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§5.7 �&�/+ÆHD`&�&�/+Æv�|ru�~ �dU"�&�/+Æ'Æg.�3%:,Y[�&�/+Æ!�'53HP}�3LBiI�3(53�:,D`&�/+Æ'D`?�`YX&�/+ÆPD`�J�_N0'C&��dAB Einsenstein y�3�fYD`&�/+Æ8Y!�':,P}I53�:��&�/+Æ'Æg.sx 	 f(x) = anx
n + an−1x

n−1 + ... + a1x + a0 ∈ R[X ]. � a + bi ({b
b 6= 0, a, b ∈ R) � f(x) '?�R a− bi 8��'?��{ g p(x) = (x− (a+ bi))(x− (a− bi)) = x2−2ax+(a2+ b2) ∈ R[x], R p(x)� R ��_N/+Æ�F? p(x) I f(x) P C �D�A? a + bi, �< p(x)|f(x),B a− bi � f(x) '?� 2�z��J��_N/+ÆM :�M2�/+Æ ax2+bx+c,{b b2−4ac <

0. �<��J�:L/+Æ'Æg8YÆ �
f(x) = d(x− a1)

l1 · · · (x− am)
lm(x2 + b1x+ c1)

h1 · · · (x2 + brx+ cr)
hr{b ai, bi, ci ∈ R, ai eeJ>� b2i − 4ci < 0, x2 + bix+ ci eeJ�� li, hi �YX��y 1 	 f(x) ∈ R[x], degf(x)  |��R f(x) �D��?��{ C f(x) 'Æg8YÆ�? degf(x)  |���<�D.� x−a '?h�{b a ∈ R. 2y 2 5� x8 + 5x6 + 4x4 + 2x2 + 1 = 0 #�?��{ -�= α ∈ R, jD α8 + 5α6 + 4α4 + 2α2 + 1 > 0. 2y 3 	 f(x) ∈ R[x], RP f(x) 'e=�?\R�P f ′(x) ':=?�
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� ��8�b'j1�`�y 4 ;[ c0 +
c1
2
+ c2

3
+ · · ·+ cn

n+1
= 0, ci ∈ R, 0 ≤ i ≤ n. Zq�

f(x) = c0 + c1x+ c2x
2 + · · ·+ cnx

na�D:=�?��{ g g(x) = c0x+
c1
2
x2 + · · ·+ cn

n+1
xn+1 ∈ R[X ], R g(1) = 0, g(0) = 0. �<�P α ∈ R,  g′(α) = 0, 0 g′(x) = f(x), O f(α) = 0. 2y 5	 f(x) ∈ R[x], � f(x)`D�?�Zq�� α� f ′(x)'?�R f(α) = 0.�{ f(x) = a(x−a1)(x−a2) · · · (x−an),R f ′(x) = a(

∑n

i=1
1

x−ai
)f(x), f ′′(x) =

a[−
∑n

i=1
1

(x−ai)2
]f(x) + a(

∑n

i=1
1

x−ai
)f ′(x). � f(α) 6= 0 R α 6= ai, 1 ≤ i ≤ n. ? α� f ′(x)'?��< f ′′(α) = f ′(α) = 0 ��Æ�& f(α) = 0. l.�B f(α) = 0.

22�X&�/+Æ'D`?sx 	 f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 �X&�/+Æ�RD`� q

p� f(x) '?'�7�S� p|an, q|a0. {b p, q �J�'X���{ T q

p
 � f(x), &%
f(
q

p
) = an(

q

p
)n + an−1(

q

p
)n−1 + · · ·+ a1(

q

p
) + a0 = 0.P(Æe��< pn, &

anq
n + an−1q

n−1p + · · ·+ a1qp
n−1 + a0p

n = 0.BD q|a0, p|an. 2sx 	 α �X&�/+Æ f(x) 'X�?�R f(1)
α−1
I f(−1)

