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1 .�A�n��½Ý
,�"��þX1,X2, · · · ,Xn ∈ Rn÷vXT
i AX j = 0(1≤ i 6= j ≤ n),K

X1,X2, · · · ,Xn (ÀW/�5�'0,/�5Ã'0,/ØU(½0). �5Ã'

2 .®�ξ1,ξ2,ξ3´3�î¼�mV���Ä, ÙÝþÝ
�


1 −1 0

−1 2 0

0 0 3

, eβ =

ξ1 +2ξ2−ξ3,Kβ��Ý� .2
√

2

3 .®�3�¢é¡Ý
A÷vA2 + 3A = 0, �r(A) = 1, KA3Cþ�5�/´ ,

A3Rþ����qIO/� .


1

0

0

 ,


−3

0

0


4 .®�α,β´n�î¼�mV¥�ü�ØÓ�ü �þ,K�3V�º¡��ϕ: ϕ(X) =

X−2(η ,X)η ,Ù¥η = ,¦�ϕ(α) = β . α−β

|α−β |

5 .�g. f (x1,x2,x3) = (x1 + x2)
2 +(x2− x3)

2 +(x3 + x1)
2��´ .2

6 .�abc > 0, K¢�g. f (x,y,z) = ayz+ bzx+ cxy��.5�ê= , K.5�

ê= .1,2

1
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�!ÀJK: (18©,zK3©,�6K)

1 .�α = (a1,a2)
T, β = (b1,b2)

T´2���þ�mR2¥?¿ü��þ, KR2´'uS

È �î¼�m. C

(A) (α,β ) = max{a1,a2,b1,b2} (B) (α,β ) = |a1|+ |a2|+ |b1|+ |b2|
(C) (α,β ) = 2a1b1 +a1b2 +a2b1 +2a2b2 (D) (α,β ) = a1b1 +a1b2 +a2b1 +a2b2

2 .b�U1,U2þ´n�SÈ�mV�f�m,Ke�·K¥�(�k �.B

(1) (U1 +U2)
⊥ =U⊥1 +U⊥2 (2) (U1 +U2)

⊥ =U⊥1 ∩U⊥2
(3) (U1∩U2)

⊥ =U⊥1 +U⊥2 (4) (U1∩U2)
⊥ =U⊥1 ∩U⊥2

A. 1 B. 2 C. 3 D. 4

3 .�ϕ´n�î¼�mV��5C�,Kϕ�é¡C��¿©7�^�´ .D

(A) ϕ�A���´¢ê (B) ϕ�A��þüü��

(C) ϕ3,��Äe�Ý
´é¡
 (D) ϕ3?��IO��Äe�Ý
´é¡


4 .e�Ý
¥�


1 2 0

2 1 0

0 0 −1

ÜÓ�´ .C

(A)


1 0 0

0 1 0

0 0 1

 (B)


1 0 0

0 1 0

0 0 −1

 (C)


1 0 0

0 −1 0

0 0 −1

 (D)


−1 0 0

0 −1 0

0 0 −1


5 .��g. f (x1,x2,x3)3���5O�X = PYe�IO/�2y2

1 + y2
2− y2

3, Ù¥P =

(P1,P2,P3).eQ=(P1,−P3,P2),K f (x1,x2,x3)3��C�X =QZe�IO/� .

A

(A) 2z2
1− z2

2 + z2
3 (B) 2z2

1 + z2
2− z2

3 (C) 2z2
1− z2

2− z2
3 (D) 2z2

1 + z2
2 + z2

3

6 .eA´3�K½Ý
,K±e`{�Ø�´ .B

A. A−1�K½Ý
 B. A∗�K½Ý
 C. 3A�K½Ý
 D. A3�K½Ý
.
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n!(12©)

�3�¢é¡Ý
A��1���Ú�6, �þX1 = (−1,2,−1)TÚX2 = (0,−1,1)T´�5

�§|AX = 0�ü�).

(1)¦��Ý
P§¦�PTAP�é�
;

(2)¦(A−3E)4.

) £�Y�!F'�!o!,!MHñ!xR�!��é!ö¿µ!��W!§�!

��ñ!�>¹!�LÆ!½�!g�Z!�LÚ!��ï!Nµ\!Ü��!xå

î!Á¤#!Ç_A��¤

(1)dK¿��

A


1

1

1

= 6


1

1

1

 .

¤±A���A���6�ÙéA�A��þ�X3 =


1

1

1

.

qd®�^�X1ÚX2�A��0�ü��5Ã'�A��þ.l
��X1,X2,X3�5Ã'

��¤
�|Ä.

