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§8.3 omlp�omrw	$�gp�XG"&,�>D��"	TKJ�""SI"_!�� ξ1, ξ2, · · · , ξn : η1, η2, · · · , ηn � n�p�XG V "	TKJ���� η1 , η2, · · · , ηn  ξ1, ξ2, · · · , ξn"9(SI�KJSI Q, B

(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηn)Q.� ϕ � V "&,�>� ϕ D`2	TKJ�""SI0
� A,B, B
ϕ(η1, η2, · · · , ηn) = (η1, η2, · · · , ηn)A,

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)B,E< B = Q−1AQ = QTAQ.\h 8.3.1 � A,B � R � n N.I�|8�DKJSI Q, �!
B = Q−1AQ = QTAQ,E� Ai_gd > B.��l"0 OM! |"&\�\a 8.3.1 R �`2 n N.I A,B KJ'�"�0�2�H��k�p�XG V ��42&,�>D��"	TKJ�""SI�

Rn×n �"KJ'�6!hV�
(1) -�,�B A KJ'�> A;

(2) )�,�B} A KJ'�> B, E B KJ'�> A;

(3) �%,�B} A KJ'�> B, B KJ'�> C, E A KJ'�> C.)>p�XG"&,�>�S2"{��/GKJ'�""	T*�"l�g4[�
"�S2")��>�\h 8.3.2 � ϕ �p�XG V �"&,�>�|8hV)>{7" α, β ∈ V , '<
(ϕ(α), β) = (α, ϕ(β)),E� ϕ � ℄[Z^.\a 8.3.2 � ϕ � n �p�XG V "&,�>�E"b�H#F�

(1) ϕ �)��>�
(2) �D V "42	TKJ� ξ1, ξ2, · · · , ξn, <�! (ϕ(ξi), ξj) = (ξi, ϕ(ξj))(i, j = 1, 2, · · · , n);
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(3) ϕ D V "42	TKJ�""SI�)�I�j
 (1) ⇒ (2) %z�
(2) ⇒ (3) � ξ1, ξ2, · · · , ξn � V "42	TKJ��E

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)A,D A = (aij)n×n, E
(ϕ(ξi), ξj) = (a1iξ1 + a2iξ2 + · · ·+ aniξn, ξj) = aji,

(ξi, ϕ(ξj)) = (ξi, a1jξ1 + a2jξ2 + · · ·+ anjξn, ξj) = aij ,�6 aij = aji(i, j = 1, 2, · · · , n), B A = AT .

(3) ⇒ (2) � ξ1, ξ2, · · · , ξn � V "42	TKJ��
ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)A,rR AT = A. E

(ϕ(ξi), ξj) = (a1iξ1 + a2iξ2 + · · ·+ aniξn, ξj) = aji,

(ξi, ϕ(ξj)) = (ξi, a1jξ1 + a2jξ2 + · · ·+ anjξn, ξj) = aij ,�6 (ϕ(ξi), ξj) = (ξi, ϕ(ξj))(i, j = 1, 2, · · · , n).
(2) ⇒ (1) )> V "	TKJ� ξ1, ξ2, · · · , ξn, {x α, β ∈ V , α = a1ξ1 + a2ξ2 + · · · + anξn,

β = b1ξ1 + b2ξ2 + · · ·+ bnξn, �6
(ϕ(α), β) = (a1ϕ(ξ1) + a2ϕ(ξ2) + · · ·+ anϕ(ξn), b1ξ1 + b2ξ2 + · · ·+ bnξn)

=
∑n

k=1

∑n

l=1 akbl(ϕ(ξk), ξl)
=

∑n

k=1

∑n

l=1 akbl(ξk, ϕ(ξl))
= (a1ξ1 + a2ξ2 + · · ·+ anξn, b1ϕ(ξ1) + b2ϕ(ξ2) + · · ·+ bnϕ(ξn))
= (α, ϕ(β))

.

