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SN?n

AÛ�{µÜÙa§Ï]#5p��ê(1o�)6(1999)

£�(5p��ê6(1996)

1�©)½n:�5�m©)¤��f�m��Ú.

1�©)½n:�f�m©)¤�Ì�f�m��Ú.
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�ê�{µ

�®�ÆêÆX5p��ê(1��)6(1978)

��¬5p��ê�)ÛAÛ(1��)6(2004)

��#5�5�ê6(1978)

 ¨[5p��ê�)ÛAÛ6(2001)

B�75p��ê�§6(2004)

�tU5p��ê#?6(2005)

λÝ
–1�ªÏf–ØCÏf–Ð�Ïf–JordanIO.
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�êÚAÛ��{µ

�6)5p��êÆ6(2003)

��Ó��#5p��ê6(1964)
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oÁ)§�ïI5�5�ê6(1989)
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3Eê�Cþ?Ø.�A ∈ Cn×n,PA�A�õ�ª�fA(λ) := |λIn −A|,

A���õ�ª�mA(λ).

§ 1. λ−Ý


A(λ) =

 λ2 − 1 λ + 3

1 λ3 + 2λ



=

 0 0

0 1

 λ3 +

 1 0

0 0

 λ2 +

 0 1

0 2

 λ +

 −1 3

1 0

 .
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½n: �A, B ∈ Cn×n, KA�B�q�¿©7�^�´λ−Ý
λI −

A�λI −B�-.
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½n: �A(λ)´��n�λ−Ý
,KA(λ)�-ué�
(λÝ
�{ª)

diag{d1(λ), d2(λ), · · · , dr(λ), 0, · · · , 0},

Ù¥di(λ)��"�Ä�õ�ª,�di(λ)|di+1(λ), 1 ≤ i ≤ r − 1.

íØ:�A ∈ Cn×n,KλI − A�-u

diag{1, · · · , 1, d1(λ), d2(λ), · · · , dk(λ)},

Ù¥di(λ)Ä��di(λ)|di+1(λ), 1 ≤ i ≤ k − 1. Pdi(λ)�gê�mi.Ï

�fA(λ) = d1(λ)d2(λ) · · · dk(λ),�k
∑k

i=1 mi = n.
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§ 2. 1�ªÏf,ØCÏf,Ð�Ïf

½Â:�A(λ)´n�λ−Ý
,é1 ≤ k ≤ n,XJA(λ)�¤kk�fª�

��úÏª(Ä�)Ø�u",K¡ù�õ�ª�A(λ)�k�1�ªÏf,P

�Dk(λ).

½ Â: �D1(λ), D2(λ), · · · , Dr(λ)´λ−Ý 
A(λ)� 1 � ª Ï f,

Kg1(λ) = D1(λ), g2(λ) = D2(λ)/D1(λ), · · · , gr(λ) = Dr(λ)/Dr−1(λ),¡

�A(λ)�ØCÏf.
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�d1(λ), d2(λ), · · · , dk(λ)´ØCÏf,

d1(λ) = (λ− λ1)
e11(λ− λ2)

e21 · · · (λ− λt)
et1

d2(λ) = (λ− λ1)
e12(λ− λ2)

e22 · · · (λ− λt)
et2

· · ·

dk(λ) = (λ− λ1)
e1k(λ− λ2)

e2k · · · (λ− λt)
etk

Ù¥eij´�K�ê,�0 ≤ ei1 ≤ ei2 ≤ · · · eik, 1 ≤ i ≤ k.

½Â:eþ¡©)ª¥�eij > 0,K¡(λ− λi)
eij�A(λ)���Ð�Ïf,

A(λ)��NÐ�Ïf¡�A(λ)�Ð�Ïf|.
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½Â: �A ∈ Cn×n,K¡λIn − A�1�ªÏf(ØCÏf, Ð�Ï

f)�A�1�ªÏf(ØCÏf,Ð�Ïf).

½n: �A, B ∈ Cn×n,Ke�^��d.

(1) A�B�q;

(2) λI − AÚλI −B�-;

(3) A�Bk�Ó�1�ªÏf;

(4) A�Bk�Ó�ØCÏf;

(5) A�Bk�Ó�Ð�Ïf|.
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�λI − A ∼= diag{1, · · · , 1, d1(λ), d2(λ), · · · , dm(λ)}. K

(1) A1�ªÏf�1, · · · , 1, d1(λ), d1(λ)d2(λ), · · · , d1(λ) · · · dk(λ);

(2) AØCÏf�1, · · · , 1, d1(λ), d2(λ), · · · , dk(λ);

(3) A�A�õ�ªfA(λ)�d1(λ) · · · dk(λ),�u¤kÐ�Ïf�¦È;

(4) A���õ�ªmA(λ)�dk(λ).
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§ 3. JordanIO.

