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§5. ��
�|�w���u�wz�y�

5.1 ��
�|�w���u�wz�
���{����w�{y� 12. � M �ib9℄B R � O6��{�Y
M = Mtor ⊕ F,�e F �mN R- {�
�\f1UX&:IJ0�)F �IÆ M = M ′ ⊕ F ′,�e M ′ � M  �l{� F ′ �mN R- {�YO M ′ = Mtor, � F ∼= F ′.���K M �O6��{�; M/Mtor E�O6��{�+ M/Mtor �-�{�N'b 11 ` M/Mtor �mN{�J S � M/Mtor  R- E�\nm�p&! π : M → M/Mtor. )
I u ∈ S, 	'F6 u′ ∈ M ��

π(u′) = u. l S′ * M e O\CU� G��Y S′ �7;-< �l F := 〈S′〉,Y F � M  l{� F ∼= M/Mtor. 0x_y M = Mtor ⊕ F .����)
I v ∈ Mtor ∩ F = Kerπ ∩ F , Y v =
∑n

i=1
riu

′

i, \
 ri ∈ R, u′

i ∈ S′,

1 ≤ i ≤ n, � π(v) = 0. I 0 =
∑n

i=1
riπ(u′

i) =
∑n

i=1
riui, ; ri = 0, 1 ≤ i ≤ n. I

v = 0.  G Mtor ∩ F = 0.kF/x�l v ∈ M , Y π(v) ∈ Imπ = M/Mtor,  G π(v) =
∑n

i=1
riui, ri ∈ R,

ui ∈ S, 1 ≤ i ≤ n. l u =
∑n

i=1
riu

′

i ∈ F , Y π(v − u) = 0, I v − u ∈ Kerπ = Mtor. \C v = (v − u) + u ∈ Mtor + F . \Y_yh M = Mtor ⊕ F , \
 F ∼= M/Mtor �mN
R- {�ÆM = M ′⊕F ′,�e M ′ �M  �l{�F ′ �M  mNl{�N'J` M ′ ⊆

Mtor. � v ∈ Mtor,Y v = v1+v2,�e v1 ∈ M ′, v2 ∈ F ′. Q� v2 = v−v1 ∈ Mtor∩F ′ = 0

(§4 .$ 3).  G Mtor ⊆ M ′, ; Mtor = M ′. �+ F ′ ∼= M/M ′ ∼= M/Mtor
∼= F . 2

5.2 ��z�� M �ib9℄B R � O6��{� v ∈ M , Y annR(v) � R  b9�K+�ib9�� annR(v)  ��U* v  }. � annR(M)  ��U* M  }. 4�
M(D v)  S�8� �y� 13. ib9℄B R � { M �* ��  �Æ annR(M) = 〈pe〉, \
 p �
R  �U� e ∈ N.
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� 9: � M �ib9℄B R � O6���{�Y M �k� �1�D%P��X R  �U p, �� M e
IU� S* p  �w�y� 13. � M �ib9℄B R � O6���{�� M  S*
c = pe1

1
pe2

2
· · · pen

n ,�e pi, 1 ≤ i ≤ n, * r eAÆ8� �U�YO
M = Mp

e1
1

⊕ Mp
e2
2

⊕ · · · ⊕ Mp
en
n

,�e Mp
ei
i

:= {v ∈ M | pei

i v = 0 } *k�l{�S* pei

i , 1 ≤ i ≤ n. XF��\C 1U�)F �IÆCO1U
M = M

q
d1

1

⊕ M
q

d2

2

⊕ · · · ⊕ M
q

dn
n

,�e qi, 1 ≤ i ≤ n, *AÆ8� �U� M
q

di
i

*S* qdi

i  k�l{�Y m = n, ���&℄0
 i, ^� qi R pi 8�� ei = di, 1 ≤ i ≤ n.���� c = pq,� p, q A��l Mp := {v ∈ M | pv = 0}, Mq := {v ∈ M | qv = 0},Y M = Mp ⊕ Mq (§2 .$ 10(8)). 0x_y annR(Mp) = 〈p〉, annR(Mq) = 〈q〉. Æ
rMp = 0, Y)
I v ∈ M , v = v1 + v2 ∈ Mp ⊕ Mq, O rqv = rqv1 + rqv2 = 0. ;
rq ∈ annR(M) = 〈pq〉. \C p|rq, ; p|r. K� annR(Mp) = 〈p〉. &b annR(Mq) = 〈q〉.Æ c = pe1