2�Lm"9�R�kU �Dx&p�XG"42	TKJ�"u�"�)��>:�)�SI�44)9"�"l�g)��>?)�SIDKJ'�""	T*�\a 8.3.3 � A ��)�I�E A "�JPy��
v�>���JP"�J)aD Rn R';KJ� j
 �
AX = λX,rR λ ∈ C, X = (x1, x2, · · · , xn)

T 6= 0 ∈ Cn. E� AX = λX ! AX = λX , �6
XTAX = λXTX.d4.l�� XTA = λXT ! 
XTAX = λXTX.5<
λXTX = λXTX.
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8� X 6= 0, �6 XTX > 0. H1 λ = λ, B λ ∈ R.� λ, µ � A "`2���JP�X,Y 0
��> λ, µ "�J)a�B AX = λX , AY = µY . H1
λXTY = XTAY = µXTY.+ λ 6= µ, >� XTY = 0, B (X,Y ) = 0. 2\a 8.3.4 � A � R � n N)�SI�E�DKJI T , �! T−1AT = T TAT �)KI�)K&B�� A "�JP�j
 ) A "N
 n Y
.7o,�� n = 1 ��Pg%z�^�E�Pg) n− 1 N")�SI�^�Vf n N)�I A. ;&\ 8.3.3, M A �<��JP λ1 :'9"�J)a X1, I X1 ��<=D� X1, �I X1 Y� Rn "	TKJ� X1, X2, · · · , Xn. E

A(X1, X2, · · · , Xn) = (X1, X2, · · · , Xn)

(

λ1 αT

0 A1

)

.e Q1 = (X1, X2, · · · , Xn), E Q1 �KJI�v
QT

1 AQ1 = Q−1
1 AQ1 =

(

λ1 αT

0 A1

)

,=8� AT = A, �6
(

λ1 αT

0 A1

)

=

(

λ1 0
α AT

1

)

.5 α = 0, A1 = AT
1 . 4T7oE���DKJI Q2, �!

Q−1
2 A1Q2 = diag(λ2, · · · , λn).e Q = Q1

(

1 0
0 Q2

)

, E Q �KJI�v<
Q−1AQ = diag(λ1, λ2, · · · , λn).

2&\ 8.3.3 :&\ 3.3.4 :&,�>"�0ZÆ�R�"l"Pg�
(1) � ϕ � n �p�XG V ")��>�E ϕ "�JPy��
�v�>���JP"�J)a';KJ�
(2) � ϕ � n �p�XG V �")��>�E�D V "42	TKJ���! ϕ DH2�""SI�)KI�vHW�t� ϕ " n 2&,�6"�J)a�b 1 wKJSI Q, � QTAQ �)KI�rR

A =





2 2 −2
2 5 −4
−2 −4 5



 .`
det(λE −A) =

∣

∣

∣

∣

∣

∣

λ− 2 −2 2
−2 λ− 5 4
2 4 λ− 5

∣

∣

∣

∣

∣

∣

= (λ− 1)2(λ − 10),
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8� A "�JP� λ1 = 1, λ2 = 1, λ3 = 10.) λ = 10, wQs�&,.�W (10E −A)X = 0, ! ��Q!
ξ1 = (−1

3
,−2

3
,
2

3
)T .) λ = 1, wQs�&,.�W (E −A)X = 0, ! ��Q! (0, 1, 1)T ? (2,−1, 0)T , KJ<�C��<�!

ξ2 = (0,
1√
2
,
1√
2
)T ,

ξ3 = (
4√
18

,− 1√
18

,
1√
18

)T .8�
Q =







− 1
3 0 4√

18

− 2
3

1√
2

− 1√
18

2
3

1√
2

1√
18






,E

QTAQ =





10 0 0
0 1 0
0 0 1



 .�℄UW6U�<�)�I A �)K<".,�
(1) C� A "�J*(� det(λE −A), w��<4��D R R�
(2) )i2��"�JP λi, Q&,.�W (λE−A)X = 0, ! �JUXG"42���+ SchmidtKJ<���<�! �JUXG"42	TKJ��
(3) I���JUXG"	TKJ��� Rn "	TKJ� γ1, γ2, · · · , γn, e Q = (γ1, γ2, · · · , γn),E Q−1AQ �)KSI�)KB�0
�)9> γ1, γ2, · · · , γn "y
�JP λ1, λ2, · · · , λn.�k:`2℄UZP��O�b 2 � A � 3 N�)�SI�A "�JP� 2, 1, 1. 5M�>�JP 2 "�J)a X1 = (1, 1, 0)T ,=)a X2 = (1,−1, 0)T ��>�JP 1 "�J)a�wSI A.` ;&\ 8.3.3 M A <42�>�JP 1 "�J)a? X1, X2 'KJ��N� X3 = (x1, x2, x3)

T ,!
{

x1 + x2 = 0
x1 − x2 = 0Q! X3 = (0, 0, 1)T . I X1, X2, X3 ��<�!

