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�
F ������A,B ∈ Fm×n. � A ��� B, �� A  !"#�$%&'(%')*+,-. A,

*/0���12 345 P ∈ Fm×m, Q ∈ F n×n,67
A = PBQ.

§1. 89:;<89=>
?@

1 ABCD S,
�CD {Si|i ∈ I}, I

.EFGHFC��CD S
'ICJ�KLMN

(1) S =
⋃

i∈I

Si;

(2) Si

⋂

Sj = ∅(i 6= j, i, j ∈ I).O� {Si|i ∈ I} � S
'��PQ� Si �. S

'��QR
S

(1)
'TU.NV�WX' s ∈ S, Y12 i ∈ I,

6
s ∈ Si, Z[�\Y2

�Q]^ (2)
'TU.N[�\_`a2�Q]R

?@
2
�

S ���CD� T � S × S
'ICRObc� T BUd S

'�
�e\f$�g. ∼.

V�WX (x, y) ∈ S × S,
K

(x, y) ∈ T ,
O� x

(
y
E

f$�g. x ∼ y;
K

(x, y) 6∈ T ,
O� x

(
y hEf$�g. x 6∼ y.

S �
T BUde\f$ ∼,

OV�WX' x, y ∈ S,
GijcEf$�Gi

hEf$�kiYlm�n`lm�R
?@

3 CD S
'��e\f$ ” ∼ ” �. S

'��*/f$���LMN
(1) opqNV�WX' x ∈ S,

E
x ∼ x;

(2)
V�qNK x ∼ y,

O
y ∼ x;

(3) rsqNK x ∼ y, y ∼ z,
O
x ∼ z.

tu
1 CD S

'��PQvB S
'��*/f$R

wx �
{Si | i ∈ I} � S

'��PQ�BUf$ x ∼ y :⇐⇒ x y y 2z�
�Q]R{|}~�.*/f$R

(1)
V�WX' x ∈ S, 12 i ∈ I

67
x ∈ Si. x

(
x 2�Q]��!Z

x ∼ x;

(2)
K
x ∼ y, Z x

(
y 2z�Q]��! y y x ��z�Q��� y ∼ x;
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(3)
K
x ∼ y, y ∼ z, Z x

(
y ��z�Q�y ( z ��z�QR�! x, y, z

��z�QR� x ∼ y.

tu
2 CD S

'��*/f$ ” ∼ ” vB S
'��PQR

wx VWX' x ∈ S, � Sx = {y | y ∈ S, y ∼ x}. {|�}�. S
'��

PQR
(1)
V�WX' x ∈ S, �� x ∼ x, Z x ∈ Sx. � S ]W�\_Y����

Q�Z S =
⋃

Sx.

(2)
V�WXkQ Sy, Sz,

Gi
Sy

⋂

Sz = ∅,
Gi

Sy = Sz. �����
x ∈ Sy

⋂

Sz,
O�BUE x ∼ y, x ∼ z. �V�q� y ∼ x, x ∼ z, ��rs

q� 7 y ∼ z. � y ∈ Sz. ����V�WX' a ∈ Sy,
E
a ∼ y, y ∼ z.

�
�
a ∼ z. Z Sy ⊆ Sz. z� Sz ⊆ Sy. � Sy = Sz.

S V
S �&*/PQXU2�N

(1) �V S
'��-.V

Si

'���-
.�^
(2) ��a���*/f$ ”∼”

'�����
Si

'\_��E�mjQ'\
_�hE'q�� !�VQ Si

'\_q�'���-.V Si

'��\_'��^
(3) 2 (2)

'� {�¡¢£Q¤¥'f$Gi¦§�`¨¡©m]'ª«\
Z R�!�bc'��¬2�N

(1) ­� S ]'\_2*/f$'®+¯^��®+¯a�°P®z'Q�O
��®+¯.±²®+¯^

(2) ­�£Q'ª«\^
(3)
��Q'��R³´µ#£Q'ª«\��[�Q�����¶� S.

