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§5.3 RARAE
#HF HWFER DG ERERANWEE, RS, AFERETRD
BESMITTEESR AT T R R 8 LA A AR 1%
—. RRAHK
EX B f(2),9(x),d(x) € K[z], #F d(x) & f(z), 9(z) BIBRAHRX, AR

(1) d(@)|f (), d(z)|g(2);
(2) # (@)l f(x), h(z)lg(x), W h(z)|d(z).
(

F X de) 2 fe) 5 glr) MRRAHEK, 0#ce K, M cd(x) B2 f(x) fl
g(z) KRR AERX. & d(2),di(z) & f(2) 5 g(z) WERRAERX, WHEE ce K,
75 d(z) = cdi(z). BHRECH 1 WERRKARKXME—, iEHh (f(2),9(x)).

S f(2) B f(2) 5 0 AR, 8 B 6 A THIRAARER. (0,22) = 22,
(0,0) = 0.

513 % f(2),9(z) € K[z], W (f (), 9(z)) = (f(z) = U(x)g(z), 9(x)).

&

WA 13 (f(2),9(2) = d(x), B30k (f(2) — l(z)g(x), 9(2)) = d().
(1) @2k d(z)[f(z) B d(z)lg(x), W d(x)|g(z) B d(z)[(f(z) - U(z)g(z));
(2) % h(x)lg(x) B h(@)|(f(2) = U(z)g(x)), W h(z)|f () H. h(z)|g(z),

BFEA h(z)ld(z).

B 2 B d(z) = (f(2). 9(2)), di(z) = (f(z) — Uz)g(), g(x)). W d(z)|f(z) H.
d(z)|g(x), # d(@)|(f(z) — U(z)g(z)) H. d(z)lg(x), BrLh d(z)|di(z). H—IiH, #
d(2)|(f(z) — U(z)g(x)) H di(2)lg(x), W di(z)|f(x) B di(z)]g(z), & di(z)|d(z).
XYy d(x), di(x) EHRECH 1, Brbd d(z) = di(z). O

£ W’ f(2), ( ) Klz], WAFFE f(2) 5§ g(z) BIRRAEK d(r), BAFE
u(z), v(r) € Kz, 13 d(z) = u(x)f(x) + v(x)g(z).

B f(r) = g(x) = 0, B d(z) = u(z) = v(z) = 0 BIF]. 3 f(z) =
g(@) # 0, W (f(z),9(x)) = ( ), Hrt ¢ J& g(o) METARBAER, FHE, &
g9(x) = 0,f(x) # 0 B, FRmMOL.

T



W f(x) #0# g(v), B RERIER
f(z) = g(@)qu(x) +ri(x), Hrrdegri(z) < degg(z);

9(x) = r1(2)ga(z) +ra(z), Hridegry(z) < degri(z);

ri(z) = ra(2)gs(x) + r3(x), Hdegrs(z) < degra(z);

Ts—o = Ts—le(x) + Ts(x)v :E\:Eljdegrs(x) < degrs—l(x);
rs_1(x) = rs(x)qsr1(z) + 0.

HFIEH (f(z),9(2) = (f(z) — g(@)q(2), 9(z)) = (r(2), 9(z)) = (ri(z), r2(z))
== (ro1(x),rs(x) = crg(x)), Tt ¢ ro(o) WEIRBHER. H—HH,

Ts(x) = 7’5_2(1') - 7’5_1(1')(]8(1');
Ts—1(9€) = 7”5—3@) - 7’5—2@)%—1@),
Bl ro(z) = (1 = qo1(2))rs—2(2) — qs(2)re—s(x), BERN, 15
rs(z) = u(z)f(z) +v(z)g(z). O

TG R A P XA PR A ERIE.

Bl 1 flz) =2t =23 -2 +22 —1,g(x) = 23 =22+ 13K (f(x),g(x))
u(z),v(x), € u(z)f(z) + v(z)g(z) = (f(2), 9(x)).

xt —x3 = +2r -1 a3 —2x +1
qr)=z-1 x? —22% +x R q(z) =z +1
- 422 4+ -1 x? —2x +1
—a3 +2r —1 x? —x
QB(x) =—Z 7"1(95) = x? —T ry = —r +1
x2 —x
0




B (f(2),9(x) =z — 1 = —ra(x), FrE ra(z) = g(2) — m(z
(f(z) = g(@)a(2))g2(z) = f(2)(—g2(2)) + g(2)[1 + q1(2)g2(x)], #K
241, 0(z) = -1 — qu(2)ga(z) = —22. O

THEMHEEZA 2T B A .

EX ¥ fi(r) € K[z],1 <i <m, d(zx) R fi(r),1 <i <m FRRKAFR,
LUES

Jaa ()= g(x) -
u() = @) =

(1) d(z)[fi(x), 1 <@ < m;
(2) #& h(@)|fi(x), 1 < i <m, W h(z)|d(x).
it fi(x), 1 <@ <m WEIRECN 1 BRKRAHEFN (fi(z), fo(2), -, fin(2)).