Pr�Ý
Jλ0
=



λ0 1

λ0
. . .

. . . 1

λ0


. ¡�áuA��λ0�Jordan¬.

Jλ0
�Ð�Ïf�(λ− λ0)

r. Ïf.
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Ún: �J´©¬é�

J1

J2

. . .

Js

 ,

Ù¥z�JiÑ´Jordan¬, Ji�Ð�Ïf|�(λ− λi)
ri,KJ�Ð�Ïf|�

(λ− λ1)
r1, (λ− λ2)

r2, · · · , (λ− λs)
rs.
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½n: �A ∈ Cn×n�A�Ð�Ïf|�

(λ− λ1)
r1, (λ− λ2)

r2, · · · , (λ− λs)
rs

KA�qu©¬é�
(JordanIO.):

J =


J1

J2

. . .

Js

 ,

Ù¥Ji�áuA��λi�ri�Jordan¬.
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�d1(λ), d2(λ), · · · , dk(λ)´ØCÏf,

d1(λ) = (λ− λ1)
e11(λ− λ2)

e21 · · · (λ− λt)
et1

d2(λ) = (λ− λ1)
e12(λ− λ2)

e22 · · · (λ− λt)
et2

· · ·

dk(λ) = (λ− λ1)
e1k(λ− λ2)

e2k · · · (λ− λt)
etk

Ù¥eij´�K�ê,�0 ≤ ei1 ≤ ei2 ≤ · · · eik, 1 ≤ i ≤ t,
∑

1≤i≤t,1≤j≤k eij = n.

(1)áuA��λi�Jordan�¬�¬ê�{eij}k
j=1¥��"�ê§Ù¥���

ê´eik;o�ê�
∑k

j=1 eij;

(2)Ý
�JordanIO.3ØOJordan¬�ü�gS��¹e´��(½�.

(3) Jordan�¬´”�Z”�.

½n: �ϕ´Eê�þ�5�mVþ��5C�,K7�3V��|Ä,

3ù|Äeϕ�L«Ý
�Jordan
.
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§ 4. e�IO.�?�Ú?Ø

�ϕ´Cþn��5�mV��5C�,ϕ�Ð�Ïf|�

(λ− λ1)
r1, (λ− λ2)

r2, · · · , (λ− λs)
rs,

K�3V��|Äξ1, ξ2, · · · , ξn,¦�

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)



J1

J2

. . .

Js


,

Ù¥Js´�Au(λ− λi)
ri�e�¬.
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-V1 = L(ξ1, ξ2, · · · , ξr1
),K

(1)

ϕ(ξ1) = λ1ξ1,

ϕ(ξ2) = λ1ξ2 + ξ1,

· · · ,

ϕ(ξr1
) = λ1ξr1

+ ξr1−1,

�ϕ(V1) ⊆ V1,=V1´ϕ-f�m. ?�Ú�V1´(ϕ − λ1I)�Ì�f�m. Ó

n,-Vj = L(ξtj+1, ξtj+2, · · · , ξtj+rj
), tj = r1 + r2 + · · · + rj−1,=VjéAe�

¬Jj,éAÐ�Ïf(λ− λj)
rj ,Kk
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½n: �ϕ´Cþn��mV��5C�,�ϕ�Ð�Ïf�

(λ− λ1)
r1, (λ− λ2)

r2, · · · , (λ− λs)
rs,

KV = V1 ⊕ V2 ⊕ · · · ⊕ Vs,ùpVi´�ê�ri�'u(ϕ− λiI)�Ì�f�m.
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�V1�Äξ1, ξ2, · · · , ξr1
,

ϕ|V1
(ξ1, ξ2, · · · , ξr1

) = (ξ1, ξ2, · · · , ξr)


λ1 1

. . . . . .
. . . 1

λ1


r1

.

Ún: (1) V1¥�¹ξr1
�ϕ-f�m�kV1��.

(2) V1�?¿ϕ-f�mþ�¹ξ1.

(3) V1ØU©)¤�ü��²��ϕ-f�m��Ú.

·K:�V = V1 ⊕ V2 ⊕ · · · ⊕ Vk, Vi´(ϕ− λiI)�Ì�f�m,KViØ�©

)�ü��²��ϕ-f�m��Ú.
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½ n: �ϕ´Cþn� � 5 � mV� � 5 C �,ϕ� Ø Ó A � �

�λ1, λ2, · · · , λt,K

V = R(λ1)⊕R(λ2)⊕ · · · ⊕R(λt)

Ù¥R(λi)´λi��f�m,=

R(λi) = {v ∈ V |(ϕ− λiI)eik(v) = 0},

dimR(λi) =
∑k

j=1 eij(λi��ê­ê), R(λi)�L�eZ�Ì�f�m��

Ú.
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Pλ1�ϕ�A��,Vλ1
= {v ∈ V |ϕ(v) = λ1v}´λ1�A�f�m,w,

kVλ1
⊆ R(λ1) = V1 ⊕ · · · ⊕ Vs1

,@oVλ1
3=pQ?

