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§1维数公式和证²

维数公式: 设V, W分别是n和m维线性�间,

A : V → W是线性映射,K

dim(ImA) + dim(KerA) = dim(V ).

证²1. 扩基法

证²2. 同构法
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说²

�V´n��5�m, W´m��5�m, A : V → W´�5N

�. �½V�一组Äα1, α2, · · · , αnÚW�一组Äβ1, β2, · · · , βm. �

A(α1, α2, · · · , αn) = (β1, β2, · · · , βm)A.

éuA, ½义�5N�A : F n → Fm, éu?意�X ∈ F n,

X 7→ AX. ,一�¡，�3�5�m�Ó�

η1 : V → F n, η2 : W → Fm.

·�kXe·K:
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·题

PÒXþ, K�3交�ã

V
A→ W

↓ η1 ↓ η2

F n A→ Fm

=η2A = Aη1, 且η2(ImA) = ImA, η1(KerA) = KerA.

注 3·K¥�Ó�éAe,

dim(ImA) = dim(ImA) = A���m��ê= r(A);

dim(KerA) = dim(KerA) = dim{AX = 0解�m} = n− r(A);

A´ü�⇔ KerA = 0 ⇔ r(A) = n;

A´÷�⇔ ImA = W ⇔ dimA = Fm ⇔ r(A) = m.
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§2维数公式的拓广和应用

~2.1 �V, W´k���5�m, A : V → W´�5N�.

�U´V�子�m, K

dim(ImA(U)) + dim(KerA ∩ U) = dim(U).

~2.2 �V, W´k���5�m, A : V → W´�5N�.

�U´W�子�m, K

dim(ImA ∩ U) + dim(KerA) = dim(A−1(U)).

~2.3 �V, W, U´k���5�m, A : V → W ,B : W → U´

�5N�, K

dim(ImBA) + dim(KerB ∩ ImA) = dim(ImA).
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§2维数公式的拓广和应用

注1 �A, B©O´ê�Fþ�n×m 9s× n阶矩
, K

r(A) + r(B)− n ≤ r(BA) ≤ min{r(A), r(B)}.

注2 �A, B, C©O´ê�Fþ�n×m, s× n9t× s阶矩
, K

r(CBA) ≥ r(CB) + r(BA)− r(B).

(f��Æ) l�5N���êúª!å 7 / 12



§2维数公式的拓广和应用

注1 �A, B©O´ê�Fþ�n×m 9s× n阶矩
, K

r(A) + r(B)− n ≤ r(BA) ≤ min{r(A), r(B)}.

注2 �A, B, C©O´ê�Fþ�n×m, s× n9t× s阶矩
, K

r(CBA) ≥ r(CB) + r(BA)− r(B).

(f��Æ) l�5N���êúª!å 7 / 12



§3基的选�和线性映射的构E

~3.1 �V´n��5�m, W, U´V�子�m

且dim(W ) + dim(U) = dim(V ). y²:�3V��5C�A, ¦

�ImA = W , KerA = U .

~3.2 �V´n��5�m, W´m��5�m, A : V → W´

ü�5N�. 求y: �3�5N�B : W → V , ¦�BA = E .

~3.3 �V´n��5�m, W´m��5�m, A : V → W´

�5N�. 求y: �3�5�mU , ÷��5N�B : V → UÚ

ü��5N�C : U → W , ¦�A = CB.
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§3基的选�和线性映射的构E

~3.4 �V´n��5�m, W´m��5�m, A : V → W´

�5N�. 求y: �3V�一组Äα1, α2, · · · , αnÚW�一组

Äβ1, β2, · · · , βm, ¦�

A(α1, α2, · · · , αn) = (β1, β2, · · · , βm)

(
Er 0

0 0

)
.

~3.5 �V´n��5�m, W´m��5�m, A : V → W´

�5N�. 求y: �3�5N�B : W → V , ¦�ABA = A.

~3.6 �V´n��5�m,W´m��5�m, U´l��5�

m, A : V → W , B : V → U´�5N�. 求y: �3�5N

�C : W → U¦�CA = B�充©7要^�´KerA ⊆ KerB.
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§3基的选�和线性映射的构E

~3.7 �A,B´n��5�mV��5C�, A2 = A, B2 = B,

且r(A) = r(B). y²: �3�_�5C�C, ¦�AC = CB.

~3.8 �A´n��5�mV��5C�, y²: �3V��5C

�P ,Q,B, C, ¦�

A = PB = CQ,

Ù¥P ,Q´V��_�5C�, B2 = B, C2 = C.
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思�

g�1 �A, B´ê�Fþ�n阶�
, W0�ABX = 0�解�m

k���5�m, PW1 = {BX|x ∈ W0}, 求y:

dimW1 = r(B)− r(AB).

g�2 �V´n��5�m,W´m��5�m, A : V → W ,

B : V → W´�5N�. 求y: �3�_�5C

�C : W → W ,¦�CA = B�充©7要^�´KerA = KerB.
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