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3 q9~g"�+sGpiQ2=Bs$�JÆ!�V��CD�9~Va�J$5���� 8.1.1 � V #�'` R �$�GjR�W� (−,−) : V × V → R �5 ��, �<,℄�S$
α, β, γ ∈ V , c ∈ R, *Z

(1) WGx� (α, β) = (β, α);

(2) �J_Q0$E(� (α + β, γ) = (α, γ) + (β, γ);

(3) �J_'�$E(� (cα, β) = c(α, β);

(4) 24G� (α, α) ≥ 0 �%?�p$�N1U# α = 0.3�� V 5;℄�J (−,−) $ Euclid ��, S� ����.>��\;MAqBs$�Jzy)Tq$Gp�+Q9��$jR�P�&�ZÆ 1
�'`�$ n 6uBsjR R
n q�,℄X = (a1, a2, · · · , an)T , Y = (b1, b2, · · · , bn)T ∈ R

n,)T
(X,Y ) = XTY = a1b1 + a2b2 + · · ·+ anbn.RT� (−,−) #P7�J� R

n ;℄Q�)T$�J9��$jR�Æ 2
�'`�$ n 6uBsjR R
n q�,℄X = (a1, a2, · · · , an)T , Y = (b1, b2, · · · , bn)T ∈ R

n,)T
(X,Y ) = a1b1 + 2a2b2 + · · ·+ nanbnRT� R

n ;℄Q�)T$�JO9��$jR�,3P7�GjR�;℄�3$�J9��3$�$jR�U���$jR$)T_�J$J�_�A;�+Q��$jRO�5�JjR�^D�:.�(���$jR R
n xn;℄o 1 q$�J9�$�$jR�Æ 3 � C[a, b] # R $	ÆR [a, b] �qI>'�09�$�GjR�,℄ f(x), g(x) ∈ C[a, b], )T

(f(x), g(x)) =

∫ b

a

f(x)g(x)dx.nXJ3Gp��Lj�g)TtP7�J� C[a, b] 
��J<�5�$jR�
1



<�-y�$jR$I�Gp�� V #;℄�J (−,−) $�$jR�d,℄�S$ α, αi, βj ∈ V , c, ai, bj ∈ R(i = 1, 2, · · · ,m; j =

1, 2, · · · , n), xZ
(1) (0, α) = 0. "���U5 (0, α) = (0 + 0, α) = (0, α) + (0, α), +Q (0, α) = 0.nX�J)T#"
(2) (α, β + γ) = (α, β) + (α, γ);

(3) (α, cβ) = c(α, β);

(4) (
∑m

i=1 aiαi,
∑n

j=1 bjβj) =
∑m

i=1

∑n
j=1 aibj(αi, βj).�� 8.1.2 � V #�$jR� α ∈ V . )T α $ ~� (���) 5 √

(α, α), O5 |α|.U5�J$1U (4), (α, α) ≥ 0, +Q √

(α, α) ZST�>��oZvBs$�+5 0, 
^Bs$�+5i'��+Fzy
|cα| = |c||α|,
q α ∈ V , c ∈ R. "��� |cα| =

√

(cα, cα) =
√

c2(α, α) = |c||α|.�+5 1 $Bs�5 ����. ,℄�S2vBs α, Rk α
|α| #�7Bs�� α #"�7Bs α

|α|$=���5� α���.
�$jR R
n q�Bs X = (a1, a2, · · · , an)T $�+#

√

(X,X) =
√

a21 + a22 + · · ·+ a2n.<�℄�sN$�% �,�jtBsPX)T$BmG��
 8.1.1 (Cauchy-Schwarz }��) � V #�$jR�,℄�S$ α, β ∈ V , xZ
(α, β)2 ≤ (α, α)(β, β).!�`! α, β �GA;��%?�p��� � α = 0, d|[r f%v�d�% $%?�p�� α 6= 0, hwBs β − tα, Z

0 ≤ (β − tα, β − tα) = (β, β)− 2t(α, β) + t2(α, α).%� 5;℄ t $Pa/��% �d	� P)D℄H%℄v�L 22(α, β)2 − 4(α, α)(β, β) ≤ 0. :
(α, β)2 ≤ (α, α)(β, β).>��!�`! α = 0 H β − tα = 0 �% �p�L!�`! α, β �GA;��%?�p� 2
o 1 �o 3 $�$jRkg� Cauchy-Schwarz �% b#<�o 4 �o 5.Æ 4 ,℄�S$�' ai, bi(i = 1, 2, · · · , n), xZ

