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§5.6 BV>:℄5$.*!0/+ xf'>X�5xy C -:℄5��b�<}�T Vieta 5x��fm~,"�A"?�/G5f=o[ Galois �G5fRG/�%J[�m� C -��b"& ( ,.#�"&) �E">%x�/B>{-:℄57�.vmEB>G�1) /
f(x) = anxn + an−1x

n−1 + · · · + a1x + a0 ∈ C[x], an 6= 0 (1);X��$�B> z0, 4 ∀z ∈ C, v |f(z)| ≥ |f(z0)|. � z = x + iy, aj = b′j + ic′j ,�� x, y O3��� b′j , c
′
j ∈ R, �

f(z) = u(x, y) + iv(x, y)�� u(x, y), v(x, y) 83V><~:℄5Q>�w
|f(z)| =

√

u(x, y)2 + v(x, y)2.8mE<~|eQ>�)
|f(z)| = |anzn + an−1z

n−1 + ... + a0| ≥ |anz
n| − |an−1z

n−1 + · · ·+ a0|

≥ |zn|[|an| − (
|an−1|
|z| +

|an−2|
|z2| + · · ·+ |a0|

|zn|)] → ∞ (z → ∞).x8$��> R, + |z| > R 1� |f(z)| �A%�r! |f(z)| /�_��Px�
|z| ≤ R ��)
8��-Æ#{��$� z0, 4 |f(z0)| O�_��	�� f(z0) = 0. >=�\+ f(z0) 6= 0, ��s�, z1, 4 |f(z1)| <

|f(z0)|.  z = z0 + h '* (1), \s.,Mx h / n ":℄5�
f(z0 + h) = bnhn + bn−1h

n−1 + · · · + b1h + b0.
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+ h = 0 1� b0 = f(z0), u_5 f(z0) 6= 0, L
f(z0 + h)

f(z0)
=

bn

f(z0)
hn +

bn−1

f(z0)
hn−1 + · · ·+ b1

f(z0)
h + 1,

b1, b2, · · · , bn �v`s�O 0, )�%O 0. / bk 84mE�O 0 /B>��
f(z0 + h)

f(z0)
= 1 + ckh

k + ck+1h
k+1 + · · ·+ cnhn (2)�� cj =

bj

f(z0)
, � d = k

√

− 1
ck

, h = ed, '* (2) 5�\.
f(z0 + h)

f(z0)
= 1 − ek + ek+1(ck+1d

k+1 + · · ·+ cndnen−k−1).$�A_/ e(�._x 1), 4
e(|ck+1d

k+1| + |ck+1d
k+2| + · · · + |cnd

n|) <
1

2
.x8

|f(z0 + h

f(z0)
| ≤ |1 − ek| + |ek+1(ck+1d

k+1 + ... + cndn)

≤ 1 − ek + ek+1(|ck+1d
k+1| + · · · + |cnd

n|)

< 1 − ek +
1

2
ek = 1 − 1

2
ek < 1
j e '* h = ed, ., f(z0 + ed) < |f(z0)|. 	9� 2-( C -m~ n ":℄5� C �ov n EBG (�u�G).-( C[x] -�s�:℄58m":℄5�
j�S�., C[x] -m~:℄5��b

f(x) = c(x − a1)
e1(x − a2)

e2 · · · (x − am)em ,�� e1 + e2 + · · ·+ em = n = deff(x).<� Vieta 5x
Vieta "& +�>{ K -:℄5

f(x) = xn + p1x
n−1 + p2x

n−2 + · · ·+ pn−1x + pn,
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� K �v n EG x1, x2, · · · , xn, �
n

∑

i=1

xi = −p1,

∑

1≤i<j≤n

xixj = p2,

∑

1≤i<j<k≤n

xixjxk = −p3,

...

x1x2 · · ·xn = (−1)npn.1) � f(x) = (x − x1)(x − x2) · · · (x − xn), �peV>\.� 2,� m~,"?�/"GI5/ f(x) = x3 + ax2 + bx + c = 0, ��V x = y − 1
3
a, '*-5.,

y3 + py + q = 0.RG\" f(x) = x3 + px + q = 0 /G�+ q = 0, � x1 = 0, x2, x3 = ±(
√−p).+ p = 0,� x1 = 3