§2. Fm×n ·¸¹º:;
»¼*ª�½¾¿]'*/f$EN Fm×n ]'��f$^ F n×n ]'�À

f$^ R
n×n ]'ÁÂ�Àf$^ F n×n ]²ÃV�45'Dzf$^ F ��EÄqÅ¥'zÆf$^ÄqÅ¥ V

'Ç¯È'*/f$R
tu

3
�
A,B ∈ Fm×n,

O
A ��� B

:⇔ A  !"#�$%&(%')*+,-. B

⇔ 12 345 P ∈ Fm×m, Q ∈ F n×n,
67

A = PBQ

2



⇔ A,B  PÉ"#�$%&(%')*+,-.z��
(

Ir 0
0 0

)

, m] Ir

� r ÊËÌ5
⇔ rank(A) = rank(B).

�!�2 Fm×n ]'��f$�*/f$R45'Í���f$'±²®+¯R[
�Q'ª«\�

(

Ir 0
0 0

)

.
�Î*/f$ P. l Q�³Ï l = min{m,n}+1.

§3. ÐÑ 1: ÒÓ¸=Ô
u

1 (1)
�
A ∈ Fm×n, n rank(A) = r. Õ}N A = A1 +A2 + · · ·+Ar,³Ï

rank(Ai) = 1, 1 ≤ i ≤ r;

(2)
�
A,B ∈ Fm×n, n rank(A) = r, rank(B) = 1. Õ}N12 3

5 P1, P2, · · · , Pr ∈ Fm×m
( 35 Q1, Q2, · · · , Qr ∈ F n×n,

67
A =

P1BQ1 + P2BQ2 + · · · + PrBQr.

u
2
�
A ∈ Fm×n, rank(A) = r. Õ}N

(1) 12 35 P ∈ Fm×m,
67

PA =

(

M

0

)

, m] M ∈ F r×n n
rank(M) = r;

(2) 12 35 Q ∈ F n×n,
67

AQ =
(

N 0
)

, m] N ∈ Fm×r n
rank(N) = r;

(3) A �À�
(

M

0

)

, m]M ∈ F r×n n rank(M) = r;

(4) A �À� (

N 0
)

, m] N ∈ Fm×r n rank(N) = r.

u
3

(1)
�

M ∈ F r×n, rank(M) = r. Õ}N12 35 Q,
67

MQ =
(

Ir 0
)

;

(2)
�
N ∈ Fm×r, rank(N) = r. Õ}N12 35 P ,

67
PN =

(

Ir
0

)

;

(3)
�
A ∈ F r×n, rank(A) = r. Õ}N12 B ∈ F n×r n rank(B) = r,67

AB = Ir;

(4)
�
A ∈ F n×r, rank(A) = r. Õ}N12 C ∈ F r×n n rank(B) = r,67

CA = Ir;

(5) Ö�|' B,C �×Ø�ÙÚÛÜÝ{Ø�Ù
u

4 (1)
�
A ∈ Fm×n.

O
rank(A) = r ⇐⇒ 12 B ∈ Fm×r, C ∈ F r×m

n rank(B) = rank(C) = r,
67

A = BC.
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(2) Ö (1) ]' (B,C) �×ÞßØ�RZ���12 B1 ∈ Fm×r, C1 ∈ F r×m

n rank(B1) = rank(C1) = r,
67

A = B1C1, �×12 35 P ∈ F r×r,67
B1 = BP , C1 = P−1C?

(3)
�
A ∈ Fm×n.

O
rank(A) = r⇐⇒12 r�ÄqHf' α1, α2, · · · , αr ∈

F 1×n, r �ÄqHf' β1, β2, · · · , βr ∈ Fm×1,
67

A = β1α1 +β2α2 + · · ·+

βrαr;

(4)
K12àá r �ÄqHf' α′

1, α
′

2, · · ·, α
′

r ∈ F 1×n, r �ÄqHf'
β ′

1, β
′

2, · · ·, β
′

r ∈ Fm×1,
67

A = β ′

1α
′

1 + β ′

2α
′

2 + · · · + β ′

rα
′

r. Õ}NÇ¯È
α1, α2, · · · , αr y α′

1, α
′

2, · · · , α
′

r

*/^Ç¯È β1, β2, · · · , βr y β ′

1, β
′

2, · · · , β
′

r*/^
u

5
�
A ∈ F n×n. Õ}N

(1) A = BC = DE,
³Ï

B2 = B, E2 = E, C,D � n Ê 35^
(2) A  "#�$%&' (

G%')
)*+,-.â*5^

(3) A  "#�$%&' (
G%')

