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§1. <�1:�
1.1 32�*����4
(1) W�e G vBZQ�wk� G aPBZKX℄� ◦, 3��
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(i)(�k1) GZG: a, b, c ∈ G, P (a ◦ b) ◦ c = a ◦ (b ◦ c);

(ii)(*X) .^ 0 ∈ G, q9GZG: a ∈ G, P a ◦ 0 = 0 ◦ a = a;

(iii)(FX) GZG: a ∈ G .^ a−1 ∈ G, q a ◦ a−1 = a−1 ◦ a = 0,` (G, ◦) vBZ ).^ (G, ◦) p3�
(iv) (�q1) GZG: a, b ∈ G, P a ◦ b = b ◦ a,` (G, ◦) � Abel) s ��). ,m℄�Ug ◦ M + 3��{ a−1 � −a.

(2) nS�,�e R vBZQ�wk�^ R aP#ZKX℄� + i ·, 3��
(i)(R,+) vBZ Abel W�
(ii)(�k1): GZG: a, b, c ∈ R P (a · b) · c = a · (b · c);

(iii)(RL1): GZG: a, b, c ∈ R P a · (b + c) = a · b + a · c; (a + b) · c = a · c + b · c,` (R,+, ·) vBZ (��) �.^n R p3��
(iv)(�q1): GZG: a, b ∈ R P a · b = b · a,` R  � ���.^ R wPX� 1, q9GZG: a ∈ R P 1 · a = a · 1 = a, ` R �P �.81:n�e R vBZn� R :BZQ��w I  � R : �1, ^3��
(i) I G R :|L! Abel �W�
(ii) GZG: a ∈ I, b ∈ R, P ab ∈ I Q ba ∈ I.n R :�, I  � ���1, \
�.^ R :�, J , q9 I ( J ( R.

(3) jn��qn R w:Q*X r  �  5>, \
.^ R :Q*X s q9
sr = 0. P5�X�*I�:�qn � :�.

(4) )n�P5�X:n � Æ�, \
�PQ*X�V
G#L!W�
(5) U��q:)n � 7.

(6) |�,jne R vP5�:�qn� s1, · · · , sn ∈ R, `
〈s1, s2, · · · , sn〉 := {a1s1 + · · · + ansn | ai ∈ R, 1 ≤ i ≤ n}
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v R :BZ�,� �O s1, s2, · · · , sn h!:�,�OBZX� a h!:�,
〈a〉 = {ba | b ∈ R}  � <�1.5Z�,Ev|�,:jn � <�1:�.��H�}e R vP5�X 1 : (�k) n�

1.2 <�1:� F [x]�� 1: e F vU�`BXI.rn F [x] v|�,jn�;$�Fo F [x]v25�X 1,�*I����q�IJ F [x]vjn�e I v F [x]:�,�e g(x)v I w-|�=:zBI.r�z$m: g(x)v�B:�}ezBI.r h(x) ∈ I, deg h(x) = deg g(x). ` b(x) = g(x)− h(x) ∈ I Q deg b(x) < deg g(x).^ b(x) 6= 0, e b(x) :z.� c. - b1(x) = 1

c
b(x), ` b1(x) � I wzBI.r�Q

deg b1(x) < deg g(x), 4H��D b(x) = 0, y g(x) = h(x).!9m: I = 〈g(x)〉. I I v F [x] :�,�J g(x) ∈ I. ` 〈g(x)〉 ⊆ I. e
f(x) ∈ I. ` f(x) = g(x)q(x) + r(x). g sf r(x) = 0 s deg r(x) < deg g(x). }e
r(x) 6= 0. OR I v�,��D r(x) = f(x) − g(x)q(x) ∈ I. e r(x) :z.�|� d,- r1(x) = 1

d
r(x), ` r1(x) v I wzBI.rQ deg r1(x) = deg r(x) < deg g(x). S

g(x) :UL4H�` r(x) = 0. y f(x) = g(x)q(x) ∈ 〈g(x)〉. ` I ⊆ 〈m(x)〉. 2%, 1: e f1(x), f2(x), · · · , fn(x) ∈ F [x]. `
〈f1(x), f2(x), · · · , fn(x)〉 = 〈(f1(x), f2(x), · · · , fn(x))〉g (f1(x), f2(x), · · · , fn(x)) v f1(x), · · · , fn(x) :�0℄Ir�;$�e I = 〈f1(x), f2(x), · · · , fn(x)〉. OC� 1 o I = 〈g(x)〉. !9m: g(x) =

[f1(x), f2(x), · · · , fn(x)].

