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§3. Noether 0

3.1. Noether 0(4 7. �" R- O M 	r Noether0, Z(lF$!O`>o5�� M Y	!O�A M1 ⊆ M2 ⊆ M3 ⊆ · · · ⊆ Mn ⊆ · · ·, #
� j ∈ N, 
���Y	� l ∈ N, �
 Mj = Mj+l.(- 6. R- O M f Norther O�����o5f M H"!Of
z_
��5/���~�[ M �H"!Of
z_
��9D�!O�A M1 ⊆ M2 ⊆ · · ·,�� ⋃
∞

i=1 Mi f M �!O�%f
z_
��^ ⋃
∞

i=1 Mi = 〈u1, u2, · · · , un〉, �
ui ∈

⋃
∞

i=1 Mi, ^ ui ∈ Mji
, C j = max{j1, j2, · · · , jn}, � ui ∈ Mj , 1 ≤ i ≤ n. %

⋃
∞

i=1 Mi ⊆ Mj ⊆ Mj+1 ⊆ · · · ⊆
⋃

∞

i=1 Mi, 1
� j, 
��Y	� l ∈ N, �

Mj = Mj+l.��~�̂ M f NortherO�N r M �!O�V u1 ∈ N . 9D M1 = 〈u1〉 ⊆ N .[ M1 = N , � N f
z_
�[ M1 6= N , V u2 ∈ N \ M1, C M2 = 〈u1, u2〉. [
M2 = N , � N 
z_
�[ M2 6= N , V u3 = N \ M2. C M3 = 〈u1, u2, u3〉. 3�vW��� N �
z_
!O`> M1 ⊆ M2 ⊆ M3 ⊆ · · ·. [�
� Mj = N ,����"��)�`>��n^G��%
� j ∈ N,
� Mj = N , 1 M = 〈u1, u2, · · · , uj〉.1 N f
z_
� 2. 5: (1) Z &r Z- Of Norther O�

(2) ^ p rY	#��jh�C
M := {

m

pk
| m ∈ Z, kfY	���h},� M f Z- O�T�f Norther O�eb℄�C Mi := { m

pi | m ∈ Z}, �
sU`>
 M1  M2  · · ·  Mn  · · ·.

3.2 Noether )(4 8. - R 	r Noether), Z( R &r R- Of Norther O�1- R F$<{`>o5�� R �Y	<{A I1 ⊆ I2 ⊆ · · · ⊆ In ⊆ · · ·, #
� j ∈ N, 
��Y	� l ∈ N, �
 Ij = Ij+l.
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6 3. ��
�- R f Noether -�����o5f R �H"<{f
z_
��. 6: (1) � F f Noether -��r F �
?"<{ 0 � F ;

(2)  <{�-f Noether -�(- 7: - R f Noether -����o5fY	
z_
� R- Of NoetherO�5/���~���
���~�^ M f
z_
 R- O�N f M �!O���< 6 ���L N f
z_
��^ M = 〈u1, u2, · · · , un〉. �
 R- OFpm
ϕ : Rn → M, (r1, r2, · · · , rn) 7→

n∑

i=1

riui,T ϕ−1(N) f Rn ��"!OT ϕϕ−1(N) = N . Z( Rn �H"!O�f
z_
��� ϕ−1(N) f
z_
��2 ϕ−1(N) = 〈s1, s2, · · · , st〉. �f�Y	 u ∈ N , 
�
s ∈ ϕ−1(N), 
 u = ϕ(s). ^ s = a1s1 + a2s2 + · · · + atst, �

u = ϕ(s) = a1ϕ(s1) + a2ϕ(s2) + · · · + atϕ(st),1 N = 〈ϕ(s1), ϕ(s2), · · · , ϕ(st)〉.vK�L Rn �H"!Of
z_
��� n &h�'P��� n = 1 a� Rf Noether -�Nn
=�4^�Y	� k, 1 ≤ k ≤ n, Rk �H"!Of
z_
��^ N f Rn �!O�C
N1 = {r ∈ N | r = (r1, r2, · · · , rn−1, 0), ri ∈ R},