α+1
,�X���{ 	 f(x) = anx

n + an−1x
n−1 + · · ·+ a1x+ a0. ? α � f(x) 'X�?��< f(x) = (x−α)g(x), Wa g(x) = bn−1x

n−1+bn−2x
n−2+ · · ·+b1x+b0. 
Ve�&��& an = bn−1, an−1 = bn−2 − bn−1α, · · · , a1 = b0 − b1α. ? α, ai ∈ Z, 0 ≤ i ≤ n,�< bi ∈ Z, 0 ≤ j ≤ n−1, O g(x)�X&�/+Æ�BD f(1)

α−1
= −g(1) ∈ Z, f(−1)

α+1
=

−g(−1) ∈ Z. 2
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y 6 Zq f(x) = x5 − 12x3 + 36x+ 12 mDD`?��{ � f(x) �PD`?�R�o`w� ±1,±2,±3,±4,±6,±12. T{d: � f(x) \� 0. 2��iI�3�	 f(x) ��J K �/+Æ� b � K ��=��
f(x) = anx

n + an−1x
n−1 + · · ·+ a1x+ a0 = (x− b)(bnx

n−1 + · · ·+ b1x+ b0) + f(b).S℄�ÆE��
VmEeÆ&��R*A&�C&_B�'iI�3���
an an−1 an−2 · · · a1 a0

b bn−1b bn−2b · · · b1b b0b

bn−1 bn−2 bn−3 · · · b0 f(b){b+�/L� �e/*AL�'H�b 6 b�$ b = 2 ��D
1 0 −12 0 36 12

2 2 4 −16 −32 8
1 2 −8 −16 4 20�q f(2) = 20 6= 0, B 2 7 f(x) '?�� f(x) = (ax+ b)q(x) + r = (x− (− b

a
))(aq(x)) + r.��D`&�/+Æ'_N0IX&�/+Æ/+Æ'_N0�s�	 f(x) = anx

n+an−1x
n−1+· · ·+a1x+a0�X&�/+Æ�� an, an−1, · · · , a0'l��?�� 1, R� f(x)  	M/+Æ�

Gauss �x e=	M/+Æ\N�	M/+Æ��{ 	
f(x) = anx

n + an−1x
n−1 + · · ·+ a1x+ a0,

g(x) = bmx
m + bm−1x

m−1 + · · ·+ b1x+ b0�e=	M/+Æ��
f(x)g(x) = cm+nxm+n + cm+n−1x

m+n−1 + · · ·+ c1x+ c0.
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��	M/+Æ�R c0, c1, · · · , cm+n �D:=�A'�?h p. ? c0 = a0b0, B p|a0M p|b0. �6	 p|a0. F f(x)�	M/+Æ�p�wX��D ai. 	 p|a0, p|a1, · · · , p|ai−1,# p ∤ ai. �`�	Dt j, 0 ≤ j ≤ m,  p|b0, p|b1, · · · , p|bj−1, # p ∤ bj . e=%
1 ≤ i+ j ≤ m+ n,

ci+j = · · ·+ ai−2bj+2 + ai−1bj−1 + aibj + ai+1bj−1 + · · · ,

p _X�EÆb� aibj �{H+� p|ci+j, �< p|aibj , # p ∤ ai ~ p ∤ bj . l.� 2sx 	 f(x) �X&�/+Æ�R f(x) PD`�J�_N'�8�7�S�
f(x) PX��_N��{ �80�)�'��70�	 f(x) = g(x)h(x) ∈ Q[x], Wa degg(x), degh(x) < degf(x). ? 
g(x) ∈ Q[x], �<�P a ∈ Q, & g(x) = ag1(x), Wa g1(x)  	M/+Æ������ c � g(x) '&�'�8u�R g(x) = 1

c
(cg(x)), O cg(x) �X&�/+Æ�	 d � cg(x) '&�'l��?��R g1(x) =
c
d
g(x) �	M/+Æ�g a = d

