a1 2a2 a3

b1 2b2 b3

c1 +3b1 c2 +6b2 c3 +3B3


(C)


a1 a2 +3a3 a3

2b1 2b2 +6b3 2b3

c1 c2 +3c3 c3

 (D)


a1 a2 a3

2b1 2b2 2b3

c1 +6b1 c2 +6b2 c3 +6b3


3 .�A´m×nÝ
, B´n×mÝ
,K . C

(A) AB = BA (B) r(AB) = r(BA)

(C) (AB)T = BTAT (D) det(AB) = det(BA)

4 .®�n��
A, B, C÷vABC = O, E´n�ü Ý
,e

r

(
O A

BC E

)
= r1, r

(
AB C

O E

)
= r2, r

(
E AB

AB O

)
= r3,

K . B

(A) r1 ≤ r2 ≤ r3 (B) r1 ≤ r3 ≤ r2

(C) r3 ≤ r1 ≤ r2 (D) r2 ≤ r1 ≤ r3

5 .��þα1 = (a,1,−1,1)T, α2 = (1,1,b,a)T, α3 = (1,a,−1,1)T. eα1,α2,α3�5�',�

Ù¥?¿ü��þþ�5Ã',K . A

(A) a =−2,b = 2 (B) a 6=−2,b = 2

(C) a = 1, b =−1 (D) a = 1,b 6=−1

6 .�3��
A = (α1,α2,α3), B = (β1,β2,β3). e�þ|α1,α2,α3�±d�þ|β1,β2,β3

�5LÑ,K . D

(A) AX = 0�)þ�BX = 0�) (B) ATX = 0�)þ�BTX = 0�)

(C) BX = 0�)þ�AX = 0�) (D) BTX = 0�)þ�ATX = 0�)

12�,�9�
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n!(10©)O�1�ª ∣∣∣∣∣∣∣∣∣∣
a+m b c d

a b+m c d

a b c+m d

a b c d +m

∣∣∣∣∣∣∣∣∣∣
.

) ({�)
©{

�ª =

∣∣∣∣∣∣∣∣∣∣
a b c d

a b+m c d

a b c+m d

a b c d +m

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
m b c d

0 b+m c d

0 b c+m d

0 b c d +m

∣∣∣∣∣∣∣∣∣∣
= a

∣∣∣∣∣∣∣∣∣∣
1 0 0 0

0 m 0 0

0 0 m 0

0 0 0 m

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
m b c d

0 b c d

0 b c+m d

0 b c d +m

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
m 0 c d

0 m c d

0 0 c+m d

0 0 c d +m

∣∣∣∣∣∣∣∣∣∣
= m3a+b

∣∣∣∣∣∣∣∣∣∣
m 1 0 0

0 1 0 0

0 1 m 0

0 1 0 m

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
m 0 c d

0 m c d

0 0 c d

0 0 c d +m

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
m 0 0 d

0 m 0 d

0 0 m d

0 0 0 d +m

∣∣∣∣∣∣∣∣∣∣
= m3a+m3b+ c

∣∣∣∣∣∣∣∣∣∣
m 0 1 0

0 m 1 0

0 0 1 0

0 0 1 m

∣∣∣∣∣∣∣∣∣∣
+m3(d +m)

= m3(a+b+ c+d +m).

({�)\>{

�ª=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −a −b −c −d

0 a+m b c d

0 a b+m c d

0 a b c+m d

0 a b c d +m

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −a −b −c −d

1 m 0 0 0

1 0 m 0 0

1 0 0 m 0

1 0 0 0 m

∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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em = 0,1�ª�0. em 6= 0,K

�ª=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1+ a+b+c+d
m −a −b −c −d

0 m 0 0 0

0 0 m 0 0

0 0 0 m 0

0 0 0 0 m

∣∣∣∣∣∣∣∣∣∣∣∣∣
= m3(m+a+b+ c+d).

nþ,�ª= m3(m+a+b+ c+d).