513 ((f(2), 9(x)), h(x)) = (f(2), 9(x), h(x)) = (f(2), (9(x), h(z)).
B % di(x) = (f(2),9(x)),d(x) = (f(2),9(x),h(x)), BEE (di(z), h(x)) =
d(x).
d(x)|h(x), d(z)|g(x), d(x)| f (), BrEA d(z)[h(z), d(x)|di(z);
(@)|dy (), L) |h(x), W 1(2)[ f (), U()|g(2), L) (), BEEA L(z)|d(2).
\ ]

R fi(r) € Klal, 1 < i <m, o) #4 filx), 1 < < m @R/MAER, I

(1) filz)le(x), 1 <@ <m;
(2) & fi(@)|h(x),1 < i <m, W c(z)[h(z).
it fi(z),1 <i < m WEHREHN 1 WERDAAEXR [fi(2), fo(z), -, ful@)].

EX B f(z),9(x) € Klz], % (f(x),9(x)) = 1, WFK f(z) 5 g(z) K, 2K

W f(2), 9(x) € K[z], M f(2) 5 g(z) HRBTEITBERMRAFE u(z),v(z) €
Klal, 1% f(z)u(z) + g(z)v(z) = 1.

B W EECIE. BUETE. & d(z) = (f(2), 9(2)), W d(2)|f(z), d(z)[g(x),
BFA d()] f (z)u(x) + g(x)v(z) , BE d(z)[1. X d(x) BHARECY 1, Brik d(z) =



#EiR 1 1% f1(2)lg(2), fo(r)]g(2), B (fi(2), fo(2)) = 1, W f1(2) fa(2)|g ().

A 2 (fi(2), f2(z) = 1, BIRMFAE u(z),v(z) € Klz], % fi(z)u(z) +
fa(z)o(z) = 1. fi(2)lg(z), folz)|g(x), HEAFLE s(2), t(x) € Klz], 17 g(z) =
fi(@)s(x) = fo(@)t(x). Bk g(z) = g(2)(fi(z)u(z)+fa(z)o(r) = (fa(2)t(2)) f1(2)ue
+hi(2)s(x) fo(w)o(e) = fi(e) fo(2) (H(z)ulz) + s()o(x)). BIE fi(2)fa(2)lg(z). O

#IR 2 8 f(0)lg(2)h(x), (f(2),9(z)) = 1, W f(x)|h(z).

)h
B By (f(2),9(2)) = 1, BrEAMFEE u(z),v(z) € K], G f(z)u(z) +
g(@o(z) = L. B f(z)u(x)h(z) + g(x)v(z)h(z) = h(z). XFH f(x)lg(z)h(z),
H f(2)|h(x). B
#eR 3 B (f(2),9(x)) = d(2), f(2) = fi(z)d(z),g(x) = gi(z)d(x), W (fi(z),
g1(z)) = L.
WA Fh (f
g(x)v(z) = d(z).
4B (f(z),9(x))
g(x)t ( )) d(x)t(z).
WEEA B (f (2),

(2), g(x)) = d(x), BFrRAMFAE w(z),v(z) € K[z, (15 f(z)u(z)
WA filw)u(z) + gi(x)v(z) = 1. W (f1(2), g1(2)) = 1.

d(z), t(x) HETERE R 1 MBI, W (f(2)t(z),

0o +

9(2)) = d(x), BIRA d() ()] (0)1(), ) )|g()i(r).
BAFTE u(z),v(z) € Klz], 1] f(x)u(z) + g(2)v(z) = d(z). BT f(z
g(@)t(z)v(z) = d(x)t(z). # h(z | (@)t(x), h(x)|g(x)t(z), W h(z)|d(z
(f(2)t(z), g(x)t(x))= d(z)t(z).
IR 5 & (fi(2),9(2) = 1, (fo(2),9(x)) = L, W (fi(z) f2(2), g(2)) = 1.

MEBA FA7E w(x), v(x), ui(2), vi (), H15 fi(z)u(z)+g(2x)v(z) = 1
g(@vi(x) = L B f1(2) fo(@) (w(z)u (2) +g(x) (fr(z)u(z)or (@) + fo(@)ur (z)v(z) +
g(@)o(e)0n(®) = 1. B (fi() o), 9(x)) = 1. O

#EIR 6 3% f(x)g(x) # 0, W f(z)g(x) ~ (f(2), 9(x))[f(2), g(x)].
WEBA & (f (2), g(2)) = d(x), W f(z) = d(z) f1(2), g(x) = d(x)g1(2), f(z)g(x) =

d(z)(d(z) f1(z)g1(2)). i m(x) = d(z)fi(x)gi(x), FHE m(z) & f(z), g(z) BIFR/D
~ER, W5 [f(2), ()] PR —THEEEXL, B m(x) B f(z), 9(z) B

4



) = [(@)fale) = (x)()
g(z) # 0, Bl d(z) # 0
ERE (fi(z),9(2) = 1,
(@) fi(e)t(x) = m(z)t(z

s H—IrEE h(z) 2 f(z),g(x) AEX,
Wr) = d(x)[i(x) fo(x) = d(z)g1(x)ga(2). f(l")
fi@)fa(x) = gi(x)ga(x), FEM f1(z )-
f1(@)lg2(2), g2(x) = fi(z)t(x), AT h(z) = d(z)g
()|h(z). MAETFIE. O