c
∈ Q,R g(x) = ag1(x), g1(x) �	M/+Æ��` h(x) = bh1(x), b ∈ Q, h1(x) �	M/+Æ�G�D

f(x) = ab(g1(x)h1(x)).C Gauss �`�[ g1(x)h1(x) �	M/+Æ�� ab ��X��R abg1(x)h1(x) ��X&�/+Æ��<-G�=' ab ∈ Z. R f(x) = (abg1(x))h1(x), O f(x) PX��_N� 2� 	 f(x) �X&�/+Æ�R f(x) PD`�J��9_NK PX���9_N'!��sx (Eisenstein }qt) 	 f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 �X&�/+Æ� an 6= 0, n ≥ 1, 	 p �:=���kk
(1) p|ai, 0 ≤ i ≤ n− 1;

(2) p ∤ an;

(3) p2 ∤ a0,R f(x) P Q ��_N�
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�{ `7Zq f(x) PX���_N�����	 f(x) = (bmx
m + bm−1x

m−1+

· · ·+ b1x + b0)(ctx
t + ct−1x

t−1 + · · ·+ c1x + c0), {b 1 ≤ m < n, m + t = n, bi, cj�X��)� an = bmct, a0 = b0c0. ? p|a0, �<M p|b0 M p|c0, # p2 ∤ a0, B p|b0 I
p|c0 ������6	 p|b0, # p ∤ c0. FCQ	 p ∤ bmct, �< p ∤ bm, ~ p ∤ ct. 	
bi � b0, b1, · · ·, bm b+:=�� p X�V�O p|b0, p|b1, · · ·, p|bi−1, # p ∤ bi. 0

ai = bic0 + bi−1c1 + · · ·+ b0ci.e=% 1 ≤ i ≤ m < n, C�S p|ai, F p X�EÆb� bic0 �{H+�B p|bic0. I
p ∤ bic0 l.� 2y 7 -G�=' n ≥ 1, xn − 2 P Q ��_N��{ � p = 2, C Einsenstein y�3[ xn − 2 P Q ��_N� 2y 8 � p1, p2, · · · , pm �J�*�' m =����Z�- n > 1, /+Æ

f(x) = xn − p1p2 · · · pm.P Q ��_N��{ � p = p1, B Einsenstein y�3O&Xi� 2y 9	 x = ay+b(a 6= 0, a, b ∈ Z), f(x)�D`&�/+Æ��F g(y) = f(ay+b)P Q �_N�R f(x) P Q �8_N��{	 f(x) = s(x)t(x), s(x), t(x)�D`&�/+Æ�~ deg(s(x)) <deg(f(x)),

deg(t(x)) <deg(f(x)). �0 f(ay + b) = s(ay + b)t(ay + b), O g(y) = u(y)v(y), {b u(y) = s(ay + b), v(y) = t(ay + b), ~ deg(g(y)) =deg(f(x)). ℄W5Z_&�
u(y), v(y) �D`&�/+Æ� deg(u(y)) <deg(g(x)), deg(v(y)) <deg(g(y)). s�&Z� 2y 10 � p  ���Zq�

f(x) = xp−1 + xp−2 + · · ·+ x+ 1P Q ��_N�
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�{ g x = y + 1, &
f(x) =

xp − 1

x− 1
=

(y + 1)p − 1

y
= yp−1 + c1py

p−2 + c2py
p−3 + · · ·+ cp−1

p

.
= g(y).-CG y '/+ÆAB Eisenstein y�3�e=%�� p|cip, 1 ≤ i ≤ p − 1, p ∤ 1,

p2 ∤ cp−1
p = p, B g(y) P Q ��_N�OC §5.4 b 4 [ f(x) P Q �8�_N� 2y 11 Zq�$ n  ����

f(x) = 1 + x+
x2

2!
+ · · ·+ xn

n!
.�{ C Einsenstein y�3[ n!f(x) �_N� 2$�b�y 12 � f(x) = 1

2
x4 + 5

6
x3 + 1

6
x2 + 5

6
x− 1

3
'D`?�w (I) T f(x) fK X&�/+Æ f1(x):

f(x) =
1

6
(3x4 + 5x3 + x2 + 5x− 2) =

1

6
f1(x).