)*+,-.V�5R
u

6

(1)
�
A ∈ F n×n, rank(A) = r. Õ}N12 B ∈ F n×n n rank(B) = n−r,67

AB = 0;

(2)
�
A ∈ F n×n, rank(A) = r. Õ}N12 B ∈ F n×n n rank(B) = n−r,67

AB = BA = 0;

(3)
�
A,B ∈ F n×n, rank(A)+rank(B) ≤ n. Õ}N12 35 C ∈ F n×n,67

ACB = 0;

(4)
�
A ∈ F n×n. Õ}N12 B ∈ F n×n,

67
ABA = A,BAB = B;

(5) (4) ]'ã�×Ø�ÙÚÛäå{Ø�Ù
(6) A ∈ F n×n, rank(A) = r. Õ}N12 B ∈ F n×n n rank(B) = n− r,67
A+B

. 35^
(7) A ∈ F n×n, rank(A) = r. Õ}N12 B,C ∈ F n×n n rank(B) =

rank(C) = r,
67

AB = CA.

§4. ÐÑ 2: ÒÓ¸æ¸tu¸wx
u

7
�
A ∈ Fm×n, B ∈ F n×l,

O
rank(AB) ≤ min{rank(A), rank(B)}.

wxçè �
rank(A) = r. A = P

(

Ir 0
0 0

)

Q, rank(AB) = rank

(

(

Ir 0
0 0

)

QB) ≤ r.
�

rank(B) = s. B = P1

(

Is 0
0 0

)

Q1, rank(AB)

4



= rank(AP1

(

Is 0
0 0

)

) ≤ s.

u
8 rank(A+B) ≤ rank(A) + rank(B).

wxçè �
rank(A) = r, rank(B) = s. �12 345 P1, P2, Q1, Q2,

6
7
A = P1CQ1, B = P2DQ2,

³Ï
C =

(

Ir 0
0 0

)

, D =

(

Is 0
0 0

)

.
O

A+B = (P1, P2)

(

C 0
0 D

) (

Q1

Q2

)

.
�! rank(A+B) ≤ rank(

(

C 0
0 D

)

(

Q1

Q2

)

)≤ rank(

(

C 0
0 D

)

) = rank(A) + rank(B).

u
9 rank(AB) ≥ rank(A) + rank(B) − n,

³Ï
A ∈ Fm×n, B ∈ F n×l.

wxçè �
rank(A) = r, rank(B) = s,

O12 345 P, P1, Q,Q1,67
A = P

(

Ir 0
0 0

)

Q, B = P1

(

Is 0
0 0

)

Q1.
�! rank(AB) =

rank(

(

Ir 0
0 0

)

QP1

(

Ir 0
0 0

)

).

�
QP1 =

(

C11 C12

C21 C22

)

,
³Ï

C11 ∈ F r×s.
OE

rank(AB) ≥ rank

(

(

C11 0
0 0

)

) ≥ rank(QP1) − (n− r) − (n− s) = r + s− n.

u
10 rank(ABC) ≥ rank(AB) + rank(BC) − rank(B).

wxçè �
rank(B) = s,

O12 345 P,Q,
67

B = P

(

Is 0
0 0

)

Q.

�! ABC = (AP

(

Is
0

)

)(
(

Es 0
)

QC). � rank(ABC) ≥ rank(AP
(

Is
0

)

) +rank(
(

Is 0
)

QC) − s = rank(AP

(

Es 0
0 0

)

Q) + rank(P
(

Es 0
0 0

)

QC) − s = rank(AB) +rank(BC) −rank(B).

§5. ÒÓ¸¹º<éêëì
tu

4
�
V ��� F � n íÄqÅ¥� ξ1, ξ2, · · · , ξn

(
ξ′1, ξ

′

2, · · · , ξ
′

n �
V
'Þn

(ξ′1, ξ
′

2, · · · , ξ
′

n) = (ξ1, ξ2, · · · , ξn)P.

