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§8.4 �yuw��yz�fo 8.4.1 Æ ϕ � n &|�bO V '/3G��A ϕ 
�zI��K/G�>' α, β ∈ V , E

(ϕ(α), ϕ(β)) = (α, β),M� ϕ � rieh.,s'*g9� n &|�bO V 'TRG'�"S,'aE��[9_��|�bO V '/3G ϕ �TRG'�4�8!P� ϕ � V %|�bO'`"=�fj 8.4.1 Æ ϕ � n &|�bO V '/3G�M,l!P(N�
(1) ϕ �TRG�
(2) ϕ 
��,��K/G�>' α ∈ V , E |ϕ(α)| = |α|;
(3) ϕ Q V 'Æ^TRH%Æ^TRH�
(4) ϕ L V 'Æ^TRH,'\R�TRR�sk (1)⇒ (2): /G�>' α ∈ V , E

(ϕ(α), ϕ(α)) = (α, α),j�^}3�&% |ϕ(α)| = |α|.
(2)⇒ (1): /G�>' α, β ∈ V ,

(ϕ(α), ϕ(α)) = (α, α),

(ϕ(β), ϕ(β)) = (β, β),

(ϕ(α + β), ϕ(α + β)) = (α+ β, α+ β).QDs(�N^�&% (ϕ(α), ϕ(α)) + (ϕ(β), ϕ(β)) + 2(ϕ(α), ϕ(β)) = (α, α) + (β, β) + 2(α, β). Q�j�!	�&% (ϕ(α), ϕ(β)) = (α, β).

(1)⇒(3): Æ ξ1, ξ2, · · · , ξn � V ':8Æ^TRH�M
(ϕ(ξi), ϕ(ξj)) = (ξi, ξj) = δij , (i, j = 1, 2, · · · , n).�= ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 9� V ':8Æ^TRH�

(3) ⇒ (4): Æ ξ1, ξ2, · · · , ξn � V ':8Æ^TRH�
ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)Q.�% ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 9� V 'Æ^TRH��= Q ��Æ^TRH ξ1, ξ2, · · · , ξn %Æ^TRH

ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 'B-\R��= Q �TR\R�
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(4)⇒ (3): Æ ξ1, ξ2, · · · , ξn � V ':8Æ^TRH�
ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)Q.�% Q �TR\R��= ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 9� V 'Æ^TRH�

(3) ⇒ (1): Æ ξ1, ξ2, · · · , ξn � V ':8Æ^TRH� ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 9� V 'Æ^TRH�/�> α = a1ξ1 + a2ξ2 + · · · + anξn, β = b1ξ1 + b2ξ2 + · · · + bnξn ∈ V , E (ϕ(α), ϕ(β)) =

(a1ϕ(ξ1)+a2ϕ(ξ2)+ · · ·+anϕ(ξn), b1ϕ(ξ1)+ b2ϕ(ξ2)+ · · ·+ bnϕ(ξn)) = a1b1+a2b2+ · · ·+anbn =

(a1ε1 + a2ε2 + · · ·+ anεn, b1ε1 + b2ε2 + · · ·+ bnεn) = (α, β). 2fj 8.4.2 Æ n U�\R A �TRR�M
(1) detA = ±1;

(2) A '�SW'w�% 1.sk (1) .���% AAT = E, j��2l�K&�
(2) Æ λ � A '�SW� X ��G λ '�S1k�M AX = λX . j�"�<d℄Z�G�

XAT = λX
T
, �=

XATAX = λX
T
λX,�=

X
T
X = λλ(X

T
X).�% X 6= 0, �= X

T
X 6= 0. ��� λλ = 1. K |λ| = 1. 2pj 8.4.1 Æ A % n UTRR� λ = a+ bi % A ':86�SW� b 6= 0 �� X = α+ βi %/B'�S1k�~[ α, β ∈ R

n. M α C β TR� |α| = |β|.sk �% A(α + βi) = (a+ bi)(α+ βi), �= Aα = aα− bβ, Aβ = bα+ aβ. �0
|α|2 = (α, α) = (Aα,Aα) = a2|α|2 + b2|β|2 − 2ab(α, β) (1)

|β|2 = (β, β) = (Aβ,Aβ) = b2|α|2 + a2|β|2 + 2ab(α, β) (2)D (1)− (2), &
(a2 − b2 − 1)|α|2 + (b2 − a2 + 1)|β|2 − 4ab(α, β) = 0 (3)0
(α, β) = (Aα,Aβ) = (a2 − b2)(α, β) + ab(|α|2 − |β|2) (4)D (3), (4), &

{

(a2 − b2 − 1)(|α|2 − |β|2)− 4ab(α, β) = 0
ab(|α|2 − |β|2) + (a2 − b2 − 1)(α, β) = 0~`�%?G (|α|2 − |β|2) C (α, β) '/33�a�D*g 8.4.2 V a2 + b2 = 1, >

