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�!W�K: (18©. zK3©,�6K)

1 .�A =

(
6 −10

2 −3

)
,K,tr(A2024) = . 22024 +1

2 .�(1,a,0)T, (1,1,1)T, (2,1,0)T©O´A�áuA��0,1,−1�A��þ,Ka÷v .

a 6= 1
2

3 .�A =

(
1 3

0 2

)
,òA−1L«�A�õ�ª . 3

2E− 1
2A

4 .�3��
A�A�Ý
λE−A�-u


1 0 0

0 λ 0

0 λ 2 +λ (λ +1)2

,KλE−A�{ª´ ,

A�JordanIO/´ .


1 0 0

0 1 0

0 0 λ (λ +1)2

;


0 0 0

0 −1 0

0 1 −1


5 .�A=

(
F(λ 3 +λ )

C F(λ 2 +1)

)
,Ù¥C´mþ���1,Ù{�þ�0�Ý
,KA�Frobenius

IO/� , A3Rþ�2ÂJordanIO/� .



0 0

1 0 −1

1 0 0

1 0 −2

1 0


;



0

0 −1

1 0

1 0 −1

1 0


,

6 . �ϕ´�5�mV��5C�, �3V�,�ÄeÝ
�


1

1 1

2

, Kϕ��f�

mR(1) = Ker = Im . (ϕ− idv)
2; ϕ−2idV

1
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�!üÀK: (18©. zK3©,�6K)

1 .�A�A�õ�ª fA(λ ) = λ 3(λ −1)2,K . B

(A) 5− r(A) = 3 (B) 5− r(A)≤ 3

(C) 5− r(A)≥ 3 (D) 5− r(A)�3vk��'X

2 .�λ1,λ2´A�ü�ØÓA��,éA�A��þ©O�α1,α2,Kα1, A(α1 +α2)�5�'�

¿�^�´ . D

(A) λ1 6= 0 (B) λ2 6= 0 (C) λ1 = 0 (D) λ2 = 0

3 .e�2��
¥, Ø�qu

(
1 1

−1 3

)
. B

(A)

(
2 0

1 2

)
(B)

(
2 0

0 2

)
(C)

(
1 −1

1 3

)
(D)

(
3 −1

1 1

)

4 .�A(λ ),B(λ )Ñ´n�λ -Ý
,e�Qã¥ ´�(�. C

(A) deg(A(λ )B(λ )) = degA(λ )+degB(λ )

(B)eA(λ )B(λ ) = O,KA(λ ) = O½B(λ ) = O

(C)eA(λ )�B(λ )k�Ó�{ª,KA(λ )�B(λ )�-

(D)eA(λ )�B(λ )k�Ó�Ð�Ïf|,KA(λ )�B(λ )�-

5 .e5��
A�4�õ�ªmA(λ ) = λ 2(λ −1),��r(A) = 3,K3ØOJordan¬gSe, A�

U�JordanIO/k �. B

(A) 1 (B) 2 (C) 3 (D) 4

6 .�E�
Akü��1�ØCÏf,Ke�(Ø�(�k �. D

a. A��k��A�f�m�ê�u1 b. A��k���f�mØ´Ì�f�m

c. A�1�ªÏf�A�ØCÏfØÓ d. A�A�õ�ªØ�uA�4�õ�ª

(A) 1 (B) 2 (C) 3 (D) 4
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n!(12©)��
A�1�ªdetA = 18,�3A+A∗ = 15E,Ù¥A∗�A���Ý
, E�ü Ý
.

(1)¦A���"zõ�ª;

(2)¦A�4�õ�ª;

(3)¦A�JordanIO/.

�¦�ÑL§.

) (1) Ï�detA = 18,ò�ª3A+A∗ = 15Eü>Ó��¦A�: 3A2 +18E = 15A,ÏdA2−5A+

6E = O. ��λ 2−5λ +6�A���"zõ�ª.

(2) d(1)��: mA(λ ) | (λ −2)(λ −3),@oA�A���2½3.

eA�A����2, KdetA = 2k, �detA = 18gñ. eA�A����3, KdetA = 3k, �detA =

18gñ. Ïd2�3þ�A�A��, mA(λ ) = (λ −2)(λ −3).