√−q, x2 = 3
√−qω, x3 = 3

√−qω2, ω = −1+
√

3i
2

, p 6= 0, q 6= 0.� x = u + v, � x3 = u3 + v3 + 3uv(u + v) = u3 + v3 + 3uvxW x3 − 3uvx − (u3 + v3) = 0.e�.�
{

uv = −1
3

u3 + v3 = −q\
{

u3v3 = − 1
27

p3

u3 + v3 = −qu Vieta 5x� u3, v3 8?�
y2 + qy − p3

27
= 0/~EG�x8

u3 = −q

2
+

√

q2

4
+

p3

27
, v3 = −q

2
−

√

q2

4
+

p3

27
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� △ = q2

4
+ p3

27
,

u = 3

√

−q

2
+

√

△,
3

√

−q

2
+

√

△ω,
3

√

−q

2
+

√

△ω2

v = 3

√

−q

2
−

√

△,
3

√

−q

2
−

√

△ω,
3

√

−q

2
−

√

△ω2; ( 3

√

−q

2
+
√
△)( 3

√

−q

2
−

√
△) = −1

3
p. Do



















x1 = 3

√

−q

2
+
√
△ + 3

√

−q

2
−

√
△

x2 = ω 3

√

−q

2
+
√
△ + ω2 3

√

−q

2
−
√
△

x3 = ω2 3

√

−q

2
+
√
△ + ω 3

√

−q

2
−
√
△�O Cardan I5�' 1 " f(x) = x3 + 2x2 + 3x + 4 � C -/G�% � x = y − 2

3
, .

y3 +
5

3
y +

70

27
= 0, p =

5

3
, q =

70

27
,� △ = q2

4
+ p3

27
= 1350

272 ,
√
△ = 15

27

√
6 = 5

9

√
6,Do x1 = 1

3
(

3

√

15
√

6 − 35+
3

√

−15
√

6 − 35)−2
3
, x2 = ω

3

3

√

15
√

6 − 35+ω2

3

3

√

−15
√

6 − 35−
2
3
, x3 = ω2

3

3

√

15
√

6 − 35 + ω
3

3

√

−15
√

6 − 35 − 2
3
.A�m~A"?�/G5Af (Ferrari f=)r� f(x) = x4 + ax3 + bx2 + cx + d = 0� x = y − 1

4
a, N�O

x4 + ax2 + bx + c = 0 (3)�b.
x4 + ux2 +

u2

4
− [(u − a)x2 − bx +

u2

4
− c] = 0 (4)

x4 + ux2 +
u2

4
= (x2 +

u

2
)2.

[(u − a)x2 − bx + u2

4
− c] 8mEK%�?/�AJb8

b2 − 4(u − a)(
u2

4
− c) = 0
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8 u /,"?���O (3) /Af5�_5 u nf��� (4) �O
(x2 +

u

2
)2 − (

√
u − ax − b

2
√

u − a
)2 = 0Afr5T.

x2 +
√

u − ax +
u

2
− b

2
√

u − a
= 0. (5)

x2 −
√

u − ax +
u

2
+

b

2
√

u − a
= 0. (6)
jks".DvG�2 Af5��k$mEG\s���qAf5v 3 EG�'* (5) 5 (6) 5�v 12 EG�73- (5) �o (6) 8 (3) 5��v 4 EG�' 2 " f(x) = x4 + x2 + 4x − 3 /G�% r�}f5 16− 4(u− 1)(u2

4
+ 3) = 0, \ u3 −u2 + 12u− 28 = 0, pa u = 28G�f x2+x+1− 4

2
= 0, x2+x−1 = 0, x2−x+3 = 0,. 1

2
(−1±

√
5), 1

2
(1±

√
11i)8G�' 3  f(x) = x4 + 4x − 1 Af�~E3<":℄5�Y�% a = 0, b = 4, c = −1. r�}f5 16 − 4u(u2

