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§4. q\hnZbWsl`�NT� R �;��� J=<�

4.1 sl`Xj 9. � S � R- n M  R��� S � R-fidY  �{6( S  z5;"R� u1, u2, · · · , un ∈ S, : r1u1 + · · · + rnun = 0, ri ∈ R, 1 ≤ i ≤ n S�� ri = 0,

1 ≤ i ≤ n. |�8 S ��#(�4 �E�� figY.Xj 10. � M � R- n� M  R� S �� M  [, |
(1) S � R- #(�4 �
(2) M = 〈S〉.r 4: � S � R-n M  >�E S � M  ?&�����?�#(�4R��_
 6. � S � R- n M  R��E S � M  > �.
0�G�((<z5 v ∈ M , �D {u1, u2, · · · , un} ⊆ S, �� v = r1u1 + · · · + rnun, ri ∈ R, 1 ≤ i ≤ n,u��+�2�o^�aVY�� 2r 5: � M � R- n� u1, u2, · · · , un #(�4� u1, u2, · · · , un, u #($4��
�D r1, · · · , rn ∈ R, �� u =

n∑

i=1
riui.Xj 11. R- n M �� sl`, | M ; R- >�| S � M  R- >�E� MD S ~S:� M  > >��� M  p, C� rank(M).℄ 7: (1) R �S: R- n�

(2) Rn �S: R-n�; R-> S = {(1, 0, · · · , 0), (0, 1, 0, · · · , 0), · · ·, (0, 0, · · · , 0, 1)},

rank(Rn) = n.℄ 8: Z6 V� Z- n��S:n���V� Z6- n�S:n�7� R �;��� J=<��3 R 2&;?�V% I, Æu R/I �>��j&VIk\N &6 8V(�
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_
 7. � R ��;��� 1  J=<� M �S: R- n�E M  z5Z0> >�$!�o^�R ;?�V% I, u R/I �>�`
IM = {a1v1 + · · · + anvn | n ∈ N, ai ∈ I, vi ∈ M, 1 ≤ i ≤ n},E IM �M  20Rn�u}n M/IM � R/I-n�t��&6� (r+I)(u+IM) =

ru + IM(§2 �� 7).� S �M  R->�&6 S′ := {ui+IM | ui ∈ S}, ϕ : ui 7→ ui+IM ,E!y ϕ��8 S ��8 S′  d9���\Ik ϕ��9��� ui 6= uj ∈ S, ui +IM = uj +IM ,E ui − uj ∈ IM . 3�D ak ∈ I, vk ∈ M , 1 ≤ k ≤ n, ��
ui − uj = a1v1 + · · · + anvn.( k, 1 ≤ k ≤ n, � vk = rikui +

∑

l 6=i

rlkul, tO rik, rlk ∈ R, ul ∈ S. E:< S � R->�(	 ui  ��J 1 =
n∑

k=1

akrik. 7 ai ∈ I, 1 ≤ i ≤ n, 3 1 ∈ I = I �?�V%e)�G/� ϕ HX\ S 7 S′  22(8��jIk S′ � M/IM  R/I- >�� �:< M = 〈S〉, 3 M/IM = 〈S′〉. �I
S′ #(�4�� n∑

i=1
(ri + I)(ui + IM) = 0. E n∑

i=1
(riui + IM) = 0. 3; n∑

i=1
riui ∈ IM .�3 n∑

i=1
riui =

m∑

j=1
ajvj , ai ∈ I, vj ∈ S. :< ui, vj ∈ S, (	��J ri ∈ I, 1 ≤ i ≤ n.<� ri + I = 0 + I, 1 ≤ i ≤ n. 3 S′ � R/I- #(�4�G/� S  >� = S′  >� = dimR/I(M/IM). 7* M  N= S  *w�4� 2X\ 9. �M,N �S: R-n�E M ∼= N  �.
0�G� rank(M) =rank(N).o^�� M,N �Z0S: R- n�| ϕ : M → N � R- n�2�� S � M  

R- >�E ϕ(S) � N  R- >�:< ϕ �	��3 rank(M) =rank(N). ,K�|
rank(M) =rank(N). � S � M  R- >� T � N  R- >�E�D	� ϕ : S → T ,S#(U�� R- n�2 ϕ : M ∼= N . 2r 6: � M �S: R- n�u rank(M) = n. E; M ∼= Rn.r 7: � M � R- n� S = {u1, · · · , un} ⊆ M u S � R- #(�4�E 〈S〉 �S:n� S � 〈S〉  R- >� rank(〈S〉) = n.

4.2 q\hnZbWsl`
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2�#�20S: R- n Rn�
�S:n�℄ 9. Z6 � Z6- S:n�� N := {0, 3}. E N � Z6  Rn���S:n���(<QV%H<��i;{�O
�X\ 10. � R �QV%H<� M �S: R- nu rank(M) = n. E M  z5Rn N 1�S: u rank(N) ≤ n.o^�:&V 9, S� M = Rn. ( n V5o+�� n = 1��R  z5Rn N P� R V%�7 R �QV%H<�3 N = 〈a〉.` ϕ : R → N , r 7→ ra. 4I ϕ � R- n��� ϕ �d�7 R �_7R�3 ϕ �� �3 N ∼= R, B N �S: � rank(N) = 1 =rank(R).D�� k < n �� Rk  Rn�S: �(< Rn  Rn N . Qb
N1 = {r ∈ N | r = (r1, r2, · · · , rn−1, 0), ri ∈ R},