,�é§�?1Schmidt��z�

Y1 =X1 = (−1,2,−1)T,

Y2 =X2−
(X1,Y1)

(Y1,Y1)
Y1 = (−1

2
,0,

1
2
)T,

Y3 =X3−
(X3,Y1)

(Y1,Y1)
Y1−

(X3,Y2)

(Y2,Y2)
Y2 = (1,1,1)T = X3.

��òY1,Y2,Y3?1ü z�

Z1 =(− 1√
6
,

2√
6
,− 1√

6
)T,

Z2 =(− 1√
2
,0,

1√
2
)T,

Z3 =(
1√
3
,

1√
3
,

1√
3
)T.

l
¤¦���Ý


P = (Z1,Z2,Z3) =


− 1√

6
− 1√

2
1√
3

2√
6

0 1√
3

− 1√
6

1√
2

1√
3

 ,
13�,�8�
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�

PTAP =


0

0

6

 .
(2)d(1)��

(A−3E)4 =

P


0

0

6

PT−3E


4

=

P




0

0

6

−3E

PT


4

=P




0

0

6

−3E


4

PT = P


81

81

81

PT

=81PPT = 81E3.

~��Ø ØU�(��Ñ��Ý
P.

o!(12©)

eA´n×m¢Ý
�r(A) = m,KA = QR,Ù¥QT Q = Em,�R´þn�/Ý
�Ìé�

����u0.

y² £Û�|!ÜR!�[Ù!!;�!Ë�c!îZd!4óº!���!6L+!

�Ó!=µj!�d#�¤

�A = (A1, · · · ,Am),Ai ∈ Rn,1 ≤ i ≤ m. Ï�r(A) = m§¤±A1, . . . ,Am�5Ã'.,�ò

�Schmidt��z§¦�

〈A1, . . . ,Am〉= 〈β1, . . . ,βm〉,

Ù¥

β1 = A1, . . . ,βi = Ai−
(Ai,β1)

(β1,β1)
β1−·· ·−

(Ai,βi−1)

(βi−1,βi−1)
βi−1, . . . , 1≤ i≤ m.

u´k

A = (A1, · · · ,Am) = (β1, · · · ,βm)


1 · · · ∗
... . . . ...

0 · · · 1

 .
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��ò�ü z§�

A = (A1, · · · ,Am) = (γ1, · · · ,γm)


|β1| · · · ∗

... . . . ...

0 · · · |βm|

= QR.

N´�yQTQ = Em±9R´þn�Ý
�Ìé�����u0.

~��Ø vU5¿�d��Ý
AØ2´�
¶Ø��XÛ?n���Ý
.

Ê!(12©)

�A´��Ý
,KdetA = 1�¿©7�^�´�3��Ý
B,¦�A = B2.

y² £�b©!o�ï!QgT!ac!g­%!4dU!��Z!Û<ø!�#!

oÛ¦!of~!�À!���!BÆª�¤

¿©5µdA = B2ÚB���Ý
§�1�ªk|A|= |B|2 = 1.

7�5µÏ�A´��Ý
§¤±�3��Ý
Q¦�

QTAQ =



Es

−Et

cosθ1 −sinθ1

sinθ1 cosθ1
. . .

cosθ` −sinθ`

sinθ` cosθ`


, s+ t +2`= n.

�1�ªk|A|= (−1)t = 1§¤±t�óê§Pt = 2k.-−EtÝ
¬�
−E2

−E2
. . .

−E2

 .
5¿�

−E2 =

[
−1

−1

]
=

[
1

−1

][
1

−1

]
.

-W =

[
1

−1

]
§KkWW T = E2,=W���Ý
.,��¡§éu?¿�1≤ i≤ `§k

[
cosθi −sinθi

sinθi cosθi

]
=

[
cos θi

2 −sin θi
2

sin θi
2 cos θi

2

]2

,

[
cos θi

2 −sin θi
2

sin θi
2 cos θi

2

][
cos θi

2 −sin θi
2

sin θi
2 cos θi

2

]T

= E2.

15�,�8�
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¤±

A = B2,

Ù¥

B = QT



Es

W
. . .

W

cos θ1
2 −sin θ1

2

sin θ1
2 cos θ1

2
. . .

cos θ`
2 −sin θ`

2

sin θ`
2 cos θ`

2



Q.

~��Ø 3y²“7�5”�§ØU�(��Ý
W =

[
1

−1

]
±9

[
cos θi

2 −sin θi
2

sin θi
2 cos θi

2

]
.

