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§5.4 7�2N\faZig 	[G�UB7�!D�)P�G�D�2N&W!�D)?�2)!Jg/-�	[Y9
T2N�NR%;���WNR7�!4o?p&/-�2�UB*&�[h~ f(x) ∈ K[x], degf(x) > 0. { f(x) = g(x)h(x),qQ degg(x), degh(x) <

degf(x), E� f(x) D K }UB�3E� f(x) �UB*&��l 1 f(x) ∈ K[x], (> 0 6= c ∈ K, f(x) = c(c−1f(x)). �4�{ p(x) UB�q7UO; cp(x) C c.l 2 *&�!UB?
�;;� x2 + 1 D R[x] }UB�D C[x] UB�~ K1, K2 �
�r K2 ⊆ K1, p(x) ∈ K2[x] r p(x) D K1[x] }UB�E p(x) D
K2[x] 0UB�l 3 *&�













UB*&� degg(x) > 0UB*&� degg(x) > 01^Æ
*&� deg g(x) = 0
0 deg g(x) = −∞UB*&�;!f)P�ek 1 ~ f(x), p(x) ∈ K[X ] r p(x) �UB*&��EC p(x)|f(x) C

((p(x), f(x)) = 1.j_ ~ (p(x), f(x)) = d(x), E d(x)|p(x). �4 d(x) = 1 C d(x) = cp(x), HX
c−1 � p(x) !�& 
�{ d(x) = cp(x), E p(x)|f(x). 2ek 2 ~ p(x), f(x), g(x) ∈ K[X ], p(x) UB*&��r p(x)|f(x)g(x), EC
p(x)|f(x) C p(x)|g(x).j_ { p(x) ∤ f(x), :)P 1, (p(x), f(x)) = 1. = p(x)|f(x)g(x), :A�*&�!)PK p(x)|g(x). 2
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l ~ degp(x) > 0, E)P!ni�0�Z�ek 1 Zb`d degp(x) > 0, z=(>x6! f(x) ∈ K[X ], C p(x)|f(x) C
(p(x), f(x)) = 1. E p(x) �UB*&��j_ .J-�H~ p(x) = h(x)l(x), degh(x), degl(x) < degp(x), E( f(x) =

h(x), p(x) ∤ f(x) r (p(x), f(x)) = f(x) 6= 1. a)� 2ek 2Zb`d degp(x) > 0,z=(>x6! f(x), g(x) ∈ K[x],: p(x)|f(x)g(x),EC p(x)|f(x) C p(x)|g(x). kb p(x) �UB*&��j_ .J-�H~ p(x) = h(x)l(x), degh(x), degl(x) < degp(x), E_ f(x) =

h(x), g(x) = l(x), p(x)|f(x)g(x), � p(x) ∤ f(x) r p(x) ∤ g(x). a)� 2,�7�2ND�&W[℄ ~ f(x) ∈ K[x], degf(x) ≥ 1, E
(1) f(x) = p1(x)p2(x) · · ·ps(x), qQ pi(x), 1 ≤ i ≤ s � K }UB*&��
(2) { f(x) = p1(x)p2(x) · · ·ps(x) = q1(x)q2(x) · · · qt(x), qQ pi(x), qj(x), 1 ≤

i ≤ s, 1 ≤ j ≤ t, � K }UB*&��E s = t, rO>��%B7�!�*L�; pi(x) ∼ qi(x), 1 ≤ i ≤ s.j_ (1) ( degf(x) Y
,<l-�� degf(x) = 1 ��M`#w�Z�~�
'> n !*&��i��Z�$J degf(x) = n !s(�{ f(x) UB�M`#w�Z�{ f(x) UB�E
f(x) = f1(x)f2(x).

degfi(x) < n, 1 ≤ i ≤ 2. :<lH~ f1(x), f2(x) 'U���UB7�!�E��eLEP� f(x).

(2) ( s Y<l�{ s = 1, E f(x) = p1(x), F f(x) UB��4 t = 1, q1(x) =

p1(x). H~(UB*&�6
'> s !*&�M`�Z�E;
p1(x)|q1(x)q2(x) · · · qt(x),E	�Dj6 j, 1 ≤ j ≤ t, 0~� j = 1, � p1(x)|q1(x). 7� p1(x), q1(x) S�UB�: p1(x) ∼ q1(x), F

p1(x) = cq1(x).
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7� p2(x) · · · ps(x) = c−1q2(x) · · · qt(x). W�� s− 1 6UB7�LE�:<lH~ s− 1 = t− 1, F s− t, r pi(x) ∼ qi(x). 28Q&W��eK�(>x6�
�> 1 !*&�;z!!
T2N��
f(x) = cpe11 (x)pe22 (x) · · ·pemm (x),qQ pi(x) ��& 
� 1 !\\A�!UB*&�� ei ≥ 1, 1 ≤ i ≤ m.^ 1 f(x) = cpa11 (x)pa22 (x) · · · pamm (x), g(x) = dpb11 (x)p

b2
2 (x) · · · p

bm
m (x),

pi(x) ��2\\A�!UB*&�� ai ≥ 0, bi ≥ 0 r ai + bi > 0, 1 ≤ i ≤ m, E
(1) f(x)|g(x) !�2	/�J� ai ≤ bi, 1 ≤ i ≤ m;

(2) (f(x), g(x)) = pc11 (x)p
c2
2 (x) · · ·p

cm
m (x), ci = min{ai, bi}, 1 ≤ i ≤ m;

(3) [f(x), g(x)] = pd11 (x)pd22 (x) · · · pdmm (x), di = max{ai, bi}, 1 ≤ i ≤ m;