Ï�V1´ϕ-f�m,Pξ1, ξ2, · · · , ξr1
´V1�Ì�Ä:

ϕ|V1
(ξ1, ξ2, · · · , ξr1

) = (ξ1, ξ2, · · · , ξr1
)


λ1 1

. . . . . .
. . . 1

λ1


r1

´�ξ1 ∈ Vλ1
,qÏ�r(λ1I − Jλ1

) = r1 − 1,¤±V1¥�k���5Ã'�A

��þ. Ón,Vj, 1 ≤ j ≤ s1,¥�k���5Ã'A��þ.
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qÏ�

λ1I − J =


λ1Ir1

− J1

λ1Ir2
− J2

. . .

λ1Irk
− Jk

 ,

�r(λ1I − J) = r1 + r2 + · · ·+ rk − s1 = n− s1,¤±dimVλ1
= s1.

Ún:ϕ�eZIO/¥áuA��λi�e�¬��ê�uλi�A�f

�m��ê(λi�AÛ­ê).
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�λ1´ϕ�A��.

R(λ1) = V1 ⊕ V2 ⊕ · · · ⊕ Vs1
, dimR(λ1) =

k∑
j=1

e1j.

��B§Pl := eik.

R(λ1) = Ker(ϕ− λ1I)l 6= Ker(ϕ− λ1I)l−1.

Ker(ϕ−λ1I)1 ⊆ Ker(ϕ−λ1I)2 ⊆ · · · ⊆ Ker(ϕ−λ1I)l ⊆ Ker(ϕ−λ1I)l+1 ⊆ · · ·

Páuλ1���Jordan�¬�ê�c1, áuλ1���Jordan�¬��ê

�c2, · · · ,áuλ1�l�Jordan�¬�ê�cl. Pb1 = dim Ker(ϕ − λ1I), b2 =

dim Ker(ϕ− λ1I)2, · · · , bl = dim Ker(ϕ− λ1I)l.
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Kk

b1 = c1 + c2 + · · ·+ cl,

b2 = c1 + 2(c2 + · · ·+ cl),

b3 = c1 + 2c2 + 3(c3 + · · ·+ cl),

· · ·

bl−1 = c1 + 2c2 + · · ·+ (l − 2)cl−2 + (l − 1)(cl−1 + cl),

bl = c1 + 2c2 + · · ·+ (l − 1)cl−1 + lcl.

�� 

c1 = 2b1 − b2

c2 = 2b2 − b1 − b3

c3 = 2b3 − b2 − b4

· · ·

cl−1 = 2bl−1 − bl−2 − bl

cl = bl − bl−1
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½n:�λ1´ϕ�A��, R(λ1) = Ker(ϕ− λ1I)l 6= Ker(ϕ− λ1I)l−1,Pá

uλ1�j�e��¬��ê�cj, 1 ≤ j ≤ l.K

c1 = 2dim Ker(ϕ− λ1I)− dim Ker(ϕ− λ1I)2

cj = 2dim Ker(ϕ− λ1I)j − dim Ker(ϕ− λ1I)j−1 − dim Ker(ϕ− λ1I)j+1

2 ≤ j ≤ l − 1

cl = dim Ker(ϕ− λ1I)l − dim Ker(ϕ− λ1I)l−1

=


c1 = n + r(A− λ1I)2 − 2r(A− λ1I)

cj = r(A− λ1I)j−1 + r(A− λ1I)j+1 − 2r(A− λ1I)j 2 ≤ j ≤ l

cl = r(A− λ1I)l−1 − r(A− λ1I)l
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íØ: �ϕ´Cþn��5�mV��5C�, ϕ�ØÓA��

�λ1, λ2, · · · , λt. Ke�^��d.

ϕ�é�z;

⇔ ϕkn��5Ã'�A��þ;

⇔ ϕ��f�m�uϕ�A�f�m;

⇔ λi��ê­ê�uAÛ­ê, ∀i;

⇔ r(λiI − ϕ) = r((λiI − ϕ)2), ∀i;

⇔ Im(λiI − ϕ) = Im(λiI − ϕ)2, ∀i;

⇔ Ker(λiI − ϕ) = Ker(λiI − ϕ)2, ∀i;

⇔ ϕ�Jordan¬Ñ´���;

⇔ ϕ�Ð�Ïf�´�g�;

⇔ ϕ�¤kØCÏfÃ­�;

⇔ mϕ(λ)Ã­�;

⇔ (mϕ(λ), m′
ϕ(λ)) = 1.
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JordanIO.,	í��{

Ìn���þ�Ø�{µ÷,5�5�êÊù6(2005)
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