8!(10©)

�¢�g. f (x1,x2, · · · ,xn)��!K.5�ê©O�pÚn− p�2p≤ n,y²:�3Rn�p�

f�mU ,¦�éu?¿α ∈U ,þk f (α) = 0.

y² �{�£F'�!Û�|!��W!ÜR!g­%!§�!��ñ!�>¹!�

LÆ!���!ÈÛ!g�Z!�Ó!=µj!�LÚ!�d#!Üµ!Ü��!xå

î!0(ë!Á¤#�¤

� f (x1,x2, · · · ,xn) = XTAX��3�_Ý
C§¦�

CTAC =

[
Ep

−En−p

]
, 2p≤ n.

-βi = εi + εi+p.du2p≤ n§Kkβ1, . . . ,βp�5Ã'�

β
T
i CTACβi = 0, 1≤ i≤ p.

-αi =Cβi,1≤ i≤ p.Ï�C�_§¤±α1, . . . ,αp��5Ã'�

f (αi) = α
T
i Aαi = 0.

,��¡§N´�Ñ

α
T
i Aα j = 0, 1≤ i 6= j ≤ p.

16�,�8�
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-U = 〈α1, . . . ,αp〉.KkdimU = p�éu?¿�α = a1α1 + · · ·+apαp ∈U þk

f (α) = α
TAα =

p

∑
i=1

p

∑
j=1

aia jα
T
i Aα j = 0.

�{�£o!,!�b©!Ë�c!ac�¤

� f (x1,x2, · · · ,xn)²L�_�5O�z�y2
1 + · · ·+ y2

p− y2
p+1−·· ·− y2

n. -βi = εi + εi+p. d

u2p≤ n§Kkβ1, . . . ,βp�5Ã'.-αi =Cβi,1≤ i≤ p.Ï�C�_§¤±α1, . . . ,αp��

5Ã'� f (αi) = 0.-U = 〈α1, . . . ,αp〉,KdimU = p�éu?¿α ∈U ,þk f (α) = 0.

~��Ø �UO(�EÑÎÜ�¦�p�f�m��|Ä.

Ô!(10©)

�A´n��½Ý
(n > 1),α ∈Rn§�α´�"��þ.q�B = AααT. ¦B���A��

±9B�áuù�A���A�f�m��êÚ��Ä.

) £�b©!o�ï!QgT!©f#!�[Ù!��Z!�#�¤

�Ä|λE−B|= 0§�

|λE−Aαα
T|= λ

n−1|λ −α
TAα|= λ

n−1(λ −α
TAα).

Ï�A´�½Ý
�α 6= 0§KkαTAα > 0.�B�A���

λ1 = 0 (n−1­), λ2 = α
TAα > 0.

ÏdαTAα�B���A��±9ÙA�f�m��ê�1.,	·�5¿�

B(Aα) = Aαα
TAα = (αTAα)(Aα).

d^�A��½Ý
Úα 6= 0��§Aα 6= 0.¤±{Aα}�A��αTAα�A�f�m��

�Ä.

~��Ø vU�(�éÑ��A���A�f�m���Ä.

l!(8©)

�A,B�n��½Ý
, -U = {X ∈ Rn|XTAX ≤ 1}, W = {X ∈ Rn|XTBX ≤ 1}, y²: U ⊆
W�¿�^�´B−A´�K½Ý
.

y² £ac!!;�!4dU!½�!6L+!Û<ø!oÛ¦!of~!�À!N

µ\!���!BÆª¤

17�,�8�
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¿©5µ�B−A´�K½Ý
"Kéu?¿X ∈ Rn§k

XT(B−A)X ≤ 0 ⇒ XTBX−XTAX ≤ 0 ⇒ XTBX ≤ XTAX .

�âUÚW�½Â§N´wÑU ⊆W .

7�5µ�y{µb�B−AØ´�K½Ý
.PB−A��!K.5�ê�p,q.K�3�

_Ý
C¦�

CT(B−A)C =


Ep

−Eq

0

 , p > 0.

�Y = ε1 = (1,0, . . . ,0)T.Kk

Y TCT(B−A)CY = 1 > 0.

-X =CY .duC�_�Y 6= 0§��X 6= 0.u´þãªf�±U�¤XT(B−A)X = 1 > 0§

=

XTBX = 1+XTAX .

�â^�§AÚBþ��½Ý
.PXTAX = a > 0ÚXTBX = b > 0.�

X0 =
1√
a

X 6= 0.

u´kXT
0 AX0 = 1�XT

0 BX0 =
1
a +1 > 1§=kX0 ∈U�X0 /∈W .ù�U ⊆Wgñ.

~��Ø 7�5�y²Øî>�õ.

N\K (10©)

�A´n��_¢é¡Ý
, A1,A2´m��_¢é¡�
, e

(
A

A1

)
�

(
A

A2

)
Ü

Ó,y²: A1�A2ÜÓ.

y² ë�p��êÆS9�ÖP.308.
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