∣

∣

∣

∣

a2 − b2 − 1 −4ab
ab a2 − b2 − 1

∣

∣

∣

∣

= (a2 − b2 − 1)2 + 4a2b2 = 4b4 + 4a2b2 = 4b2(b2 + a2) = 4b2 6= 0,��3�aYEmW�K |α|2 = |β|2, � (α, β) = 0. 2
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�% A %TRR����SWw�% 1, K a2 + b2 = 1, `Æ a = cos θ, b = − sin θ. Q7
Aα = aα− bβ = (α, β)

(

cos θ
sin θ

)

, Aβ = bα+ aβ = (α, β)

(

− sin θ
cos θ

)

,

A(α, β) = (α, β)

(

cos θ − sin θ
sin θ cos θ

)

.fj 8.4.3 Æ A % n UTRR�M�L n UTRR Q, �
Q−1AQ = QTAQ = diag(Er ,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,
(

cosαl − sinαl

sinαl cosαl

)

)~[ r + s+ 2l = n.sk /U�C�4�y1�$ n = 1 ��.��i�$ n = 2 ��D §8.2 * 4, Vo�i�MÆ$U� < n �v �i��o
A 'U�% n '��

(1) 
 A E:8��S: λ0, M�~"'�S1k X1, d% R
n 'Æ^TRH X1, X2, · · · , Xn, �0

A(X1, X2, · · · , Xn) = (X1, X2, · · · , Xn)

(

λ0 βT

0 A1

)

.Qh A1 � n− 1 U3R� β ∈ R
n−1. n Q1 = (X1, X2, · · · , Xn), M
Q−1

1
AQ1 =

(

λ0 βT

0 A1

)

= B.�% Q−1 = QT , �= A−1 = AT . X0 B−1 = BT , K B �TRR�>
BBT =

(

λ0 βT

0 A1

)(

λ0 0
β AT

1

)

=

(

λ2
0
+ βTβ βTAT

1

A1β A1A
T
1

)

=

(

1 0
0 En−1

)& λ20 + βTβ = 1, A1A
T
1 = E. 0 λ20 = 1, �� β = 0, A1A

T
1 = E. K

B =

(

λ0 0
0 A1

)

,~[ A1 �TRR�D�yMÆ��L n− 1 UTRR Q2, �
Q−1

2
A1Q2 = diag(Ep,−Eq,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,
(

cosαl − sinαl

sinαl cosαl

)

)n Q = Q1

(

1
Q2

)

, M Q % n UTRR��
Q−1AQ = diag(λ0, Ep,−Eq,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,
(

cosαl − sinαl

sinαl cosαl

)

).�% λ0 = ±1, v �i�
(2) 
 A )��S:�Æ λ = a+ bi �~:86�S:�α+βi %0B�S1k�MDAg 8.4.1, αH β TR�� |α|2 = |β|2. � |λ| = 1, >`Æ λ = cosα− i sinα. � α, β '"'F1k X1, X2, ME

AX1 = cosαX1 + sinαX2 = (X1, X2)

(

cosα
sinα

)

,
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AX2 = − sinαX1 + cosαX2 = (X1, X2)

(

− sinα
cosα

)

.Q X1, X2 d% R
n 'Æ^TRH X1, X2, · · · , Xn, M

A(X1, X2, · · · , Xn) = (X1, X2, · · · , Xn)





(

cosα − sinα
sinα cosα

)

C

0 A2



 ,~[ C � 2× (n− 2) �\R� A1 � n− 2 U�3R�n Q1 = (X1, X2, · · · , Xn), M Q1 �TRR�
QT

1
AQ1 =





(

cosα − sinα
sinα cosα

)

C

0 A2



 = B.�% Q1, A %TRR��= B %TRR�>




(

cosα − sinα
sinα cosα

)

C

O A2









(

cosα − sinα
sinα cosα

)T

0

CT AT
2



 =

(

E2 0
0 En−2

)

.�=
(

cosα − sinα
sinα cosα

)(

cosα − sinα
sinα cosα

)T

+ CCT = E2, A2C
T = 0, A2A

T
2 = En−2.> A2 �TRR�� C = 0, K

B =





(

cosα − sinα
sinα cosα

)

0

0 A2



 .D�yMÆ��L n− 2 UTR\R Q2, �&
Q−1

2
A2Q2 = diag(Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,
(

cosαl − sinαl

sinαl cosαl

)

).n Q = Q1

(

E2 0
0 Q2

)

, M Q %TRR�
Q−1AQ = diag(

(

cosα − sinα
sinα cosα

)

, Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,
(

cosαl − sinαl

sinαl cosαl

)

).*g 8.4.3 �P/3G'I5e��[�Æ ϕ � n &|�bO V 'TRG�M�L:8Æ^TRH��& ϕ L�H,'\R�
diag(Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,
(

cosαl − sinαl

sinαl cosαl

)

),~[ r + s+ 2l = n.nm
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1. (1) Æ Q ���UTR\R�� detQ = 1, M 1 � Q ':8�SW�
(2) Æ Q � n UTR\R�� detQ = −1, M −1 � A ':8�SW�
2. Æ η � n &|�bO V [:"'1k�*? ϕ(α) = α− 2(η, α)η. Ut�
(1) ϕ �TRG (�%Zs2);

(2) ϕ2 = idV ;

(3) �L V ':8Æ^TRH��& ϕ LQ8Æ^TRH,'\R%
(

−1 0
0 En−1

)

.

