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§5.5 #{d1g.94+=:5 C<#{d�*r1g�,�}!�C<E*#{dz� ⇐⇒*r1gz��F<#{d�}!�g�A��0v�U��#{d�1g}!<=z0tm���#{d1g` f(x) = anxn + an−1x
n−1 + ... + a1x + a0 ∈ K[x], �	 f(x) : K → K,

b 7→ f(b) := anbn + an−1b
n−1 + ... + a1b + ao, � f(x) f K _�*1g�` f(x), g(x) ∈ K[x], � f(x) = g(x) *r#{dz���	flM��gzo�W!�vgzo� f(x) = g(x) *r#{d1gz���	f!�[� b ∈ K,Æ f(b) = g(b). yZ� f(x) = g(x) *r#{dz��� f(x) � g(x) *r1g��z��&�\3�$�#{d�,,; ` f(x) ∈ K[x], b ∈ K, I' f(b) = 0, 
 b f f(x) ��*,�<6,/ ` f(x) ∈ K, b ∈ K, ��� g(x) ∈ K[x], 
�

f(x) = (x − b)g(x) + f(b).>2 
��
%�Æ f(x) = (x − b)g(x) + r. G x = b, �� r = f(b). 2,/ ` f(x) ∈ K[x], degf(x) = n > 0, � f(x) � K T #Æ n *	o�,�>2 ` b1, b2, · · · , br f f(x) � K _ r *	o,�G
g(x) = (x − b1)(x − b2)...(x − br),
r bi f f(x) �,�
�g�C� (x− bi)|f(x). 
r bi EE	o�/ (x− bi) EE4j��� g(x)|f(x). k� r = degg(x) < degf(x) = n. 281 1 ` f(x), g(x) ∈ K[x], degf(x), degg(x) ≤ n, �� K _ n + 1 *	og

b1, b2, ..., bn+1, 
 f(bi) = g(bi), 1 ≤ i ≤ n + 1, � f(x) � g(x) #{dz��
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>2G h(x) = f(x)−g(x), degh(x) ≤ n� h(x)Æ n+1*	o,�/ h(x) = 0,6 f(x) = g(x). 281 2 ` f(x), g(x) ∈ K[x], � f(x) � g(x) *r#{dz���(��n9f f(x) � g(x) *r1gz��? #{d�,�g�Æ0�D� f(x) = x2 + 1 � R[x] KÆ,�� C[x] Æ,
±i. 0 1 sin x 	f R[x] _#{d�>2 sin x � R[x] _ÆuX#*,� 2^�#,` f(x) ∈ K[x], b ∈ K, ℄ (x− b)k|f(x), � (x− b)k+1 ∤ f(x), �
 b f f(x) �
k #,�� k = 1 a�
 b r f(x) ��,�

z?Æ#,�Æ#
d�&�s��D\ f(x) = x(x2+x+1)2, (x2+x+1)2|f(x),�� R[x] "?H� f(x) u#,�37 ` f(x) ∈ K[x], degf(x) = n, � f(x) � K " # n *,�V": k #,>* k *,�0 2 ` b f f(x) � k #, (k > 1), � b f f ′(x) � k − 1 #,�&�	Z�D
f(x) = (x− 1)(x− 2), f ′(x) = 2x− 3, 3

2
f f(x) � k �,��	f f(x) � 2 #,�0 3 ` b f (f(x), f ′(x)) � k − 1 #,�� b f f(x) � k #,��O��m���` d(x) = (f(x), f ′(x)) = (x−b)k−1h1(x). � f(x) = d(x)f1(x),
Æ x − b|f1(x). ` f1(x) = (x − b)h2(x), / f(x) = (x − b)kh1(x)h2(x). x − b ∤

h1(x)h2(x). Qm��� 2i�#{d�}!2g�A��0v#{d��
���
%�(�-
d�4j�g�A�u0�0 4`K, F fE*g�W K ⊆ F ,` f(x), g(x) ∈ F [x],&Z f(x), g(x) ∈ F [x].