(3) detA = 18 = 2×32,�� fA(λ ) = (λ −2)(λ −3)2. l
�Ð�Ïf|�: λ −2,λ −3,λ −3,Ý


A�é�z, A�JordanIO/�


2

3

3

.

~��Ø1 12�¯¥,vküØA����2½��3��U.

~��Ø2 eA�A����2,KA = 2E.

~��Ø3 13�¯¥,vky²Ý
�é�z,���JordanIO.�é�Ý
.

o!(12©) �A´n��
, α , β´n���þ. y²: Aαβ T�é�z�¿�^�´β TAα 6= 0½

öAαβ T = O.

y² �ÄAαβ T�A�õ�ª,dü�úª,k

fAαβ T(λ ) = det(λEn− (Aα)(β T)) = λ
n−1 det(λE1− (β T)(Aα)) = λ

n−1(λ −β
TAα).

l
Aαβ T�A���0(n−1�),β TAα .

7�5 eAαβ T�é�z,KAαβ T�qudiag(0, · · · ,0,β TAα). ?
eβ TAα = 0,KAαβ T = O.

¿©5 5¿��Aαβ T = O�Ý
�é�z. ��y²β TAα 6= 0�Ý
�é�z.

({�) Ý
Aαβ T�±w�dn���þAα�n�1�þβ T �¦��,�Ù�r(Aαβ T)≤ 1,l


ÙJordanIO/�U�diag(0, · · · ,0,β TAα). ÏdAαβ T�é�z.

({�) dAαβ TAαβ T = (β TAα)Aαβ T�m(λ ) = λ (λ −β TAα)�Ù"zõ�ª.

q4�õ�ª�Ø"zõ�ª,�3ØO­ê��¹ek�A�õ�ª�Ó��,�m(λ )=�

Ù4�õ�ª. ��d4�õ�ªÃ­��Aαβ T�é�z.

13�,�7�
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Ê!(12©) �mA(λ )´n��
A�4�õ�ª, g(λ )´�~êõ�ª. y²: g(A)�_�¿�^�

´(g(λ ),mA(λ )) = 1.

y² ¿©5 Ï(g(λ ),mA(λ )) = 1, ¤±�3u(λ ),v(λ ), ¦�u(λ )g(λ ) + v(λ )mA(λ ) = 1. l


E = u(A)g(A)+ v(A)mA(A) = u(A)g(A),Ïdg(A)�_.

7�5 �y{. eØ,(g(λ ),mA(λ )) = d(λ ) 6= 1, K�3c ∈ C, ¦�d(c) = 0, l
mA(c) = 0,

�g(c) = 0.

mA(c) = 0,`²c´A�A��, det(A− cE) = 0.

g(c) = 0,`²c´g(λ )��,l
g(λ ) = (λ − c)g1(λ ). Ïdg(A) = (A− cE)g1(A),ü>Ó�1�

ª,�detg(A) = det(A− cE)detg1(A) = 0,�g(A)�_gñ.

8!(12©)�A´n(n > 1)�E�
,÷vAn = O, An−1 6= O. y²: Ø�3n��
X ,¦�X2 = A.

y² ({�) (�aj, ö­�, �õ�, �W¨, ���, o77, ��, >¦¯, 
��) e�

3X¦�X2 =A.ÄkduAn =O, An−1 6=O,�mA(λ )= λ n, A�JordanIO/�


0

1 0
. . . . . .

1 0

,

r(A) = n−1.

duX2n = An = O, X��"Ý
, X�A����0, r(X) ≥ r(X2) = r(A) = n− 1. er(X) = n,

�r(X)�"gñ,��. Kr(X) = n−1,d�X�JordanIO/�JX =


0

1 0
. . . . . .

1 0

.

X2�quJ2
X =



0

0 0

1 0 0
. . . . . . . . .

1 0 0


,Kr(X2) = n−2 6= r(A),gñ. �Ø�3X¦�X2 = A.

