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§2. IXIPN

2.1 BL<I=U 2. l R r�+!��& 1 �4� M r�+(I82� M j!<&)z
+, u�)z R×M →M, (r, u) 7→ ru, _2 (M,+) r Abel 
�`S7�

(1) #"e�� r ∈ R,u, v ∈M , ! r(u+ v) = ru+ rv;

(2) #"e�� r, s ∈ R,u ∈M , ! (r + s)u = ru+ ru;

(3) #"e�� r, s ∈ R,u ∈M , ! (rs)u = r(su);

(4) #"e�� u ∈M , ! 1 · u = u,+
 M r�+ R-I.E 1: (1) l F r$�+ F j��I> V r F - [�
(2) l M r Abel 
�+ M r Z- [�
(3) 4 R r R- [�u��4��&�
(4) 4 Rj{! m×nD-b� Mm×n(R) #"D-�<&1u�r-Æ R-[�
(5) Mm×n(F [X]) r F[X]- [�
(6) l I r R �K��+ I r R- [�
(7) Rn = R× · · · ×R(n + R �Es7) r R- [�
(8) Z6 r Z- [�� Z �r Z6- [� (wF��oT�)E 2: (1) l σ ru$ F j n ���I> V ���	5�+ V r F [x]- [�_u�"�� f(x)v := f(σ)(v);

(2)l Aru$ F j nC'-�+ Fn r F [x]-[�_u�"�� f(x)X := f(A)X.

2.2 [I=U 3. l M r R- [� N r M �(I58�g N r M � Abel 5
�`#"e�� r ∈ R,u ∈ N , ! ru ∈ N , +
 N r M � [I.E 3: (1) l M r R- [�+ M , 0 r M [�5[�
� J>[I;

(2) l N,H r M �5[�+ N +H = {u+ v | u ∈ N, v ∈ H} r M �5[�
�5[ N,H � A;

(3) l N,H r M �5[�+ N ∩H �r M �5[�
�5[ N # H � C;
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(4) l Mi, i ∈ I r M �5[` M1 ⊆M2 ⊆ · · · ⊆Mn ⊆ · · ·, + ∪i∈IMi r M �5[�
(5) l M r R- [� S ⊆M , +

〈S〉 := {r1s1 + r2s2 + · · · + rnsn | n ∈ N, ri ∈ R, si ∈ S, 1 ≤ i ≤ n}r M �5[�
� VSM:<[I; � S r!Æ82n�
 〈S〉 r WRM:[I.� S = {s1, s2, · · · , sn} n�
〈s1, s2, · · · , sn〉 := {r1s1 + r2s2 + · · · + rnsn | ri ∈ R, 1 ≤ i ≤ n}.}���# s ∈M , 〈s〉 = {rs | r ∈ R} 
� TB[I.

(6) l R �A54� R 9� R- [�e�5[r R �K��=U 4: l M r R- [� M1,M2, · · · ,Ms r M �5[�f0S7
(1) M = M1 +M2 + · · · +Ms;

(2) Mi ∩ (
∑

j 6=iMj) = 0,+
 M r M1,M2, · · · ,Ms � ZA, :� M = M1 ⊕ · · · ⊕Mn.HO 3. l M1,M2, · · · ,Ms r R- [ M �5[�+
M�?�=
(1) M = M1 ⊕ · · · ⊕Ms;

(2) #e�� m ∈M,m = m1 + · · · +ms mi ∈Mi, 1 ≤ i ≤ s, `
q&���YG�Q8L	� 2

2.3 IPN=U 5. l M,N r R- [��k ϕ : M → N 
� R-IPN, f0
(1) #e�� u, v ∈M , ! ϕ(u+ v) = ϕ(u) + ϕ(v);

(2) #e�� r ∈ R,u ∈M , ! ϕ(ru) = rϕ(u).� R- [ M � N �{![�|�82:� HomR(M,N).=U 6. l ϕ : M → N r R- [�|�
(1) g M = N , 
 ϕ r M � \PN;

(2) g ϕ r��k�+
 ϕ r ;PN;

(3) g ϕ rS�k�+
 ϕ r FPN;

(4) g ϕ r���k (;�`S), +
 ϕ r P?, : M
ϕ
∼= N(6 M ∼= N).E 4: l ϕ : M → N r R- [�|�
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(1) l M1 r M �5[�+ ϕ(M1) r N �5[�}���
ϕ−1(0) = {u ∈M |ϕ(u) = 0}r M �5[�
� ϕ � �, :� Kerϕ;