(II) T f(x) fK �+&� 1 '/+Æ g(y):

f1(x) = 3x4 + 5x3 + x2 + 5x− 2 = 1
33
[(3x)4 + 5(3x)3 + 3(3x)2 + 45(3x)− 54]

= 1
33
(y4 + 5y3 + 3y2 + 45y − 54) = 1

33
g(y).

g(y) 'D`?� X�~� 54 '?h�0o f1(x) '?`w� ±1,±2,±1
3
,±2

3
.o g(y), y = 3x '?`w� ±3,±6,±1,±2.

(III) ^h g(y) = y4 + 5y3 + 3y2 + 45y − 54,D�[kk Eisenstein y�3'�� p ��P�oiI�3
1 5 3 45 −54

1 1 6 9 54
1 6 9 54 0�< g(y) = (y − 1)(y3 + 6y + 9y + 54) = (y − 1)g1(y).CG g1(y)'>+&�\Y�̀ 
 −1,−2,−3,−6_2Q�g1(1) = 70, g1(−1) =

50 6= 0.
y y − 1 y + 1

−2 −3 −1
−3 −4 −2
−6 −7 −5
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kk g1(1)
a−1

,
g1(−1)
a+1

 X�'`D a = −6. C�ps�[�� y = −6 ��{H\��
g1(y) 'X�?�OoiI�3

1 6 9 54
−6 −6 0 −54

1 0 9 0B −6 � g1(y) '?�W6 g(y) = (y − 1)(y + 6)(y2 + 9).Z:� f(x) = 1
6·33

(3x− 1)(3x+ 6)(9x2 + 9) = 1
6
(3x− 1)(x+ 2)(x2 + 1).�<� f(x) 'D`? 1

3
I −2.2y 13 	 f(x) = (x − a1)(x − a2) · · · (x − an)− 1, {b a1, a2, · · · , an �ee��'X���Z f(x) P Q[x] ��_N��{ `7ZqPX���_NO_�4Z3����� f(x) PX��_N�O	 f(x) = g(x)h(x), {b degg(x), degh(x) < n, g(x), h(x) �X&�/+Æ�R

g(ai)h(ai) + 1 = 0. �< g(ai) = 1 ~ h(ai) = −1, M g(ai) = −1 ~ h(ai) = 1, O
g(x) + h(x) D n =��?�B g(x) = −h(x), O f(x) = −h(x)2. 0mÆ�+&� 1, EÆ�+&� −1, l.� 2y 14 	 f(x) = (x− a1)

2(x− a2)
2 · · · (x− an)

2 +1, a1, a2, · · · , an �eeJ>X��Zq� f(x) P Q[x] ��_N��{ `7Zq f(x) PX���_NO_�4Z3�	 f(x) = g(x)h(x), Wa
g(x), h(x) �X&�/+Æ~ degg(x), degh(x) < 2n, R g(ai)h(ai) = 1. �<�M
g(ai) = 1 = h(ai), M g(ai) = −1 = h(ai). ? -G�=�� c, ,D f(c) > 1. �<
f(x) #�?�B g(x), h(x) -�=^\�G��6	 g(ai) = h(ai) = 1, 1 ≤ i ≤ n.� degg(x) < degh(x), R degg(x) < n. �< g(ai) = 1, 1 ≤ i ≤ n. BD
g(x) = 1 I degg(x) > 0 l.��< degg(x) = degh(x) = n, �+&�\ 1. C
g(ai) = h(ai) _& g(x) = h(x). G�

(g(x) + 1)(g(x)− 1) = f(x)− 1 = (x− a1)
2(x− a2)