({�) ()�9, �û7) e�3X¦�X2 = A, duX2n = An = O, X��"Ý
, X�A��

��0, �mX(λ )/Xλ k, k ∈ Z. qX2n−2 = An−1 6= O, K f (λ ) = λ 2n−2Ø´X���"zõ�ª,

k > 2n− 2. �mX(λ )| fX(λ )
deg fX(λ ) = n,kk ≤ n. �k2n− 2 < k ≤ n,�n = 1,gñ. �Ø�

3X¦�X2 = A.

14�,�7�
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~��Ø1 Ø\y²���ãØ�3X ,¦�X2 =


0

1 0
. . . . . .

1 0

.

~��Ø2 duO = X2n = AX2n−2,�X2n−2 6= O,¤±A = O.

Ô!(10©)�Cþn��5�mV��5C�ϕ , ψ÷v0 < dimImϕ2 = dimImϕ < n,�ϕψ = ψϕ = O.

y²:

(1)�3V���Ä,¦�ϕ3TÄe�Ý
´

(
O

A1

)
,Ù¥A1��_Ý
;

(2) dimIm(ϕ +ψ) = dimImϕ +dimImψ .

y² (��â,���,�[Í,���,o�L,o77,���,�U�,4À�,�û7,�r ,

Ç��,
W�,
��,
�Z,É>�,Ü©Í,x�o,±¬ó)

(1) ({�) Ï�ϕ´Cþk���5�m��5C�,¤±�3V���Äξ1,ξ2, · · · ,ξn,¦�ϕ3

TÄe�Ý
´

A = diag(J(0,a1), · · · ,J(0,ak),J(λ1,b1), · · · ,J(λl,bl)), λi 6= 0, i = 1,2, · · · , l

?
dimImϕ = ∑
k
j=1(a j−1)+∑

l
i=1 bl .

ea j > 1,Kr(J(0,a j)
2) = a j−2 6= r(J(0,a j)),l


dimImϕ
2 = ∑

a j>1
(a j−2)+

l

∑
i=1

bl 6= dimImϕ,

gñ. �é1≤ j ≤ k,þka j = 1. ÏdA = diag(Ok×k,A1),Ù¥A1 = diag(J(λ1,b1), · · · ,J(λl,bl))´

�_Ý
.

({�) ÏdimImϕ2 = dimImϕ , dimImϕ2 +dimKerϕ2 = n = dimImϕ +dimKerϕ ,K�dimKerϕ2 =

dimKerϕ . qÏKerϕ ⊆ Kerϕ2,¤±Kerϕ = Kerϕ2.

�α ∈ Imϕ ∩Kerϕ ,K�3β¦�α = ϕ(β ),�ϕ(α) = 0. ¤±ϕ2(β ) = ϕ(α) = 0,=β ∈ Kerϕ2 =

Kerϕ ,�α = ϕ(β ) = 0. ÏdImϕ ∩Kerϕ = 0. (ÜdimImϕ +dimKerϕ = n,¤±V = Imϕ⊕Kerϕ .

?
��ξ1, · · · ,ξs´Kerϕ���Ä, ξs+1, · · · ,ξn´Imϕ���Ä,duKerϕÚImϕÑ´ϕ-f�m,

¤±ϕ3TÄeÝ
�diag(O,A1),Ù¥O�s��
, A1��_Ý
.

(2) d®���ψ3Äξ1,ξ2, · · · ,ξneÝ
´B =

(
B11 B12

B21 B22

)
. Ï�ϕψ = ψϕ = O, �A1�_,

15�,�7�
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ÏdB12 = O, B21 = O, B22 = O,�B =

(
B11 O

O O

)
,l
A+B =

(
B11 O

O A1

)
, dimIm(ϕ +ψ) =

r(A+B) = r(B11)+ r(A1) = dimImψ +dimImϕ .

~��Ø Ï�dimImϕ2 = dimImϕ ,¤±ϕ2 = ϕ .

l!(6©)y²: �312�¢�
A,¦�

A11 +A10 + · · ·+E =


2024

2023 2024
... . . . . . .