1
pe2

2
· · · pen

n , \
 pi, 1 ≤ i ≤ n *AÆ8� �U�N�x"o`
M = Mp

e1
1

⊕ N , annR(Mp
e1
1

) = 〈pe1

1
〉, annR(N) = 〈c/pe1

1
〉. g3\F�h���

M = Mp
e1
1

⊕ Mp
e2
2

⊕ · · ·Mp
en
n

,� annR(Mp
ei
i

) = 〈pei

i 〉, 1 ≤ i ≤ n.0x_y1U )F;�N M = M
q

d1

1

⊕ M
q

d2

2

⊕ · · · ⊕ M
q

dn
n
` annR(M) =

〈qd1

1
qd2

2
· · · qdm

m 〉. ; pe1

1
pe2

2
· · · pen

n R qd1

1
qd2

2
· · · qdm

m 8��8Zib9℄B )F1U'b` m = n, ���&℄0
^� pi R qi 8�� ei = di, 1 ≤ i ≤ n. 2
5.3 �|z�y� 14. � M �ib9℄B R � O6��k�{��S* pe, Y

M = N1 ⊕ N2 ⊕ · · · ⊕ Nn,�e Ni *S* pei  �Bl{� 1 ≤ i ≤ n, �po e = e1 ≥ e2 ≥ · · · ≥ en ≥ 1.
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���%F��_y�X v1 ∈ M , �� annR(v1) = annR(M) = pe. ����2Y�)
I v ∈ M , O annR(v) = 〈pk〉, k < e. ; pe−1 ∈ annR(M) = 〈pe〉, q*�%,��) v1, �Xl{ S1, �� M = 〈v1〉 ⊕ S1.NQ M O6���J M = 〈v1, u1, u2, · · · , uk〉. ) k r�>=}�Æ k = 0, l
S1 = 0 I^�ÆTo) k �e�� M = 〈v1, u1, u2, · · · , uk, u〉, N=}L�

〈v1, u1, u2, · · · , uk〉 = 〈v1〉 ⊕ S0.)
I α ∈ R, 4�O M = 〈v1, u1, u2, · · · , uk, u〉 = 〈v1, u1, u2, · · · , uk, u−αv1〉. Æ�[�|6 α ∈ R, ��
〈v1〉 ∩ 〈S0, u − αv1〉 = 0,Yl S1 := 〈S0, u − αv1〉, Y M = 〈v1〉 ⊕ S1.jI� 〈v1〉 ∩ 〈S0, u − αv1〉 = 0 !MQ)
I r ∈ R, s0 ∈ S0,

r(u − αv1) + s0 ∈ 〈v1〉,YOr(u − αv1) + s0 = 0,!MQ
ru ∈ 〈v1〉 ⊕ S0,YOr(u − αv1) ∈ S0. (∗)l