(1) I fi(x) ∈ 〈g(x)〉. `.^ qi(x) ∈ F [x] q fi(x) = qi(x)g(x). �D g(x)|fi(x),

1 ≤ i ≤ n.

(2) e h(x)|fi(x), 1 ≤ i ≤ n. OR g(x) ∈ 〈f1(x), f2(x), · · · , fn(x)〉. `.^ ai(x),

1 ≤ i ≤ n, q g(x) = a1(x)f1(x) + a2(x)f2(x) + · · · + an(x)fn(x). `P h(x)|g(x). g�m:& g(x) = [f1(x), f2(x), · · · , fn(x)]. 2

1.3 <�1:��+8�����4 1: e R vjn�
(1) a, b ∈ R,  a :Æb, { a|b, ^.^ c ∈ R q9 b = ac;
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(2) u ∈ R  � �(8, ^.^ v ∈ R q9 uv = 1;

(3) a, b ∈ R,  a, b0�, ^.^�FX u q a = ub;

(4) Q*Q�FX p ∈ R  � +8, ^ p|ab �7's p|a s p|b;

(5) Q*Q�FX p ∈ R  � 
�9, ^ p = ab �7's a s b v�FX�= 1: e R vjn�
(1) u ∈ R ��FX ⇔ 〈u〉 = R;

(2) r|s ⇔ 〈s〉 ⊆ 〈r〉 ⇔ s ∈ 〈r〉;

(3) r, s +
 ⇔ 〈r〉 = 〈s〉;

(4) 6 R v|�,jnm� r ��Z ⇔ 〈r〉 vv0�,��� 2: e R v|�,jn� p ∈ R, ` p v�X ⇔ p v��ZX�;$��?5�e p v�X�` p Q*Q�F��m p v��ZX�e p = ab` p|ab. `s p|a s p|b. ^ p|a, ` a = pc, c ∈ R. ` a = abc, a(1 − bc) = 0. I R vjn� a 6= 0. �D 1 − bc = 0, y b ��FX����^ p|b �98 a ��FX�` p��Z�%R5�e pv��ZX�̀ pQ*Q�F��m pv�X�e p|ab,y ab ∈ 〈p〉.e p ∤ a, y a /∈ 〈p〉. OR 〈p〉 vv0�,�` 〈a, p〉 = R, �D.^ c1, c2 ∈ R q
1 = c1a + c2p y b = c1ab + c2pb. O p|ab, �9 p|b. ` p v�X� 2%, 2: e R v|�,jn�`GZB�,j"

〈a1〉 ⊆ 〈a2〉 ⊆ 〈a3〉 ⊆ · · · ⊆ 〈an〉 ⊆ · · ·.^lj| m, q9 〈am〉 = 〈am+i〉, ∀i ∈ N.;$�- I =
⋃

∞

i=1
〈ai〉, ` I v�,�uoa�G a, b ∈ I ` a ∈ 〈ai〉, b ∈ 〈aj〉. �Pe i ≤ j, ` a, b ∈ 〈aj〉 ` a − b ∈ 〈aj〉 ⊆ I. QG ∀r ∈ R, rb ∈ 〈aj〉 ⊆ I. I R v|�,jn�e I = 〈d〉. O I :CH�.^ m,q d ∈ 〈am〉. ` I ⊆ 〈am〉. Nq%Y 〈am〉 ⊆ I.�D 〈am〉 = I. G ∀i ∈ N, I = 〈am〉 ⊆ 〈am+i〉 ⊆ I, �D 〈am〉 = 〈am+i〉,∀i ∈ N. 2�� 3: e R v|�,jn� 0 6= a ∈ R, `

a = up1p2 · · · pn,Ow uv�FX�pi v�X�1 ≤ i ≤ n. x6J(!�-8�g>:R�^+
:GH!v�B:�y^ a = vq1q2 · · · qm, Ow v v�FX� qj v�X� 1 ≤ j ≤ m.` m = n, Qx6J(!�-8l pi S qi +
� 1 ≤ i ≤ n.