2013 · · · 2023 2024

 .

y² (�[Í,���,ÜAH) P f (x) = x11 + x10 + · · ·+ x+1. K¥�ªm>Ý
P�B. 5¿

� f (1) < 2024, f (2) > 2024, �dëY¼ê5���, f (x) = 20243m«m(1,2)7k�¢�λ0.

òJordan¬ f (J(λ0,12))�\ f (x)¥,��

f (J(λ0,12)) =


f (λ0)

f ′(λ0) f (λ0)
... . . . . . .

∗ · · · f ′(λ0) f (λ0)


w,§´é���� f (λ0) = 2024�en�Ý
,�gé�����ê f ′(λ0). � f (J(λ0,12))�

A����2024,ÙAÛ­ê�12− r( f (J(λ0,12))−2024E12) = 1,Ïd f (J(λ0,12))�JordanIO

/�k��Jordan¬J(2024,12),= f (J(λ0,12))�quJ(2024,12).

d	, B�´en�Ý
,é����2024,�A����2024,AÛ­ê�12− r(B−2024E12) =

1, ÏdB�JordanIO/��k��Jordan¬J(2024,12), =B�quJ(2024,12). ��3�_Ý


P,¦�B=P−1 f (J(λ0,12))P= f (P−1J(λ0,12)P).-A=P−1J(λ0,12)P,KA�¢Ý
,� f (A) =

B.

~��Ø f (J(λ0,12)) =


f (λ0)

f ′(λ0) f (λ0)
. . . . . .

f ′(λ0) f (λ0)

.
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N\K (10©)�A�n(n ≥ 3)�¢�_Ý
,�Ak�quA,ék = 1,2, · · · ,n!−1,n!¤á. y²: é��

��êk,�kAk�quA.

y² Äky²A�A����1.

�λ1,λ2, · · · ,λs�A�¤kpÉA��, �ê­ê©O�n1,n2, · · · ,ns, n1 + n2 + · · ·+ ns = n. Ï

ds+1≤ n!. Ak�n�A���λ k
1 (n1­),λ k

2 (n2­), · · · ,λ k
s (ns­).

ék = 1,2, · · · ,n!, dAk�quA�Ak�A��=�A�A��. Ïdé?��½�i(1 ≤ i ≤ s),

λi,λ
2
i , · · · ,λ

s+1
i ´A�s+ 1�A��, l
7kü���: λ

p
i = λ

q
i ,1 ≤ p < q ≤ s+ 1. 5¿�A�_,

�λi 6= 0,l
�3mi,¦�λ
mi
i = 1, 1≤ mi ≤ s.

�m�m1,m2, · · · ,ms���ú�ê,Km|n!�mi|m,@oλ m
i =(λ mi

i )
m
mi = 1, i= 1,2, · · · ,s.?
Am�n�

A��þ�1. qAm�quA,¤±A�n�A���þ�1.

Ùgy²é?¿��êk, Ak�quA.

�A�JordanIO/´J = diag(J1,J2, · · · ,Jt),Ù¥Ji = J(1,ai)´é���1�ai� Jordan�¬, a1 +

a2 + · · ·+at = n. @oé?¿��êk, Ak�quJk = diag(Jk
1 ,J

k
2 , · · · ,Jk

t ).

e¡y²Jk
i�quJi. PH = J(1,ai)−Eai = J(0,ai),u´

Jk
i = (E +H)k = E +C1

k H +C2
k H2 + · · ·+Hk =


1

k 1
... . . . . . .

∗ · · · k 1

 ,

=Jk
i´en�Ý
,é����1,gé����k(6= 0),�Jk

i�A����1,�ê­ê´ai,AÛ­ê

´ai− r(Jk
i −Eai) = 1,¤±Jk

i�Ð�Ïf|�(λ −1)ai ,�Ji�Ð�Ïf|�Ó,�Jk
i�quJi,?
Ak�

quA.

~��Ø1 Ï�Ak�quA,¤±A�A����1½�±1. ÷vAk = A�Ý
A¤k�U�A�

��λ k−1�¤k�UE�,�kk�: e
2 jπ

k i, j = 0,1,2, · · · ,k−1.

~��Ø2 Jk
i =


1

k 1
. . . . . .

k 1

.
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