5



�
W � m íÄqÅ¥� η1, η2, · · · , ηm

(
η′1, η

′

2, · · · , η
′

m � W
'Þn

(η′1, η
′

2, · · · , η
′

m) = (η1, η2, · · · , ηm)Q.

�
ϕ � V � W

'Äqîï�n
ϕ(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηm)Am×n,

ϕ(ξ′1, ξ
′

2, · · · , ξ
′

n) = (η′1, η
′

2, · · · , η
′

m)Bm×n.

O
B = Q−1AP , Z A ��� B.

tu
5
�
A,B ∈ Fm×n, A ��� B. Z12 m Ê 35 Q

(
n Ê 3

5 P
67

B = Q−1AP .
�
V ��� F � n íÄqÅ¥� ξ1, ξ2, · · · , ξn �

V
'ÞR� W � m íÄqÅ¥� η1, η2, · · · , ηm � W

'ÞR� ϕ � V �
W
'Äqîï�n

ϕ(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηm)Am×n.

� ξ′1, ξ
′

2, · · · , ξ
′

n � V
'à�ÈÞ�67

(ξ′1, ξ
′

2, · · · , ξ
′

n) = (ξ1, ξ2, · · · , ξn)P.

η′1, η
′

2, · · · , η
′

m � W
'à�ÈÞ�67

(η′1, η
′

2, · · · , η
′

m) = (η1, η2, · · · , ηm)Q.

O
ϕ(ξ′1, ξ

′

2, · · · , ξ
′

n) = (η′1, η
′

2, · · · , η
′

m)Bm×n.

S �
A,B ∈ Fm×n. �|ðñ 4

(ðñ 5 ò~� A ��� B
'óPY¨äå� A

(
B � n íÄqÅ¥� m íÄqÅ¥'z��Äqîï2®zÞ{'

45R�É0�� A,B ∈ F n×n, A �À� B
'óPY¨äå� A

(
B � n

íÄqÅ¥'z��Äq+,2®zÞ{'45R
�� A ô���õö÷

(

Ir 0
0 0

)

.
�!bcE

tu
6
�
ϕ � n íÄqÅ¥ V � m íÄqÅ¥ W

'ÄqîïRO12 V'�ÈÞ ξ1, ξ2, · · · , ξn, W
'�ÈÞ η1, η2, · · · , ηm,

67

ϕ(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηm)

(

Ir 0
0 0

)

.

6



u
11
�
ϕ � n íÄqÅ¥ V � m íÄqÅ¥ W

'ÄqîïRÕ}N
(1) dimIm(ϕ) + dimKer(ϕ) = n;

(2) ϕ �Ë'Äqîï ⇔r = n;

(3) ϕ �L'Äqîï ⇔r = m.

wxçè
(1) 2 V

'�ÈÞ ξ1, ξ2, · · · , ξn, W
'�ÈÞ η1, η2, · · · , ηm,

6
7

ϕ(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηm)

(

Ir 0
0 0

)

.

}~ η1, η2, · · · , ηr � Im(ϕ)
'�ÈÞ� ξr+1, ξr+2, · · · , ξn � Ker(ϕ)

'�È
ÞR

(2)
(

(3) �øù'R
u

12
�
V, U �EFíÄqÅ¥� ϕ : V → U �ÄqîïR}~N

(1) 12EFíÄqÅ¥ W yL'Äqîï ψ : V → W , Ë'Äqîï
σ : W → U ,

67
ϕ = σψ;

(2) (1) ]'Pã2zÆXU{�Ø�'RZNK12à��EFíÄqÅ¥ W1

yL'Äqîï ψ1 : V → W1, Ë'Äqîï σ1 : W1 → U ,
67

ϕ = σ1ψ1,O12ÄqÅ¥zÆ θ : W → W1,
67

θϕ = ϕ1, σ1θ = σ.

(1)
wxçè

(úû) � W = Imϕ, ψ : V → W , α 7→ ϕ(α), σ �üýî
ï�OLM¨ÕR
wxçè

(úþ)
�
V � n íÄqÅ¥� ξ1, ξ2, · · · , ξn � V

'��Þ^�
U � m íÄqÅ¥� η1, η2, · · · , ηm � U

'��ÞR�
ϕ(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηm)A,

m]A
.
m×n 45R� r(A) = r.