4



;$�OC� 2, |�,jna�XS��ZXvBu:�R�:.^5�e a ���ZX�`.^5m��^�v�` a = a1a2 Q a1, a2�Q�FX�̂ a1, a2 ��Z�.^59m�̂ �v��Pe a2 �Z�y a2 = a3a4,Q a3, a4 �Q�FX�gB�{�Br�4�9
a = a1a2 = a1(a3a4) = a1a3(a5a6) = a1a3a5(a6a7) = · · ·gyR�BC^P'�l
t�T`�98j"

〈a〉 ⊆ 〈a2〉 ⊆ 〈a4〉 ⊆ 〈a6〉 ⊆ · · · ,I ai ��F�a9�,"viÆe�S=	 2 4H�R�:�B5�e a = up1p2 · · · pn Q a = vq1q2 · · · qm, g u, v v�FX�pi , 1 ≤

i ≤ n, qj, 1 ≤ j ≤ m v��ZX�G n 	bBL�6 n = 1 m� a = up1vq1q2 · · · qm,O p1 v��ZX�` m = 1,p1 S q1 +
�}e n − 1 m=	!!��0R� nm�O p1|vq1q2 · · · qm �9 p1 j)ABZ qj, �Pe p1|q1, I p1, q1 ���X�` p1S q1 +
�e q1 = cp1, Ow c ��FX��9
up2 · · · pn = vcq2 · · · qmObB}e n = m, Qx6Aj!�~8l pi S qi +
� 2 ≤ i ≤ n. 2~ 2: e R v|�,jn� 0 6= a ∈ R, `

a = upe1

1
pe2

2
· · · pem

m ,Ow u v�FX� pi v�X� ei ∈ N, 1 ≤ i ≤ m. g>:R�^+
:GH!v�B:�-" 1: e 0 6= f(x) ∈ F [x] ` f(x) = ap1(x)p2(x) · · · pn(x), Ow a ∈ F, pi(x) vzB��ZI.r�^��0~8R�!�gBR�v�B:� 2I�j|nv|�,jn (�	 1), `P-" 2: e 0 6= a ∈ Z, ` a = p1p2 · · · pn, g c = ±1, pi vl�|�^��0~8R�!�gBR�v�B:� 2�!� Zorn 6�e S vBZQ�wk� S a:BZa� ”≤ ”  �M8a�\
3��
(1) Ng5� a ≤ a;

(2) NG 5� a ≤ b Q b ≤ a, `P a = b;
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(3) *�5� a ≤ b, b ≤ c ` a ≤ c.,m (S,≤) vBZM8w�M8w S w:X� a  � S :BZ�w {bi}i∈I :a
�\
 bi ≤ a, i ∈ I.M8w S w:X� a  �v0X�\
G b ∈ S, a ≤ b, `�P b = a.

Zorn 6� e (S,≤) vBZM8w�^ S w:ZGj" b1 ≤ b2 ≤ · · · ≤ bn ≤ · · ·EPa
�` S w.^v0X�/,�
1. m:� (1) Z v|�,jn�
(2) e a1, a2, · · · an ∈ Z. ` 〈a1, a2, · · · , an〉 = 〈(a1, a2, · · · , an)〉, g (a1, a2, · · · , an)v a1, a2, · · · , an :�0℄I|�
2. m: 1.3 w~{ (1)-(4).

3. e R v|�,jn�G a, b ∈ R, \
 〈a〉 + 〈b〉 = 〈d〉, ` d v a, b :�0℄I�Q.^ c1, c2 ∈ R, q9 d = c1a + c2b.

4. e p, q vjn R :�+
:�X�m:�
(1) 〈pq〉 = 〈p〉 ∩ 〈q〉;

(2) R/〈pq〉 ∼= R/〈p〉 ⊕ R/〈q〉.

5. e I vn R :BXI.rn R[x] :�,�{ Ji v I w�P i -I.r:z.�|S 0 ^!:wk�Sm�
(1) Ji v R :�,� i ∈ Z;

(2) .^ R :�," J0 ⊆ J1 ⊆ J2 ⊆ · · · ⊆ Jn ⊆ · · ·.

6. m:�e R vP5�X:�qn� p ∈ R, ` p v�X:%R�?��v 〈p〉vv0�,�
7. m:�e R vP5�X:�qn� I v R :�,�``n R/I vU:%R�?��� I v R :v0�,�
8. e V vU F a)5��� V :BZQ�/%� A(�EvP'ws�'w)! �)5�a:�\
 A w:ZGP'Z/%Ev)5�a:� V :BZQ�/%� A  � V :BZt�\
 A )5�a�Q V w:ZG/%��O A wP'Z/%)5�s�M Zorn J�m:�U F a)5���.^t�
9. M Zorn J�m:�ZGP5�X:nBCPv0�,�
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