I := {r ∈ R | ru ∈ 〈v1〉 ⊕ S0},Y I � R b9�;*ib9�K* pe ∈ I, G I = 〈pd〉, d ≤ e. Q� ru ∈ 〈v1〉⊕S0!MQ r = qpd, q ∈ R �+ r(u − αv1) ∈ S0 !MQ qpd(u − αv1) ∈ S0.  G�Æ�X
α ∈ R, ��

pd(u − αv1) ∈ S0, (∗∗)Y (∗) �_�K* pd ∈ I,  G pdu = bv1 + s0, �e b ∈ R, s0 ∈ S0.  G (∗∗) ^�*
bv1 + s0 + pdαv1 ∈ S0, I (b − pdα)v1 ∈ S0. +���e��W� (b − pdα) = 0, ��W� pd|b. 8Z pdu = bv1 + s0, O 0 = peu = pe−dpdu = pe−dbv1 + pe−ds0. K*
〈v1〉 ∩ S0 = 0,  G pe−dbv1 = 0. PK* v1  S* pe,  G pd|b.%���NQ M = 〈v1〉 ⊕ S1, Y S1 E� R �O6��k�{��S* pe2,

e2 ≤ e1 = e. N%F�`�X v2, po
M = 〈v1〉 ⊕ 〈v2〉 ⊕ S2,� annR(v2) = 〈pe2〉, e2 ≤ e1. \CK=0
���F6l{�f

〈v1〉 ⊆ 〈v1〉 ⊕ 〈v2〉 ⊆ · · · ,
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NQ R �ib9℄B� M �O6���N'b 7 ` M � Norther {�;po�f%P�;O
M = 〈v1〉 ⊕ 〈v2〉 ⊕ · · · ⊕ 〈vn〉,l Ni = 〈vi〉, Y M = N1 ⊕ N2 ⊕ · · · ⊕ Nn, � annR(Ni) = annR(vi) = 〈pei〉, 1 ≤ i ≤ n,� e = e1 ≥ e2 ≥ · · · ≥ en ≥ 1. 2� 10: 0xdM Zorn Lb7�'b 14  %,� ” ) v1, �Xl{ S1, ��

M = 〈v1〉 ⊕ S1”  k'Ff_y/-����l
Ω := {M l{S | 〈v1〉 ∩ S = 0},Y Ω )QG� �></:�0_ �<G�H_ Ω e 
Il{fO�V�8Z Zorn Lb� Ω �XF�U S1, po 〈v1〉 ∩ S1 = 0, K+ 〈v1〉 + S1 = 〈v1〉 ⊕ S1.,v(B M = 〈v1〉 ⊕ S1. 2Y�� α ∈ M\(〈v1〉 ⊕ S1). K* peα = 0 ∈ 〈v1〉 ⊕ S1,^��X d ∈ N, d ≤ e, po

pdα ∈ 〈v1〉 ⊕ S1, pd−1α 6∈ 〈v1〉 ⊕ S1.J pdα = bv1 + s, b ∈ R, s ∈ S1. Y 0 = peα = pe−dpdα = pe−dbv1 + pe−ds.  G pe−dbv1 = 0. K* v1  S* pe,  G b = b1p
d, b1 ∈ R. \C� pd(α − b1v1) =

pdα − bv1 = s ∈ S1, 
� pd−1(α − b1v1) 6∈ S1 (2YR pd−1α 6∈ 〈v1〉 ⊕ S1 q*). #�#� α − b1v1 6∈ S1. N S1  F�;` (〈pd−1(α − b1v1)〉 + S1) ∩ 〈v1〉 6= 0.  G�X
0 6= cpd−1(α − b1v1) + s ∈ 〈v〉, c ∈ R, s ∈ S1,I cpd−1(α − b1v1) ∈ 〈v1〉 ⊕ S1. ,v
� p ∤ c. 2Y cpd−1(α − b1v1) ∈ S, X+

cpd−1(α − b1v1) + s ∈ 〈v1〉 ∩ S1 = 0, q*�;�X s, t ∈ R, �� sc + tp = 1.  G
pd−1(α − b1v1) = scpd−1(α − b1v1) + tpd(α − b1v1) ∈ 〈v1〉 ⊕ S1, X+ pd−1α ∈ 〈v1〉 ⊕ S1,q*� 20x_y�B1U )F;�y� 15. � M �ib9℄B R �0j O6��k�{��S* pe, � M ^1U*

