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线性�间的同构

ü�且÷��5N�称为�5Ó�.

ê域Fþ的线性�间V,W¡�同构,X果存3线性同构φ : V →W .

½理. �V,W´�5�m. Kφ : V ∼= W⇐⇒ �3�5N
�ψ : W → V ,¦�φψ = idW , ψφ = idV .

½理. �V,W´k�维�5�m. KV ∼= W ⇐⇒ dim(V ) =dim(W ).
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线性�间的同构

�5�m�Ó�保持�量m��5'X.

�5�m�Ó�保持f�mÚ直Ú分解�'X.

�V´n维�5�m, �½V�一个基α1, α2, · · · , αn. éu?意α ∈ V3
d基e��标´(a1, a2, · · · , an)′, Kφ : α 7→ (a1, a2, · · · , an)′�出


V ∼= Fn. ù样, n维�5�m�问K�以化为Fn来?理.
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~1.1

判定1, x− 1, (x− 1)(x− 2)的线性相关性.

~1.2

�V´n�线性�间, �定V的��Äα1, α2, · · · , αn.

�β1, · · · , βm ∈ V�βi = (α1, α2, · · · , αn)Ai, 其¥Ai =


bi1

bi2
...

bin

, 1 ≤ i ≤ m.

记A = (A1, A2, · · · , Am).K

(1) β1, β2, · · · , βm线性相关⇐⇒ rank(A) = rank(A1, A2, · · · , Am) < m;

(2) 向þ组β1, β2, · · · , βm的�= rank(A).
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L(V, W )与Fm×n作�线性�间的同构

�V´n�线性�间, �定V的��Äα1, α2, · · · , αn.

�W´m�线性�间, �定W的��Äβ1, β2, · · · , βm.

对于A ∈ L(V,W ), X果A(α1, α2, · · · , αn) = (β1, β2, · · · , βm)A，A ∈ Fm×n,

Kφ : A 7→ A, 导Ñ了线性�间同构

φ : L(V,W ) ∼= Fm×n.

特O地, 当V = W�, φ : A 7→ A导Ñ了有单 �的(合代ê的同构

φ : L(V ) ∼= Fn×n.

|用T同构关系, ·��将线性映�(C�)的¯题和Ý
的¯题p相转z.
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~2.1

�V´n�线性�间, A ∈ L(V ). e对于?¿B ∈ L(V ), 都有AB = BA, K存

3λ ∈ F , ¦得A = λε.

~2.2

�V´n�线性�间, A ∈ L(V ), An = 0,An−1 6= 0. y²: 对于?¿B ∈ L(V ),

e满足AB = BA. KB�±L«¤�B = a0ε+ a1A+ a2A2 + · · ·+ an−1An−1.
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~2.3

�V´n�线性�间, ϕ ∈ L(V ). y²：存3ψ, σ ∈ L(V ), ¦得ϕ = ψσ，其

¥ψ2 = ψ�σ�_.

~2.4 (Jordan-Chevalley©))

�A ∈ Cn×n，y²：A���©)�A = B +C,其¥C´�零
，B�对�z

�CB = BC.
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V ∼= F n与L(V, W ) ∼= Fm×n的自,延拓

�V，W©O´n�和m�线性�间,

α1, α2, · · · , αn及β1, β2, · · · , βm©O´V和W的�组Ä.

对于ϕ ∈ L(V,W ), X果ϕ(α1, α2, · · · , αn) = (β1, β2, · · · , βm)A，

又�η1, η2©O´V → Fn和W → Fm的线性同构，

将Aw¤Fn到Fm的线性映�，K有

η2ϕ = Aη1�η2(Imϕ) = ImA, η1(kerϕ) = kerA.
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V ∼= F n与L(V, W ) ∼= Fm×n的自,延拓

dim(Im(ϕ)) = rank(A).

dim(Ker(ϕ)) = n− rank(A).

ù�从另��度y²了�êúªdim(Im(ϕ)) + dim(Ker(ϕ)) = n.
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~3.1. �V´n�线性�间, A ∈ L(V )�dim(ImA) = r. y²:

A = A1 +A2 + · · ·+Ar, �dim(ImAi) = 1, 1 ≤ i ≤ r.

~3.2. �A1, A2, · · · , Am ∈ Fn×n, Ai 6= 0, 1 ≤ i ≤ m. ¦y:

存3X ∈ Fn, ¦得AiX 6= 0, 1 ≤ i ≤ m.

~3.3. �V´n�线性�间, 0 6= α ∈ V . ¦y: {A(α) | A ∈ L(V )} = V .
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思�题

K1. �A ∈ Fn×n, A2 = A, A = A1 +A2,

rank(A) = rank(A1) + rank(A2). ¦y: A2
i = Ai, i = 1, 2; AiAj = 0,

1 ≤ i 6= j ≤ 2.

K2. �V´n�线性�间, A ∈ L(V ). ¦y:

(1) dim(KerA2) ≤ 2 dim(KerA).

(2) X果A2 = A, KV = ImA⊕ Im(A− idV ).

K3. �A ∈ Fn×n, X果存3��êt, ¦得rank(At) = rank(At+1), K对

于?¿��ês, 都有rank(At) = rank(At+s).
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思�题

K4. �V´n�线性�间, A ∈ L(V ). ¦y:

(1) 存3f(x) ∈ F [x], ¦得f(A) = 0;

(2) A�_⇐⇒ 存3~ê项�零的f(x) ∈ F [x], ¦得f(A) = 0;

(3) W = {f(x) ∈ F [x] | f(A) = 0}¥存3Ä项系ê�1的g(x), ¦得对于

?¿f(x) ∈W , 都有g(x)|f(x).

K5. �V´n�线性�间. ¦y:对于?¿A,B ∈ L(V), 都

有AB − BA 6= ε.
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Thank you!

(厦�大学) 从线性同构谈起 15 / 15


	线性空间的同构
	L(V,W)与 Fmn的同构
	V.5-.5.5-.5.5-.5.5-.5Fn与L(V,W).5-.5.5-.5.5-.5.5-.5Fmn的自然延拓