N2 = {(0, · · · , 0, rn) | (r1, r2, · · · , rn−1, rn) ∈ N, ri ∈ R},� N1 p$� Rn−1 ��"!O� N2 p$� R �!O (§2. tn 9). �'P4^�
N1 = 〈u1, u2, · · · , us〉, ui ∈ N1 ⊆ Rn−1 ⊆ Rn. � N1 = 0, C s = 0. p<��'P4^
N2 = 〈(0, · · · , 0, aj), 1 ≤ j ≤ t〉, � N �
 vj = (aj1, aj2, · · · , ajn−1, aj) ∈ N, 1 ≤ j ≤ t.[ N2 = ∅, � N �H"�%,��8r 0, % u1, u2, · · · , us f_
��[ N2 6= ∅, � 〈u1, · · · , us, v1, · · · , vt〉 = N . eb℄�� ∀v ∈ N , 2 v = (a1, · · · , an),� (0, · · · , 0, an) ∈ N2, k� (0, · · · , 0, an) =

t∑
j=1

rj(0, · · · , 0, aj) % v −
t∑

j=1
rjvj ∈ N1,

v −
t∑

j=1
rjvj =

s∑
i=1

r
′

iui. k� v ∈ 〈u1, · · · , us, v1, · · · , vt〉. 2
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3.3.Hilbert *(-(- 8: ^ R f Noether -�����|d- R[x] �f Noether -�5/��� R[x] �Y�<{ I f
z_
��C Lj r I �k
 i ��|d�% |uh0 R � 0 �$
�/+��� §1. tn 5 � Lj f R �<{� j ∈ N.T
 R �<{`>
L0 ⊆ L1 ⊆ · · · ⊆ Ln ⊆ · · · .� R f Noether -�%
� m ∈ N, 
��Y	� l ∈ N, �
 Lm = Lm+l. 2

L :=
∞⋃
i=0

Li, � L = Lm. Æ� R f Noether -�H" Lj, 0 ≤ j ≤ m f
z_
�2
Lj = 〈a

(1)
j , · · · , a

(kj)
j 〉, 0 ≤ j ≤ m. � Lj ��
��� I �
 j ��|d f

(1)
j , · · · , f

(kj)
j ,
� f

(i)
j �g|uhr a

(i)
j , 1 ≤ i ≤ kj.vK�L� S = {f

(1)
0 , · · · , f

(k1)
0 , f

(1)
1 , · · · , f

(k1)
1 , · · · , f

(1)
m , · · · , f

(km)
m }f I �_
��^ f(x) ∈ I, degf(x) = n. � n &'P�L f(x) ∈ 〈S〉.� n = 0 a�yX
 f(x) ∈ 〈S〉. ^ f(x) = anxn + · · · + a1x + a0, an 6= 0. �

an ∈ Ln ⊆ L = Lm.[ n < m, � an =
ki∑

i=1
ria

(i)
n . �fC g(x) = f(x) −

ki∑
i=1

rif
(i)
n , � degg(x) < n. �'P4^ g(x) ∈ 〈S〉. % f(x) ∈ 〈S〉.[ n ≥ m, � an ∈ Ln = Lm. % an =

km∑
i=1

ria
(i)
m , C g(x) = f(x) −

km∑
i=1

rix
n−mf

(i)
m , �

degg(x) < n. �'P4^ g(x) ∈ 〈S〉. %
 f(x) ∈ 〈S〉. 231
1. ^ M f R- O�	 M F$!O� +'2,, Z(�� M �Y	�}!O$
��;/+ S &��)&u�S�
.Æ���L� M f Norther O�����o5f M F$!O�.Æo5�
2. �L�
(1) ^ M f Norther O�� M �Y	!O*\O�f Norther;

(2) ^ N f M �!O�T N * M/N �f Norther O�� M �f Norther O�
(3) ^ M1,M2 f M �!OT M = M1 + M2, [ M1 * M2 �f Norther O��

M �f Norther O�
3. ^ R f�-��L� R f Norther -�����o5f R f <{�-�
4. ^ ϕf NortherO M �"pm��L ϕfFpm���o5f ϕf"p$�
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