N2 = {(0, · · · , 0, rn) | (r1, r2, · · · , rn−1, rn) ∈ N, ri ∈ R},E N1 �2< Rn−1  Rn� N2 � R  Rn (§2. �� 9). :5oD�� N1 �S: u rank(N1) ≤ n − 1. � S = {u1, · · · , us} � N1  R- >� s ≤ n − 1. |
N1 = 0, E S = ∅. | N2 = 0, E N Oz2�
 % n 0.[� 0. E N = N1 �S: �| N2 6= 0, E rank(N2) = 1. � N2  R- >� (0, · · · , 0, an), an 6= 0, u�D
v = (a1, · · · , an) ∈ N .�jIk S′ = {u1, · · · , us, v}� N  R->�� �(z5 u = (b1, b2, · · · , bn) ∈ N ,E (0, 0, · · · , 0, bn) ∈ N2. 3�D t ∈ R,bn = tan. 3; u − tv ∈ N1, B u − tv ∈ S. 3
u ∈ S′,GPIk M = 〈S′〉. CI S′� R-#(�4 �̀ t0v+t1u1+· · ·+tsus = 0,E; t0v = −(t1u1 + · · ·+ tsus), 	LU920.[��� t0 = 0,u t1u1 + · · ·+ tsus = 0.C: S � R->�� ti = 0, 1 ≤ i ≤ s. 3 S′ � R-#(�4 ��3 S′ � N  >�u rank(N) ≤ n. 2Xj 12. � R �H<� M �20 R- n�( v ∈ M , |�D-_�
 r ∈ R, �� rv = 0. E� v � M  20 am. 20 R- n�� da`, {6 M f;-_q��20 R- n�� a`, {6 M  �;�
'�q��k\ 1. � R �H<� M �20 R- n�` Mtor := {M O q� } E

(1) Mtor � M  Rn�
(2) M/Mtor ��qn�o^�:&6LM��� 2℄ 10: (1) > F ~ n��qn�
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(2) Z6 V� Z- n�qn�
(3) H<~z5S:n��q �
(4) � σ ��> F ~ n �#(TF V  #(�=� V V� F [x]- n�t��&6� f(x)v := f(σ)(v). E V � F [x]- qn�X\ 11. � M �QV%H< R ~ n�{6 M �;"��u�q �E M�S: u rank(M) < ∞.o^�7� M �;"�� �� M = 〈v1, v2, · · · , vn〉. D���Ow?�#(�4R� S = {u1, · · · , uk},P'M = 〈u1, · · · , uk, v1, · · · , vn−k〉. ( vj , 1 ≤ j ≤ n−k,:<

u1, · · · , uk, vi#($4�3�D ai 6= 0,A r
(i)
1 , · · · , r

(i)
k �� aivi+r

(i)
1 u1+· · ·+r

(i)
k uk = 0,B aivi ∈ 〈S〉. ` a = a1a2 · · · an−k, E avi ∈ 〈S〉, 1 ≤ i ≤ n − k. 3 aM = {av|v ∈ M}� 〈S〉  Rn�:< 〈S〉 �S:n�:&V 10, aM 1�S:n�` ϕ : M → aM ,

v 7→ av E ϕ �d R- n���7� M ��q ��3 ϕ ��3 aM ≃ M ,M �S:n� 2r 8: &VO �G ” ;"�� ” �
) � Q V� Z- n��q ��z5Z0;V�� Z- #($4 �e

1. Ikm� 5.

2. IkW 10 O (3)(4).

3. � M �H< R ~ n� N,T � M  Rn� N �qn� T �S:n�E
N ∩ T = 0.

4. (1)� M � R-n�v ∈ M ,&6 annR(v) := {r ∈ R | rv = 0}, annR(M) := {r ∈

R | rv = 0, ( ∀v ∈ M}. E annR(v), annR(M) � R  V%�.
�� v  _;R7 M _;R�
(2) � M � R- n� v ∈ M , E annR(M) ⊆ annR(v). Æ
#�� M = 〈v〉 ��

annR(M) = annR(v);

(3) � M �;"��qn�C M = 〈v1, v2, · · · , vs〉, E annR(M) = ∩s
i=1annR(vi);

(4) � M � R- n�E M 1� R/annR(M)- n�u annR/annR(M)(M) = 0;

(5) � M � R- n� v ∈ M . E ϕ : R → 〈v〉, r 7→ rv � R- nd���u
Kerϕ = annR(v). �3 〈v〉 ∼= R/annR(v). 3� v �-q��� R ∼= 〈v〉.

(6) � R �QV%H<� M = M1 ⊕ M2. � annR(M1) = 〈a〉, annR(M2) = 〈b〉, E
annR(M) = 〈c〉,tO c� a, b U&1�R�Æ
#�� a, b:
��annR(M) = 〈ab〉;
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(7) � R �QV%H<� M � R- n� annR(M) = 〈pe〉, tO p �
�� e ∈ N.� N � M  Rn�E annR(N) = 〈pl〉, l ≤ e.

5. (1) '�< R V� R- n��qn �.
0�G�
(2) vI�;" Abel xV� Z- n�qn�
(3) vI�< R ~�q-<n
�2< R- n R.

6. � R �QV%H<� M � R- n� p ∈ ann(M), E
(1) M � R/〈p〉- n�t��&6� (r + 〈p〉)v := rv;

(2) � p �
��� M �> R/〈p〉 ~ #(TF�
(3) � p � R O 
�� v ∈ M u annR(v) = 〈pe〉. C 〈v〉p = {u ∈ 〈v〉 | pu = 0}.vI� 〈v〉p � R/〈p〉 ~ 2�#(TF�
∗7. � R �QV%H<� M �;"�� R- n�E�℄m�!E�
(1) M �S: R- n�
(2) M ��� R- n�
(3) M �s
 R- n�
(4) M ��q R- n�
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