({n)ü�úª dü�úªdet(λEs−AB) = λ s−tdet(λEt−BA),�

�ª=

∣∣∣∣∣∣∣∣∣∣
mE4−


−1

−1

−1

−1

(a,b,c,d)

∣∣∣∣∣∣∣∣∣∣
=m3det(mE1−(a,b,c,d)


−1

−1

−1

−1

)=m3(1+a+b+c+d).

o!(12©)�A∗ =


1 0 0 0

0 1 0 0

1 0 1 0

0 −3 0 8

�ABA−1 = BA−1 +3E,¦B.

) dudetA∗ = 8ÚAA∗ = detAE4,��detA = 2.

òABA−1 = BA−1 +3Eü>Ó�m¦A,�¦A∗�

A∗AB = A∗B+3A∗A,

¤±(detA)B=A∗B+3(detA)E§=2B=A∗B+6E.dd(2E−A∗)B= 6E,�B= 6(2E−A∗)−1.

��O��

2E−A∗ =


1

0 1

−1 0 1

0 3 0 −6

 ⇒ (2E−A∗)−1 =


1

0 1

1 0 1

0 1
2 0 −1

6



¤±B =


6

0 6

6 0 6

0 3 0 −1

.
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Ê!(12©)�kl 6= 1,Ý
A,B÷vAB+ kA+ lB+E = O.

(1)y²: A+ lE�_¿¦Ù_;

(2) AB = BAí? e¤á,�y²;eØ¤á,�Þ�~.

y² (1) d^��, (A+ lE)(B+ kE) = (kl−1)E. dukl 6= 1§A+ lE�_�Ù_�B+kE
kl−1 .

(2) (2)¤á. dþã(A+ lE)(B+kE) = (kl−1)E��(B+kE)(A+ lE) = (kl−1)E,Ðm±9

d®�^�=��BA = AB.

8!(12©)�n��
A = (α1,α2, · · · ,αn)�cn− 1���þ�5�',�n− 1���þ�5Ã

', β = α1 +α2 + · · ·+αn.

(1)y²: �§|AX = β7kÃ¡õ);

(2)¦�§|AX = β�Ï).

y² (1) (�Öº,�L<,ö!¶,i�,�#,/�Z,�+R,�¯,�(�,�\p,ÇÙ

Ê,Ç�º,N®Í,��É,xÆ��)

(1)duβ = α1 +α2 + · · ·+αn,=β�dα1,α2, · · · ,αn�5LÑ,Kr(A) = r(A β ). u´AX =

βk). qduA�cn−1���þ�5�',Kr(A β ) = r(A) < n. AO/, AX = βkÃ¡

õ�).

(2) duA�cn− 1���þ�5�', Kr(A) ≤ (n− 2)+ 1 = n− 1. qduA��n− 1�

��þ�5Ã',Kr(A) ≥ n− 1. ¤±r(A) = n− 1, =�Ñ|AX = O�Ä:)X¹k��

£�"¤�þ. �dc¡?Ø��α1�dα2, . . . ,αn−1�5LÑ£Ï�α2, . . . ,αn−1�5Ã'±

9α1,α2, . . . ,αn−1�5�'¤,�3����|êk2, . . . ,kn−1 ∈ F¦�

α1 = k2α2 + · · ·+ kn−1αn−1 = k2α2 + · · ·+ kn−1αn−1 +0 ·αn.

dd��, Aη = 0,Ù¥η = (−1,k2, · · · ,kn−1,0)T. ¤±�þη´�Ñ|AX = O�Ä:)X.

2dβ = α1+α2+ · · ·+αn��γ = (1,1, · · · ,1)T´AX = β���A).u´AX = β�Ï)�

X = γ + cη , c ∈ F.

~��Ø1 �y²��oAX = βk).

~��Ø1 ��Ù�Ñ|AX = O�Ä:)X±9Ï)L�Ø��.
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Ô!(10©)

(1)�A�_,y²: r

(
A B

C D

)
= r(A)+ r(D−CA−1B);

(2)�M =


a2

1 a1a2 +1 · · · a1an +1

a2a1 +1 a2
2 · · · a2an +1

...
...