(2) l N1 r N �5[�+ ϕ−1(N1) = {u ∈ M |ϕ(u) ∈ N1} r M �5[�}���
ϕ(M) = {ϕ(u) | u ∈M}r N �5[�
� ϕ � S, :� Imϕ.HO 4. l ϕ : M → N r R- [�|�+

(1) ϕ r��| ⇔ Kerϕ = 0;

(2) ϕ rS�| ⇔ Imϕ = N ;

(3) ϕ r�- ⇔ �* R- [�| ψ : N →M , p� ψϕ = idM , ϕψ = idN .YG�Q8L	� 2HO 5: l M,N r R- [�+
(1) HomR(M,N) r Abel 
�_<& ϕ+ ψ "�� (ϕ+ ψ)(u) := ϕ(u) + ψ(u);

(2) HomR(M,M) r���& idM �4�_�&��k�2Æ�
(3) M r HomR(M,M)- [�u�"�� ϕu := ϕ(u).YG�Q8L	� 2

2.4 KI=D 4. l M r R- [� N r M �5[�+i
 M/N r R- [�
� KI,_u�"�� r(u+ N) := ru+N . 6d|k π : M → M/N,u 7→ u+N r R- [S�|�` Kerπ = N .YG� " M r Abel 
�. N r M �//5
��$ M/N r Abel 
�` u+N = u
′

+N ⇔ u− u′ ∈ N. �0Xu�"��2K��l u+N = u′ +N , 9
u− u′ ∈ N . � N r5[�. ru− ru′ = r(u− u′) ∈ N . {� ru+N = ru′ +N . �0u�S7 R- [�,K�O��π(u+ v) = (u+ v)+N = (u+N)+ (V +N) = π(u)+π(v), π(ru) = ru+N =

r(u + N) = rπ(u) �$ π r R- [�|�
d π rS�|� π(u) = 0 ⇔ u + N =

0 +N ⇔ u ∈ N . {� Kerπ = N . 2Jx
#4��W![��-"K��tf
�
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=D 5: (1)(!��-"K) l ϕ : M → N r R- [�|�+![�-
M/Kerϕ ∼= Imϕ;

(2)(!%�-"K) l N,H r R- [ M �5[�+![�-
N/(N ∩H) ∼= (N +H)/H;

(3)(!h�-"K) l N,H r R- [ M �5[�` H ⊆ N , + N/H r M/H �5[�`! R- [�-
(M/H)/(N/H) ∼= M/N.YG�Q8L	� 2QO

1. 0XZ~ 3.

2. 0XZ~ 4.

3. 0XZ~ 5.

4. 0X"K 5.

5. (1) �+ R- [ M r!ÆmÆ��)���?r�* n ∈ N 1 R- [S�|
ϕ : Rn →M ;

(2) l R- [�| ϕ : M → N rS�|�` M r!ÆmÆ�+ N �r!ÆmÆ�
6. (1) I r R �K��+ R/I r�4 R- [�
(2) l R r���&�A54�+ R r3K�.4��)���?r R j�4[�5[�r�4[�
7. l M r R- [� I r R �K��a0�
(1) IM := {r1u1 + r2u2 + · · · + rnun | n ∈ N, ui ∈ M, ri ∈ I, 1 ≤ i ≤ n} r M �5[�
(2) lM = 〈S〉,+ IM = {r1u1 +r2u2 + · · ·+rnun | n ∈ N, ui ∈ S, ri ∈ I, 1 ≤ i ≤ n};

(3) M/IM r R/I- [�u�"�� (r + I)(u+ IM) := ru+ IM .

8. l R r3K�.4� 0 6= a ∈ R. P ϕ : R → 〈a〉, r 7→ ra, + ϕ r R- [�-�
(4����r4�-).

9. l N r Rn �K��P
N1 = {r = (r1, r2, · · · , rn−1, 0) | r ∈ N, ri ∈ R, 1 ≤ i ≤ n− 1},
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N2 = {(0, 0, · · · , 0, rn) | (r1, r2, · · · , rn) ∈ N, ri ∈ R}.a0� N1 �-" Rn−1 �5[� N2 �-" R �5[�
10. l R rA54� N r R- [ M �5[� p ∈ R, P Np := {n ∈ N | pn = 0}.a0�
(1) Np r M � R- 5[�
(2) Np r R/〈p〉- [�
(3) N0 = N ;

(4) l a r R �H℄&�+ Na = 0;

(5) g p|q, + Np ⊆ Nq;

(6) g M = S ⊕ T , + Mp = Sp ⊕ Tp;

(7) l* R 2 〈d〉 = 〈a〉 + 〈b〉, +! Nd = Na ∩Nb;

(8) l* R 2 a, b 3y�+! N = Na ⊕Nb.
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