O
A = CB, m] C

.
m× r 45�B.

r × n 45�n r(B) = r(C) = r. � W � r íÄqÅ¥� ζ1, ζ2, · · · , ζr
� W

'��Þ� ψ : V →W , σ : W → U �ÄqîïLM

ψ(ξ1, ξ2, · · · , ξn) = (ζ1, ζ2, · · · , ζr)B,

σ(ζ1, ζ2, · · · , ζr) = (η1, η2, · · · , ηm)C.
O�.

A = CB,
E
ϕ = σψ.

�.
B &LÍ��! ψ �Lï^�. C %LÍ��! σ �ËïR

(2)
wxçè

(úû)
�.

ϕ = σψ = σ1ψ1

(
σ, σ1 Ëï�� Kerψ =

Kerϕ = Kerψ1.
�
αr+1, αr+2, · · · , αn � Kerψ

'Þ�ÿ. V
'Þ α1, · · ·,

7



αr, αr+1, · · ·, αn.
O
ψ(α1), ψ(α2), · · ·, ψ(αr) � Imψ

'Þ�Z� W
'Þ^

ψ1(α1), ψ1(α2), · · · , ψ1(αr) � Imψ1

'Þ�Z� W1

'ÞR� θ : W → W1,
∑r

i=1
aiψ(αi) 7→

∑r

i=1
aiψ1(αi),

O
θ �Ç¯Å¥'zÆR���}7 θϕ = ϕ1,

σ1θ = σ.
wxçè

(úþ)
�
V � n íÄqÅ¥� ξ1, ξ2, · · · , ξn � V

'��Þ^�
U � m íÄqÅ¥� η1, η2, · · · , ηm � U

'��ÞR� W � r íÄqÅ¥�
ζ1, ζ2, · · · , ζr � W

'��Þ^� U � s íÄqÅ¥� ζ ′1, η
′

2, · · · , η
′

s � W1

'
��ÞR�

ϕ(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηm)A,

ψ(ξ1, ξ2, · · · , ξn) = (ζ1, ζ2, · · · , ζr)B,

σ(ζ1, ζ2, · · · , ζr) = (η1, η2, · · · , ηm)C,

ψ1(ξ1, ξ2, · · · , ξn) = (ζ ′1, ζ
′

2, · · · , ζ
′

s)H,

σ1(ζ
′

1, ζ
′

2, · · · , ζ
′

s) = (η1, η2, · · · , ηm)G,

m] A
.
m× n 45� B

.
r × n 45� C

.
m× r 45� H

.
s× n

45� G
.
m× s 45R��zÆV��E A = CB = GH .

�.
ψ, ψ1

.
Lï� σ, σ1

.Ëï��! r(C) = r(B) = r, r(G) = r(H) = s.
³´�1

2 r ×m 45 C1

67
C1C = Ir, 12 s×m 45 G1

67
G1G = Is, 12

n× r 45 B1

67
BB1 = Ir.

��
s = r(G) ≥ r(C1GH) = r(C1CB) = r(B) = r

= r(B) ≥ r(G1CB) = r(G1GH) = r(H) = s,

E
r = s. � F = G1C,

O
F � r Ê�5��n H = FB. ��. r(F ) ≥

r(FB) = r(H) = r,
�! F � r Ê 35Rà��|� CB = GH = GFB,

�	
B1,

7� GF = C. � θ : W →W1 �ÄqîïLM

θ(ζ1, ζ2, · · · , ζr) = (ζ ′1, ζ
′

2, · · · , ζ
′

r)F,

O
θ � 3îïn θϕ = ϕ1, σ1θ = σ.

u
13

�
ϕ � n íÄqÅ¥ V � m íÄqÅ¥ W

'ÄqîïRÕ}N
V = V1 ⊕ V2, m] V1

∼= Imϕ, V2 = Kerϕ.

u
14

�
ϕ � n íÄqÅ¥ V

'Äq+,RÕ}N ϕ = ψθ, m] ψ, θ �Äq+,� ψ2 = ψ n θ � 3Äq+,R

8