...

ana1 +1 ana2 +1 · · · a2
n

,y²: r(M)≥ n−1.

y² (1) Ï�A�_,¤±(
A B

C D

)
→

(
A B

O D−CA−1B

)
→

(
A O

O D−CA−1B

)
½ (

E O

−CA−1 E

)(
A B

C D

)(
A −A−1B

O E

)
=

(
A O

O D−CA−1B

)

¤±r

(
A B

C D

)
= r(A)+ r(D−CA−1B).

(2) ({�) (ÚZ²,ÛÙ<,o�c,4þó,¤fÊ,�W�,Ç�õ,Ç�,Çðï,
L�,

Ü!w,¨É��)-A =

(
a1 a2 · · · an

1 1 · · · 1

)
,KM =−En +ATA. ��¡

(
E2 A

AT En

)
→

(
E2 A

O En−ATA

)
→

(
E2 O

O En−ATA

)
,��¡ (

E2 A

AT En

)
→

(
E2−AAT O

A En

)
→

(
E2−AAT O

O En

)
.

��O�k

r(E2−AAT) = r

(
1−∑

n
i=1 a2

i −∑
n
i=1 ai

−∑
n
i=1 ai 1−n

)
≥ 1,

�r(M) = n−2+ r(E2−AAT)≥ n−1.

({�) (
1{)Ï�

M = ST,Ù¥S =


a1 1 0 · · · 0

a2 0 1 · · · 0
...

...
... . . . ...

an 0 0 · · · 1

 ,T =



a1 a2 · · · an

0 1 · · · 1

1 0 · · · 1
... . . . . . . ...

1 1 · · · 0


,
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qÏ�

∣∣∣∣∣∣∣∣∣∣∣

0 1 · · · 1

1 0 · · · 1
... . . . . . . ...

1 1 · · · 0

∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1(n−1) 6= 0,¤±r(S)≥ n, r(T )≥ n,?


r(M)≥ r(S)+ r(T )− (n+1)≥ n+n− (n+1) = n−1.

({n) (pu�)PA =

(
a1 a2 · · · an

1 1 · · · 1

)
=

(
α

η

)
2×n

,Ó{�y²��

r(M)+2= r

(
E2 A

AT En

)
= r


1 0 α

0 1 η

αT ηT En

≥ r

(
1 η

ηT En

)
−2= r

(
1 η

0 1−n

)
= n+1,

¤±r(M)≥ n−1.

({o) (Ü!w)Pα = (a1,a2, · · · ,an)
T,K

M = ααT +C, Ù¥C =


0 1 · · · 1

1 0 . . . ...
... . . . . . . 1

1 · · · 1 0


n×n

.

´�r(C) = n. eα = 0, KM = C, r(M) = n ≥ n− 1, ·K¤á. eα 6= 0, Kr(ααT) = 1,

r(M) = r(ααT +C)≥ r(C)− r(ααT) = n−1,·K¤á.

~��Ø1 M = ααT +C,¤±r(M)≥ r(C).

~��Ø2 M+E = (aia j+1)n×n²1Ð�C�z�


1 1 · · · 1

a1 a2 · · · an
...

...
...

0 0 · · · 0

,¤±r(M+E) = 1.

~��Ø3 r(A+B)≥ r(A)+ r(B).

~��Ø4

(
a1 a2 · · · an

1 1 · · · 1

)
a1 1

A2 1
...

...

an 1

=

(
∑

n
i=1 a2

i ∑
n
i=1

∑
n
i=1 1

)
.
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l!(8©)�n��
A÷vA2 = O,�r(A) = r. ¦y: e1≤ r < n
2 ,K�3n��_Ý
P,¦�

P−1AP =

(
O Er O

O O O

)
.

y² ({�) (���, �íª) éA, �3�_Ý
SÚT , ¦�A = S

(
Er O

O O

)
T . òT S©

�2×2©¬Ý


(
C1 C2

C3 C4

)
,Ù¥C1´r��
. KdA2 = O,��O��C1 = O. ?


S−1AS =

(
Er O

O O

)
T S =

(
O C2

O O

)
.