M = N1 ⊕ N2 ⊕ · · · ⊕ Nn,�e Ni *S* pei  0j�Bl{� 1 ≤ i ≤ n, �po e1 ≥ e2 ≥ · · · ≥ en ≥ 1. Æ
M C^1U*

M = N ′

1 ⊕ N ′

2 ⊕ · · · ⊕ N ′

m,
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�e N ′

i *S* pdi  0j�Bl{� 1 ≤ i ≤ m, �po d1 ≥ d2 ≥ · · · ≥ dm ≥ 1, YO n = m, � ei = di, 1 ≤ i ≤ n.���3_ m = n. � W � R- {�J Mp := {u ∈ M | pu = 0}. 8Z §2  .$
10, ` Mp �S R/〈p〉  7;_N�
�O

Mp = (N1)p ⊕ (N2)p ⊕ · · · ⊕ (Nn)p?
Mp = (N ′

1)p ⊕ (N ′

2)p ⊕ · · · ⊕ (N ′

n)p.NQ Ni, N
′

i [*�Bl{�; (Ni)p, (N
′

i)p *S R/〈p〉� F+7;_N�; m = n.0x) e1 q�>=}_y ei = di, 1 ≤ i ≤ n. � e1 = 1, Y ei = 1, 1 ≤ i ≤ n. ;
pM = 0. Æ di > 1, J N ′

1 = 〈w〉, Y pw 6= 0, q*� G di = 1, 1 ≤ i ≤ n.L�To� e1 ≤ k − 1 ��e�5X\n e1 = k  �`��
(e1, e2, · · · , en) = (e1, · · · , es, 1, · · · , 1), es > 1,

(d1, d2, · · · , dn) = (d1, · · · , dt, 1, · · · , 1), dt > 1,Y
pM = pN1 ⊕ pN2 ⊕ · · · ⊕ pNsH
pM = pN ′

1 ⊕ pN ′

2 ⊕ · · · ⊕ pN ′

t.HO pNi � M  �Bl{H annR(pNi) = 〈pei−1〉. ����
pNi = {pu | u ∈ Ni} = {prvi | r ∈ R} = {r(pvi) | r ∈ R} = 〈pvi〉,� annR(pNi) = annR(pvi) = 〈pei−1〉, 1 ≤ i ≤ n. &b pN ′

i � M �Bl{�
annR(pN ′

i) = 〈pdi−1〉. #�#�annR(pN1) = 〈pe1−1〉. N=}L��O s = t� ei = di,

1 ≤ i ≤ s. 2� 11: � Ni *S* pei  0j�B{�H_ Ni
∼= R/〈pei〉. ;� M �ib9℄B R � O6��k�{��S* pe, YO

M ∼= R/〈pe1

1
〉 ⊕ R/〈pe2

2
〉 ⊕ · · · ⊕ R/〈pen

n 〉,

e1 ≥ e2 ≥ · · · ≥ en ≥ 1.

5.4 ~�
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nT�x 'b 12- 'b 15, ,vOy� 16. (vx��Æ�) � M �ib9℄B R � O6��{�Y
M = Mtor ⊕ F,\
 Mtor � M e O�U G�� F �mN R- {��dN M )F�'�Æ Mtor  S*

c = pe1

1
pe2

2
· · · pen

n ,\
 pi, 1 ≤ i ≤ n, *AÆ8� �U�Y
Mtor = Mp

e1
1

⊕ Mp
e2
2

⊕ · · ·Mp
en
n

,\
 Mp
ei
i

:= {v ∈ M | pei

i v = 0 } * M  k�l{��S* pei

i , 1 ≤ i ≤ n.s6 Mp
ei
i
^1U*�Bl{ a?