Y1 = (
1√
2
,
1√
2
, 0)T , Y2 = (

1√
2
,− 1√

2
, 0)T , Y3 = (0, 0, 1)T .D

Q = (Y1, Y2, Y3) =





1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1



 ,

4



E
A = Q





2
1

1



QT =





1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1









2
1

1









1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1



 .b 3 �~N�)�I A "3+B�N:� 3, )a α1 = (−1, 2,−1)T , α2 = (0,−1, 1)T �&,.�W AX = 0 "`2Q�
(1) w A "�JP:�J)a�
(2) wKJSI Q :)KI B, �! Q−1AQ = QTAQ = B;

(3) w A : (A− 3
2E)6.` (1) 8�)a α1 = (−1, 2,−1)T , α2 = (0,−1, 1)T �&,.�W AX = 0 "`2&,�6"Q��6 A "�>�JP 0 "�J)a� k1α1 + k2α2, rR k1, k2 ��y�
"Æ
�8� A "3+B�N:� 3, �6

A





1
1
1



 = 3





1
1
1



 .�6 A "�>�JP 3 "�J)a� k3α3 = k3(1, 1, 1)
T , rR k3 �/
Æ
�

(2) ) α1, α2 XKJ<�! 
β1 = α1 = (−1, 2,−1)T , β2 =

1

2
(−1, 0, 1)T .��<! 

γ1 =
1√
6
(−1, 2,−1)T , γ2 =

1√
2
(−1, 0, 1)T , γ3 =

1√
3
(1, 1, 1)T .e Q = (γ1, γ2, γ3), E

Q−1AQ = QTAQ = B =





0 0 0
0 0 0
0 0 3



 .

(3) 8�
A(α1, α2, α3) = (0, 0, 3α3).�6

A = (0, 0, 3α3)(α1, α2, α3)
−1 =





1 1 1
1 1 1
1 1 1



 .D P = (α1, α2, α3), E
A = P





0 0 0
0 0 0
0 0 3



P−1.�6
(A− 3

2
E)6 = P





− 3
2 0 0
0 − 3

2 0
0 0 3

2





6

P−1 = (
3

2
)6E.
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fe
1. wKJSI Q, � QTAQ �)KI�rR A �
(1)

A =





1 −2 0
−2 2 −2
0 −2 3



 ;

(2)

A =





3 2 4
2 0 2
4 2 3



 .

2. 5M λ1 = 6, λ2 = λ3 = 3 ��)�I"~2�JP�v)9> λ2 = λ3 "�J)a�
α2 = (−1, 0, 1)T , α3 = (1,−2, 1)T , w A ")9> λ1 "�J)aA A.

3. � ϕ � n �p�XG V �")��>� ϕ2 = idV , v ϕ 6= idV ,ϕ 6= (−1)idV , E�D V "42	TKJ���! ϕ D��""SI� diag(1, · · · , 1,−1, · · · ,−1).

4. � λ1, λ2, · · · , λn � n 2<-�
� λσ(1), λσ(2), · · · , λσ(n) � λ1, λ2, · · · , λn "42qb�E
diag(λ1, λ2, · · · , λn) KJ'�> diag(λσ(1), λσ(2), · · · , λσ(n)).

5. � A,B ��)�I�wL"b�H�#F"�
(1) A KJ'�> B;

(2) A : B <'�"�J*(��
(3) A : B <'�"�JP�
6. � ϕ � n �p�XG V �")��>� U � ϕ− ��UXG�E U⊥ 3� ϕ− ��UXG�
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