Ï�r(A) = r,¤±r× (n− r)Ý
C2���r. Ïd�3�_Ý
MÚN,¦�

S−1AS =

(
O M(Er,O)N

O O

)
=

(
M

N−1

)(
O Er O

O O O

)(
M

N−1

)−1

.

-P = S

(
M

N−1

)
,KP�_,�P−1AP =

(
O Er O

O O O

)
.

({�) (HZ�, ñ��) Ï�P−1AP =

(
O Er O

O O O

)
�duAP = P

(
O Er O

O O O

)
, Ïd

��é�n��5Ã'���þP1,P2, · · · ,Pn÷v

APi = 0 (i = 1,2, · · · ,r,2r+1,2r+2, · · · ,n); APr+ j = Pj ( j = 1,2, · · · ,r),

K·K�y.

¯¢þ,�P1,P2, · · · ,Pr´A���þ|���4�Ã'|,ÏdAX = Pi (1≤ i≤ r)7k),�

�Pr+i (i = 1,2, · · · ,r).

duA2 = O,¤±APi = A2Pr+i = 0 (i = 1,2, · · · ,r),=P1,P2, · · · ,Pr´AX = 0�).

5¿�r(A) = r,¤±�3AX = 0�)P2r+1,P2r+2, · · · ,Pn�P1,P2, · · · ,Pr�ån¤AX = 0��

�Ä:)X.yyXd�E�P1,P2, · · · ,Pn´�5Ã'�.

�

a1P1 +a2P2 + · · ·+anPn = 0, (∗)

ò(*)ªü>Ó��¦A�ar+1P1+ar+2P2+ · · ·+a2rPr = 0,2dP1,P2, · · · ,Pr�5Ã'=�ai =

0 (i = r+2,r+2, · · · ,2r).
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?�Ú,Ï�P1,P2, · · · ,Pr, P2r+1,P2r+2, · · · ,Pn´AX = 0�Ä:)X,�ai = a j = 0 (i= 1,2, · · · ,r;

j = 2r+1,2r+2, · · · ,n). Ïde-P = (P1,P2, · · · ,Pn),KP�_,�AP = P

(
O Er O

O O O

)
,?


P−1AP =

(
O Er O

O O O

)
.

~��Ø dr(A) = r��3�_Ý
S,¦�S−1AS = diag(Er,O).

N\K (10©)�n≥ 2, A, B´n��
,�÷vB2 = B. y²: r(AB−BA)≤ r(AB+BA).

y² ({�) duB2 = B,��O���

(E−B)(AB+BA)(E−B) = O.

(ÜFrobeniusØ�ªr(ABC)≥ r(AB)+ r(BC)− r(B),�

0 ≥ r((E−B)(AB+BA))+ r((AB+BA)(E−B))− r(AB+BA)

= r(AB−BAB)+ r(BA−BAB)− r(AB+BA)

≥ r(AB−BA)− r(AB+BA)

({�) (ùWÍ, ñ�%) Äky²Ún: eB2 = B, K�3�_Ý
P, ¦�P−1AP =(
Er O

O O

)
,Ù¥r = r(B).

¯¢þ, éB, �3�_Ý
S, T , ¦�B = S

(
Er O

O O

)
T . òT S©�2× 2©¬Ý
T S =(

C1 C2

C3 C4

)
, Ù¥C1´r��
. KdB2 = B, ��O��C1 = Er. ?
S−1BS =

(
Er C2

O O

)
.

-P = S

(
Er C2

O En−r

)
,KP�_,�P−1AP =

(
Er O

O O

)
.

yyr(AB−BA)≤ r(AB+BA).dÚn,éB�3�_Ý
P,¦�P−1AP=

(
Er O

O O

)
òP−1AP©

¤2×2©¬Ý


(
A1 A2

A3 A4

)
. ��O��

P−1(AB−BA)P =

(
O −A2

A3 O

)
, P−1(AB+BA)P =

(
2A1 A2

A3 O

)
,

Ïdr(AB−BA) = r(A2)+ r(A3)≤ r(AB+BA).
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