4
+ 1) = 0, \ u3 + 4u − 16 = 0,s� u = 2 8f�Do

f(x) = (x2 +
√

2x + 1 −
√

2)(x2 −
√

2x + 1 +
√

2).U�tG5f'>?�RG%��I~� 2000��K��(knj�-wBx�?=fm~<"?��
S.del.ferro(1465-1526) R N.Fontan linebreak(\ Tartoglia)(1499-1557) F�m~,"?�/G5f�L.Ferrari(1522-1565) F�m~A"?�/G5f�o-f=�:* G.Cardanno(1501-1576) � 1545 ��
/� Ars Magna(%=) ���I����U"?�/G5f�1545�vi 300��{��`sCF, Lagrange,

Gauss, P.Ruffini(1765-1822) 0���
1824 ��M!�>g^ Abel ��m	U"?�G5f/�s�d�)8�v�6� �vfn2
1SmE n "?�stG5"f�2
1S�s�tG5"f�kRG�
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1830 ��=OH�/!�>g^ Galois g�xE z/&/x��2fn�
ERG�t{�&�zitU� f(x) stG5f/�kJb�Gralois /H��hK/fn�m~ n "?�G5fRG���k/8p �'>g/a℄~�mÆ%a/��Z'>g��Z��k/>gAÆ – �^'>g#!*0���� Vieta 5x/stmy' 4 / f(x) = anxn + an−1x
n−1 + · · · + a0 / n EGO x1, x2, · · · , xn  xi 6=

0, 1 ≤ i ≤ n, "o 1
x1

, 1
x2

, · · · , 1
xn
OG/:℄5�%� g(x) = a0x

n+a1x
n−1+· · ·+an−1x+an,� xn

i g( 1
xi

) = a0+a1x1+· · ·+aix
n
i =

f(xi) = 0. rO xi 6= 0, Do g( 1
xi

) = 0. Lv 1
x1

, 1
x2

, · · · 1
xn
8 g(x) /G� g(x) \OD"� 2' 5/ α1, α2, α38 x3+px2+qx+r/G�"�:℄5�4. α1(α2+α3), α2(α1+

α3), α3(α1 + α2) OG�%






α1 + α2 + α3 = −p

α1α2 + α2α3 + α1α3 = q

α1α2α3 = −r/D":℄5O x3+p1x
2+q1x+r1,� −p1 = α1(α2+α3)+α2(α1+α3)+α3(α1+α2) =

2q, q1 = α1(α2 + α3)α2(α1 + α3) + α1(α2 + α3)α3(α1 + α2) + α2(α1 + α3)α3(α1 + α2)

= q2 − pr, −r1 = α1α2α3(α1 + α2)(α2 + α3)(α1 + α3) = rqp − r2, LD":℄5O
f(x) = x3 − 2qx2 + (q2 − pr)x + (r2 − rpq).' 6 / f(x) ∈ C[x]. 8x)q/ c ∈ R, f(c) ∈ R. " f(x) ∈ R[x].1) (=m) / f(x) = anxn + an−1x

n−1 + · · ·+ a1x + a0, �














an1n + an−11
n−1 + · · ·+ a11 + a0 = b1

an2n + an−12
n−1 + · · ·+ a12 + a0 = b2

· · · · · ·
an(n + 1)n + an−1(n + 1)n−1 + · · · + a1(n + 1) + a0 = bn+1�� bi ∈ R, 1 ≤ i ≤ n+1. 9 a0, a1, · · ·an OP���., n+1 ~m"��"\d?���V>l�8 Vander Monde�5�?�vNmf O3>�L f(x) ∈ R[x].

(=<) / f(x) O n ":℄5� f(x) �a�xT�6O f(x) = g(x)+ ih(x),
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�� g(x), h(x) ∈ R[x]. Y'� h(x) ">_x0x n. u/��8 k = 0, 1, 2, · · · , n,7v f(k) ∈ R, 
qQ� h(k) = 0, r! h(x) = 0, \ f(x) O3V>:℄5� 2�l� P206. 1, 5; P228.14.���l�� C -" f(x) = x3 + 3x + 2 /G��rG� P206.3, 4; P228.13.f� 1: P227.8.f� 2: / f(x) = anxn+an−1x
n−1+· · ·+a0 ∈ K[x], a0OC>� |a0| > |a1|+· · ·+an,� f(x) � Z -�s��
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