Mp
ei
i

= Ni1 ⊕ Ni2 ⊕ · · · ⊕ Niki
,\
 Nij  S* p

eij

i , 1 ≤ i ≤ n, 1 ≤ j ≤ ki, � ei = ei1 ≥ ei2 ≥ · · · ≥ eiki
, 1 ≤ i ≤ n. \
 p

eij

i , 1 ≤ i ≤ n, 1 ≤ i ≤ ki, �* M  vx��. XÆ\n8��`0� M  �!KlN M )F�'�Q�� M ^G1U*�Bl{HF6mNl{ a?
M = (N11 ⊕ N12 ⊕ · · · ⊕ N1k1

) ⊕ · · · ⊕ (Nn1 ⊕ Nn2 ⊕ · · · ⊕ Nnkn
) ⊕ F. 2� 12: M ^G1U* R  Æ4�BHF6mNl{ a?

M = R/〈pe11

1
〉⊕R/〈pe12

1
〉⊕· · ·⊕R/〈p

e1k1

1
〉⊕· · ·⊕R/〈pen1

1
〉⊕R/〈pen2

1
〉⊕· · ·⊕R/〈p

enkn

1
〉⊕F.�� 2. � R�ib9℄B�� M1,M2 � R-{M  �Bl{�� annR(M1) =

〈a〉, annR(M2) = 〈b〉. � 1 � a, b  p�9Kl�Y
(1) M1 ⊕ M2 ��Bl{�
(2) annR(M1 ⊕ M2) = 〈ab〉.���mq.$� 2y� 17. (ts��Æ�) � M �ib9℄B R � O6��{�Y

M = L1 ⊕ L2 ⊕ · · · ⊕ Lm ⊕ F,\
 F �mN R- {��dN M )F�'� Li � M  �Bl{��S* qi,

1 ≤ i ≤ m, � qi+1|qi, 1 ≤ i ≤ m − 1.
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Q M  �Bl{a?: Li  S qi, 1 ≤ i ≤ m, �* M  ts��. XÆ\n8��`0� M  Æ	KlN M )F�'����X'b 16 e�l
L1 := N11 ⊕ N21 ⊕ · · · ⊕ Nn1.8ZLb 2, L1 ��Bl{�S* q1 :=

∏n
i=1

pei1

i .a�^G'J L2, · · · , Lm, \
 m := max{ki}. 2�	�
1. � R �ib9℄B� M � R- {�� p � R e �U�_y�

Mp ⊆ Mp2 ⊆ · · · ⊆ Mpn ⊆ · · · ,� ∪∞

i=1Mpi � M  l{�
2. Xk�1U'b ('b 14) e�
(1) � q �R pi, 1 ≤ i ≤ n, AÆ8� �U�Y Mqe = 0, e ∈ N;

(2) ∪∞

j=1
M

p
j
i

= Mp
ei
i

, 1 ≤ i ≤ n.

3. _yLb 2.

4. � M �ib9℄B R �O6���{�_y� M Æ�1U*g60jl{ a? �1�D%P� M = 〈v〉, � annR(v) = 〈pe〉, \
 p * R  �U��
e ≥ 1.

5. � M �ib9℄B R �O6��-�{�_y� M Æ�1U*g60jl{ a? �1�D%P� M ��B{�I M ∼= R.

6. � M �ib9℄B R � O6���{��_� M ��{ (IrO0�.l{)  �1�D%P� M = 〈v〉, � annR(v) = 〈p〉, \
 p * R  F6�U�
7. � M �ib9℄B R� �{��_�M ��B{ �1�D%P��X

R eAÆ8� �U p1, p2, · · · , pm H^℄� e1, e2, · · · , em, �� M ∼= ⊕m
i=1R/〈pei

i 〉.

8. (1) � M,N,L �ib9℄B R � O6��{��_�Æ M ⊕N ∼= M ⊕L,Y N ∼= L.

(2) � M Æ�O6���� (1)  ToÆ�e�\n θ : ZN ⊕ Z → ZN ⊕ 0,

({ai}, a) 7→ ({bi}, 0), �e b1 = a, bi = ai−1, i ≥ 2. _y θ � Z- &:�
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