B2 (f(x),9(x) =1, (f(z™),g(z™)) = 1.

iR Eh (f(2),9(x) = 1, BIAFEEE u(e),v(z) € Klz], 753 f(z)u(z) +
g(@)o(x) = 1. Breh f(a™)u(a™) + ga™)v(z™) = L. #& (f(=™), g(a™)) =

=. TEREREH

513 & p1(2), p2(2), ..om(x) € K[X] AR, ML fi(r) € K[X],1<i <
m, 5% fi(z) = Li(@)pi(x) + 1, fi(z) = hyg(x)p;(z),1 < i #j <m.

TEW 0GB, (i) py(2) = L BFBA (pia), [Ty pi()) = 1. B
T2 (), i) € Ka], 7%

mlx

+ ([ o5 (@))uil) =

JF#i

2 filw) = wi(e) (1 p5(2)), U(z) = —v(2), hij(x) = ([T, pr())ui(z) FFHE.
O

A GIHA f FRT WA R f Bpi(e) BRER L BB p;(2),
j#i, 1<) <m R

PERRERE & pi(2),p2(2), .. pn(2) € Klz] RRRERHZIX, a1, a,
5 am € K, MAFTEME— g(2), qi(2) € K[z], 1 <i < m, fif5F

degg(z Z degp;(x

g9(z) = pi(z)gi(x) + a;, 1 <i < m.

E EELESAETAE g(x), BB pi(r) BRIER a1 <i<m.



WEER H513E, fF7E fi(x),1 < i@ < m, f fi(x) = L(x)pi(x) + 1, fi(z) =
hij(x)p;(x), i # j. & f(x) =320 filr)a. MIFHFREREF f(v) = t(@) [[;2, pi(2)+
9(x), XH degg(z) < deg[[[Z, pi(x) = 377, degp(z). HATIFHZXER g(2) # 0. 7
M, MFEER j, BA pie)| o0, fi(x)a 7 pslf(x), v # j, Brlh pilfi(x)a;, 5
fi(z) = li(z)pi(z) + 1 FJE.

g(x) = flz) —t(2) [[;Z, pi(x)
= (D i jmr [i(@)a;(x) + fi(zx)a:) — t(z) [T, pil(2)

= >z 1y (@)pi(2)a; (z(l“) i(2) + Da; — t(z) [[I2, pi(2)

:pi(x)(zj‘;éih( v)a; + li(x) — t(x) [1;4pi(®)) + ;.
FHEMME—E: & g9(z) # qi(z), 9(z) = pi(z)a(z) + a;, 1 <0 < m, gi(z) =
pi(x)ti(x) +a;, 1 < i < m, ¢(x) # ti(x), 1 <i<m. NO#gx)-—agnl=
pi(z)(gi(x) — ti(x)). B pi(2)lg(z) — g1(2),1 <@ < m, W pi(x),i # j WHEE,
JIEEA pr(@)p2(2)...pm(7)|9(2) — g1(2), D21, degpi(x) < max{degg(z),degg:(z)} <
> oy degpi(x), BOAFE. BTl g(z) = gi(x), B g(x) BME—RY. 25, MR
RERILEHI BRI ME—E, H0 qi(2) BME—RY. O

3 3 (Lagrange #{EAR) & a1, a0,...,a, € K K m NARE, WXHEE
b, by, ..., by € K, FETEME—IREUNT m M2 T

L) = > ([ )

i=1 i (ai — a;)
W L(a;) =b;,1 <i <m.

JWEER & pi(z) = 2 —a;, 1 <@ < m, W pi(x) AR, degpi(z) =1, B
L(a;) = b;, degL(z) =m—1 <Y ", degfi(z), L(z) = (v — a;)q;(z) + b;. RAEHE
FlmeER, WiEFMW Lir) E—Figm. O

fElV:  Pios 2(1), 3, 4; Py 1, 2.

#FAEN 10 3 pr(x), po(2), ..pm(2) € Kz] BRI ERIIZIN, s1(x), s2(2),
sm(z) € Klz] WIFEME— g(x), ¢;(2),1 < i < m, #15 degg(z) < > degp;(x)
H g(z) = ¢(2)pi(x) + s4(x), 1 < i < m.



AR 2: ¥ f(2), 9(x) € Kla], &
Q = {u(e) f(z) + v(@)g(@lulz), o(z) € Klal}.
RiE: (1) # a(x),b(x) € Q, M a(x) £+ b(x) € Q;
(2) # a(z) € Q, WFHMEE h(z) € K[X], B a(x)h(x) € Q;
(3) FFAEETALN 1 1 d(x) € Q, X Va(z) € Q, F d(z)|a(z);
(4) d(z) = (f(x), 9()).

B Piga 5, 6,7

el Boa,b,c WWESR, H o —a, x—0b v —cB f(x) IRFDAH r,s,t.
BRA (¢ — a)(z = b)(z — ) By f(2) BAR