2 · · · (x− an)
2. (1)? g(ai) + 1 = 2 > 0, �< ai � g(x)− 1 '?�W6� g(x)− 1 = (x− a1)(x −

a2) · · · (x− an). �< ai �Æ (1) m�'"?�F� (1) E�' 2 ?�l.� 2
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y 15 	 f(x) ∈ R[x], ~-G�=' r ∈ R, D f(r) ≥ 0, �Z�P ϕ(x), ψ(x) ∈
R[x], & f(x) = ϕ(x)2 + ψ(x)2.�{	 f(x) = a(x−a1)d1(x−a2)d2 · · · (x−ar)dr(x2+b1x+c1)l1 · · · (x2+btx+ct)lt ,Wa x2 + b1x+ c1 'y�Æ △ = b21 − 4c1 < 0, B x2 + b1x+ c1 > 0.

(1) a > 0, 9R f(x) → ∞, $ x→ ∞, I f(x) ≥ 0 l.�
(2) di \ x���6	 d1, d2, · · · , ds  |�� ds+1, · · · , dr  x��	 a1 >

a2 > · · · > a5, $ a1 > r > a2 �� f(x) < 0, l.��< s = 0, O di \ x��
(3) (x2 + b1x+ c1)

l1 · · · (x2 + btx+ ct)
lt _�� e=�&�/+Æ'z5H�53: (B�3Ev3): x2 + b1x+ c1 = x2 + 2 · b1

2
+

b2
1

4
+ c1 − b2

1

4
= (x+ b1

2
)2 +

(

√
4c1−b2

1

2
)2 0 (g(x)2 + h(x)2)(p(x)2 + q(x)2) = (g(x)p(x) + h(x)q(x))2 + (g(x)q(x)−

h(x)p(x))2532�)� x2 + b1x+ c1 DAp1?�	 (x2+ b1x+ c1)
l1 · · · (x2+ btx+ ct)

lt ,1? α1, α1, α2, α2, · · ·, αn, αn, g (x − α1)(x − α2) · · · (x − αn) = g(x) + ih(x),

g(x), h(x) ∈ R[x], R (x− α1)(x− α2) · · · (x− αn) = g(x)− ih(x), �< (x2 + b1x+

c1)
l1 · · · (x2 + btx+ ct)

lt = g(x)2 + h(x)2.i��g ϕ(x) =
√
a(x−a1)

d1

2 · · · (x−ar)
dr

2 (g(x)2), ψ(x) =
√
a(x−a1)

d1

2 · · · (x−
ar)

dr

2 h(x)2, R f(x) = ϕ(x)2 + ψ(x)2. 2y 16 	 f(x) ∈ R[x], Zq� f(x) D1?'�8�7�S��Pe=���*�&/+Æ h(x), g(x), & f(x)2 = g(x)2 + h(x)2.�{ �70��pbh\ (3) bZq53:�Ev_[ degg(x) 6= degh(x).�80�	 d(x) = (g(x), h(x)), g(x) = d(x)g1(x), h(x) = d(x)h1(x). R
(h1(x), g1(x)) = 1. f(x)2 = d(x)2(g1(x)

2 + h1(x)
2), degg1(x) 6= degh1(x). �<

deg(g1(x)
2+h1(x)

2) > 0. B g1(x)
2+h1(x)

2D:? c. � c ∈ R,R g1(c)
2+h1(c)

2 = 0,_& g1(c) = 0, h1(c) = 0 I (g1(x), h1(x)) 6= 1 l.��< c∈R, 0 c � f(x) '?�
2 o9� P211.1, 2(1), 4(4), 7. 8. 9; P227. 12.�� 1: BiI�3T f(x) = x4 +2x3 − 3x2 − 4x+1 ;- x+1 '/+Æ��^�� P211.3, 4(1), (2), 5, 6.
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2n�� p207.6.
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