3. �A V �'TRG ϕ = 1 %:8�SW���G�SW 1 '�S_bO V1 '&�% n− 1,xp ϕ �Zs2�
4. Æ ϕ � n &|�bO V �'G�/G�>' α, β ∈ V , +E (ϕ(α), ϕ(β)) = (α, β). Ut�

ϕ �/3G��0�TRG�
5. Æ ϕ �|�bO V �'TRG� U � ϕ− �_bO�M U⊥ 9� ϕ− �_bO�gnm
1. Æ α1, α2, · · · , αm C β1, β2, · · · , βm � n &|�bO V 'j81ka�Ut�LTRG ϕ �& ϕ(αi) = βi, 1 ≤ i ≤ m '�4�8!P� (αi, αj) = (βi, βj), 1 ≤ i, j ≤ m.

2. Æ α1, α2, · · · , αn �|�bO' n 81k�2l�
G(α1, α2, · · · , αn) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

(α1, α1) (α1, α2) · · · (α1, αn)
(α2, α1) (α2, α2) · · · (α2, αn)

...
...

...
(αn, α1) (αn, α2) · · · (αn, αn)

∣

∣

∣

∣

∣

∣

∣

∣

∣�% α1, α2, · · · , αn ' Gram 2l��Ut� G(α1, α2, · · · , αn) = 0 '�4�8!P� α1, α2, · · · , αn/30?�
3. Æ α1, α2, · · · , αn �|�bO' n 8/3)?'1k� γ1, γ2, · · · , γn �Qa1kYBTRF�&%'1ka��U�

G(α1, α2, · · · , αn) = G(γ1, γ2, · · · , γn) = (γ1, γ1)(γ2, γ2) · · · (γn, γn).

4. Æ A ∈ R
m×n, β ∈ R

m. �U�/33�a AX = β EW'�4�8!P� β H/33�a
ATX = 0 'WbOLTR�

5. Æ U � n &|�bO V '_bO�D V = U ⊕ U⊥, /G�>' α ∈ V , α = β + γ, ~[
β ∈ U �% α L U ' rlq, γ ∈ U⊥. �U�/G U [�>' β′ 6= β, E

|α− β| < |α− β′|.

6. Ut�L R
3 [1k (x0, y0, z0) %}s

U = {(x, y, z) ∈ R
3 | ax+ by + cz = 0}
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'b.℄f(G
|ax0 + by0 + cz0|√

a2 + b2 + c2
.

7. Æ A � n U�`{R��U�A = QT , ~[ Q �TRR� T ���SR�/S/K� Gm�X:��UtQ\��31�$:'�
8. <V α1 = (1,−2, 1)T , α2 = (−1, a, 1)T ;���U�`{�/�R A '�G�SW λ1 =

1, λ2 = −1 '�S1k��
(1) A;

(2) A2010β, ~[ β = (1, 1, 1)T .

9. Æ�U�/�R A '�SW λ1 = 1, λ2 = 2, λ3 = −2, F α1 = (1,−1, 1)T � A '�G λ1 ':8�S1k�L B = A5 − 4A3 + E.

(1) 6U α1 �\R B '�S1k��� B '���SWC�S1k�
(2) �\R B.

10. Æ\R
A =





1 1 a

1 a 1
a 1 1



 ,

β = (1, 1,−2)T . <V/33�a AX = β EW#�$:���
(1) a 'W�
(2) TR\R Q, �& QTAQ %/S\R�
11. Æ

A =





2 0 1
0 2 a

1 1 b



 ,<V α = (1, 1, 1)T � A '�S1k�
(1) � a, b 'WJ�S1k α �/B'�SW�
(2) � A '���SWC�S1k�
(3) ( A �5`/SF�
���TR\R Q, �& Q−1AQ %/SR�
12. Æ ϕ � n &|�bO V �'/3G�Ut� ϕ �/�G'�4�8!P� ϕ E n 8jjTR'�S1k�
13. Ut n &|�bO'j8/�G ϕ, ψ E;<'D�r'�S1ka�'Æ^TRH'�8!P� ϕψ = ψϕ.

14. Æ A,B � R � n U/�R�� AB = BA. �U��LTRR Q, �& Q−1AQ, Q−1BQ "�%/SR�
15. Æ A1, A2, · · · , Am �m8 nU�/�R�jj�I`RG��U��LTRR Q, � QTAiQ(i =

1, 2, · · · ,m) +�/SR�
17. (1) Æ ξ, η � n &|�bO V [j8�"'"'1k�Ut�L:Zs2 ϕ, �& ϕ(ξ) = η;

(2) Ut� n &|�bO[�>TRG+`=�%:+lZs2'�I�
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18. Æ Q �TR\R�Ut��LTR\R S, �& Q = S3.
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