(4) (f(x), g(x))[f(x), g(x)] = c−1d−1f(x)g(x).|�R7�[h ~ f(x), p(x) ∈ K[x], p(x)�UB*&��{�D k > 1� pk(x)|f(x),

pk+1(x) ∤ f(x), E� p(x) � f(x) ! k- R7��[℄ (1) UB*&� p(x) � f(x) ! k- R7��E p(x) � f ′(x) ! k− 1 R7��
(2) f(x)

(f(x),f ′(x))
;R7��r�!UB7�? f(x) !UB7�%��

(3) f(x) ;R7�!�2	/�J� (f(x), f ′(x)) = 1.j_ (1) :~ f(x) = pk(x)h(x), qQ p(x) ∤ h(x). MLG� � f ′(x) =

kpk−1(x)p′(x)h(x)+pk(x)h′(x). #w�pk−1(x)|f ′(x),� p(x) ∤ kp′(x)h(x)+p(x)h′(x),3E; p(x) | p′(x)h(x), + p(x) UB� p(x) ∤ h(x), �+ p(x) | p′(x), H�Um!�7 p′(x) 1^r�
'> p(x) !�
�
(2) ~ f(x) !
T2N�� f(x) = cpe11 (x)pe22 (x) · · · pess (x), O/J f(x)

d(x)
=

cp1(x)p2(x) · · · ps(x)i�F J���}�f ′(x) = ce1p
e1−1
1 (x)pe22 (x) · · ·pess (x)p

′

1(x)+

ce2p
e1
1 (x)pe2−1

2 (x) · · · pess (x)p
′

2(x)+· · ·+cesp
e1
1 (x)pe22 (x) · · · pes−1

s (x)p′s(x). �4 pe1−1
1 (x)

pe2−1
2 (x) · · ·pes−1

s (x) � f(x) ? f ′(x) !97��S6� pe11 (x) UI�<&Q�$2&�!�;7&��mI�$2&�: pe11 (x) ∤ f ′(x). �W peii (x) ∤ f ′(x).

d(x) = (f(x), f ′(x)) = pe1−1
1 (x)pe2−1

2 (x) · · · pes−1
s (x), f(x)

d(x)
= cp1(x)p2(x) · · · ps(x).
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(3) : (2) F M`� 2^ 2 ~ f(x), g(x) � K }!\61^*&��Jg�DI
 N � (x6!
n1, n2 > N , V; (fn1(x), g(x)) = (fn2(x), g(x)).j_ { (f(x), g(x)) = 1, u N = 1. { (f(x), g(x)) = d(x) 6= 1, ~ d(x) !
T2N�� d(x) = pe11 (x)pe22 (x) · · · pemm (x), qQ pi(x) � K }\\A�!�2UB*&�� ei > 0, 1 ≤ i ≤ m. %8!�~ f(x) = pa11 (x)pa22 (x) · · · pamm (x)f1(x), g(x) =

pb11 (x)p
b2
2 (x) · · · p

bm
m (x)g1(x), qQ ai > 0, bi > 0, 1 ≤ i ≤ m. u N = maxmi=1

bi
ai
, E(x6! n1, n2 > N , V; (fn1(x), g(x)) = (fn2(x), g(x)) = pb11 (x)p

b2
2 (x) · · · p

bm
m (x). 2^ 3 ~ f(x), g(x) ∈ K[x]. Jg (f(x), g(x)) 6= 1 !�/�J��D K }UB*&� p(x), � p(x)|f(x) + g(x), p(x)|f(x)g(x).j_ 	/)�~ d(x) = (f(x), g(x)). :3K d(x) 6= 1, Uu� d(x) !UB7� p(x), y5.J p(x)|f(x) + g(x), p(x)|f(x)g(x).�2)�7 p(x)|f(x) + g(x), �4 p(x)|f(x)g(x) + g2(x). =7 p(x)|f(x)g(x),�+ p(x)|g2(x). S6� p(x) � K }UB*&��: p(x)|g(x). C: p(x)|f(x)+

g(x), F; p(x)|f(x). Hg p(x) � f(x), g(x) !2697��: (f(x), g(x)) 6= 1.

2 ^ 4 ~ f(x) ∈ K[x], a ∈ K. _ y = x− a,  g(y) = f(y + a). Jg f(x) D K}UB!�/�J� g(y) D K }UB�j_ 	/)�~ f(x) �
� n. 7 f(x) D K }UB�:�D K }�
'> n!*&� u(x), v(x), � f(x) = u(x)v(x), � x 9 y+ a �B� g(y) = s(y)t(y),qQ s(y) = u(y + a), t(y) = v(y + a). ~ f(x) !�&� anx
n, I�G�K g(y) !�&� any

n, Hg degg(y) = degf(x) = n. �WU degs(y) = degu(x) < n,

degt(y) = degv(x) < n. HPJg℄ g(y) D K }0UB��2)V�U � 2Y1� P198. 1 (1), 2, 4, 6; P227. 3�� 1: tJ f(x) = 1 + x+ x2

2!
+ x3

3!
+ · · ·+ xn

n!
�R7���� 2: t x3 + px+ q ;R7�!�J�
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�� 3: { f(x) = anx
n+an−1x

n−1+ · · ·+a1x+a0 D K }UB�qQ ana0 6= 0.Jg g(x) = a0x
n + a1x

n−1 + · · ·+ an−1x+ an D K }0UB�ÆT�{UB*&� p(x) � f ′(x) ! k− 1 R7��r p(x)|f(x). � p(x) �
f(x) !R7�b���b�+X�~ f(x), g(x)� K }v�^!*&��{ f(x)g(x)+f(x)+g(x) = p(x)��2!UB*&��E (f(x), g(x)) = 1.
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