(1) � K[x] _ g(x)|f(x) ��(��n9f� F [X] _ g(x)|f(x);

(2) � K[x] _ f(x) = g(x)q(x) + r(x) ��(��n9f� F [x] _ f(x) =
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g(x)q(x) + r(x);

(3) � F [x] _ (f(x), g(x)) = d(x) ��(��n9f� F [x] _ (f(x), g(x)) =

d(x);

(4) � F [x] _ (f(x), g(x)) = 1 ��(��n9f� F [x] _ (f(x), g(x)) = 1.�O� (2) ��}f&Z���(}
 q(x) � r(x) �q�}���eb_�`� F [x] _� f(x) = g(x)q(x) + r(x),q(x), r(x) ∈ F [x], � F [x] _� f(x) =

g(x)q1(x) + r1(x), q1(x), r1(x) ∈ K[x] ⊆ F [x], � F [x] _>�
�q�}���
q(x) = q1(x), r(x) = r1(x).

(1) 
r g(x)|f(x) ⇐⇒ r(x) = 0 
 (2) 6��
(3) 
(�-
df
�
}!�	�
(4) 
 (3) 6��#{d�,�#,�	��}!��$|�g�A�Æ0�0 5 f(x) = x2 + 1 ∈ R[x], u,�	���� C[x] _� f(x) = (x + i)(x − i).0 6 ` f(x), p(x) ∈ K[x], W p(x) 	��#{d�℄ p(x), f(x) � C _Æ-., α, � p(x)|f(x).>2 
r p(x) f	��#{d�k�5 (f(x), p(x)) = 1 5 p(x)|f(x). 7`

(p(x), f(x)) = 1, ��� u(x), v(x), 
� u(x)f(x) + v(x)p(x) = 1. G x = α, �
0 = u(α)f(α) + v(α)g(α) = 1, J"�k� p(x)|f(x). 2? �
}!�g�A�u0�,�}!�g�A�Æ0�ÆmS+��g�A�Æ0�,�}!�B���g�A�u0��
}!�wND%�8Æm#�}�0 7` f(x) = x3m +x3n+1 +x3p+2, V" m, n, pr&Zg�� g(x) = x2 +x+1,Y�� g(x)|f(x).>- 1 ! k > 0, x3 − 1|x3k − 1, k� f(x) = (x3m − 1) + x(x3n − 1) + x2(x3p −

1) + (x2 + x + 1). 
r g(x)|x3 − 1, x3 − 1|(x3m − 1) + x(x3n − 1) + x2(x3p − 1). k� g(x)|f(x).>- 2 g(x) = (x − ω1)(x − ω2), ωj = −1±
√

3i
2

, ω3
j = 1, f(ωj) = ω3m

j + ω3n+1

j +
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ω
3p+2

j = 1+ωj +ω2
j = g(ωj) = 0,k� ωj f f(x), g(x)�-.,�/Æ (x−ωj)|f(x).
r ((x − ω1), (x − ω2)) = 1, k� g(x)|f(x). 20 8 ` f(x) ∈ Q[x], ℄ a+ bi, a, b ∈ Q, b 6= 0, f f(x) �,�� a− bi �f f(x)�,�>2 ` p(x) = (x− (a+ bi))(x− (a− bi)) = x2 −2ax+(a2 + b2) ∈ Q[x], p(x) �

Q[x] _	���
r p(x) � f(x) � C[x] _Æ-., a+ bi, 
_Dm� p(x)|f(x).k� (x − (a − bi))|f(x), 6 a − bi f f(x) �,� 20 9 ` 0 6= f(x) W f(x)|f(xm), Y�� f(x) �,�Uf 0 5 1 �R*',�>2 � C[x] _?H f(x). ` α f f(x) �,�6 f(α) = 0. 
r f(x)|f(xm),k� f(αm) = 0, 6 αm �f f(x) �,�oC�� αm2

, αm3

, ...  f f(x) �,�����Æ αml

= αmk

. ℄ α 6= 0, � αml−k

= 1, 6 α f 1 �R*',� 2*�� P201.1, 2, 3; 5; P227.11~)� P201.6; P227.8
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