(a1b1 + a2b2 + · · ·+ anbn)
2 ≤ (a21 + a22 + · · ·+ a2n)(b

2
1 + b22 + · · ·+ b2n).
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Æ 5 ,℄ f(x), g(x) ∈ C[a, b], xZ
(

∫ b

a

f(x)g(x)dx)2 ≤
∫ b

a

f(x)2dx

∫ b

a

g(x)2dx.U5 |(α, β)| ≤ |α||β|, +Q −1 ≤ (α,β)
|α||β| ≤ 1. :<�,℄r7Bs$PX$)T#Bm$��� 8.1.3 
�$jR V q�)T2vBs α, β $ �
θ YQ< ve)

cosθ =
(α, β)

|α||β| , 0 ≤ θ ≤ π.gM��$jR$�Sr72vBs*ZPX θ(0 ≤ θ ≤ π). !r7Bs$PX5 π
2 ��Cw�&�,~#iW$�5t1��T�)TvBs_�SBs*iW�gM9~iQX�Jk)TBs$iW��� 8.1.4 
�$jR V q�r7Bs α, β �5 �	, O5 α ⊥ β, �<

(α, β) = 0.oZvBs�wNiW�
 R
n q� ε1,ε2, · · ·, εn rriW�
�$jR V q��< α _ αi iW (i = 1, 2, · · · ,m), d,℄ α1, α2, · · · , αm $�GzB a1α1 +

a2α2+ · · ·+amαm, Z (α, a1α1+a2α2+ · · ·+amαm) = a1(α, α1)+a2(α, α2)+ · · ·+am(α, αm) = 0.+Q α _ α1, α2, · · · , αm $�S�GzB*iW�Æ 6 
 R
4 q�
P�7Bs_ α1 = (1, 1,−1, 1)T , α2 = (1,−1,−1, 1)T , α3 = (2, 1, 1, 3)T fiW�� � β = (x1, x2, x3, x4)

T _ α1, α2, α3 iW�dZ






x1 + x2 − x3 + x4 = 0
x1 − x2 − x3 + x4 = 0
2x1 + x2 + x3 + 3x4 = 0\l�#"

x1 = −4

3
x4, x2 = 0, x3 = −1

3
x4.\

x2
1 + x2

2 + x2
3 + x2

4 = 1.\l�#" x4 = ± 3√
26
. ! x4 = 3√

26
��

x1 = − 4√
26

, x2 = 0 x3 = − 1√
26

;! x4 = − 3√
26
��

x1 =
4√
26

, x2 = 0, x3 =
1√
26

.+Q
β = ±(

−4√
26

, 0,− 1√
26

,
3√
26

)T .
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{D�� U #�$jR V $vjR�dRT U ;℄ V $�JO9��$jR��5 �����.��
1. � A # n Z#i��
h�)TW� (−,−) : Rn × R

n → R �<� (α, β) = αTATAβ. 
j� (−,−) #P7�J�U. R
n ,℄ (−,−) 9�P7�$jR�

2. 
j�,℄�$jR V q$�SBs α, β, Z
(1) |α+ β|2 + |α− β|2 = 2|α|2 + 2|β|2;
(2) (α, β) = 1

4 |α+ β|2 − 1
4 |α− β|2;

(3) (�X�% ) |α+ β| ≤ |α|+ |β|.

3. 
 R
4 q�
 α, β $PX�

(1) α = (2, 1, 3, 2), β = (1, 2,−2, 1);

(2) α = (1, 1, 1, 1), β = (0, 1, 0, 0).

4. 
�$jR V q�)Tr7Bs α, β $dl5 |α− β|. 
j
(1) ! α 6= β �� |α− β| > 0;

(2) |α− β| = |β − α|;
(3) |α− β| ≤ |α− γ|+ |γ − β|.

5. 
 R
4 q�
_Bs β = (1,−1,−1, 1), γ = (2, 1, 1, 3) iW$+ZBs�

6. � ξ1, ξ2, · · · , ξn # n 6�$jR V $P7I�j��
(1) �< α ∈ V �# (α, ξi) = 0(i = 1, 2, · · · , n), �{ α = 0;

(2) �< α1, α2 ∈ V �# (α1, ξi) = (α2, ξi)(i = 1, 2, · · · , n), �{ α1 = α2.
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