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§5.3 R7;KF>HC8=ID qK&�3�3�m!/Z�
-�AP�qK&�:u!/Z8�Æz?�MB.6j�%H!Yb8t�,+���3�3�m9J i f(x), g(x), d(x) ∈ K[x], Æ d(x) n f(x), g(x) !3�3�m�7
(1) d(x)|f(x), d(x)|g(x);

(2) e h(x)|f(x), h(x)|g(x), # h(x)|d(x).Q i d(x) n f(x) � g(x) !3�3�m� 0 6= c ∈ K, # cd(x) �n f(x) 8
g(x) !3�3�m�i d(x), d1(x) n f(x) � g(x) !3�3�m�#�" c ∈ K,l d(x) = cd1(x). p��r~ 1 !3�3�m}��>~ (f(x), g(x)).Q f(x) n f(x) � 0!3�3�m�8 n 6 8 7!3�3�m�(0, 2x2) = x2;

(0, 0) = 0.L? i f(x), g(x) ∈ K[x], # (f(x), g(x)) = (f(x)− l(x)g(x), g(x)).N: 1 i (f(x), g(x)) = d(x), Æ) (f(x)− l(x)g(x), g(x)) = d(x).

(1) 7 d(x)|f(x) \ d(x)|g(x), # d(x)|g(x) \ d(x)|(f(x)− l(x)g(x));

(2) e h(x)|g(x) \ h(x)|(f(x)− l(x)g(x)), # h(x)|f(x) \ h(x)|g(x),w� h(x)|d(x).N: 2 i d(x) = (f(x), g(x)), d1(x) = (f(x)− l(x)g(x), g(x)). # d(x)|f(x) \
d(x)|g(x), 4 d(x)|(f(x) − l(x)g(x)) \ d(x)|g(x), w� d(x)|d1(x). N�,U�e
d1(x)|(f(x) − l(x)g(x)) \ d1(x)|g(x), # d1(x)|f(x) \ d1(x)|g(x), 4 d1(x)|d(x).��~ d(x), d1(x) p��r~ 1, w� d(x) = d1(x). 29? i f(x), g(x) ∈ K[x], #�" f(x) � g(x) !3�3�m d(x), \�"
u(x), v(x) ∈ K[x], l d(x) = u(x)f(x) + v(x)g(x).NB e f(x) = g(x) = 0, ^ d(x) = u(x) = v(x) = 0 <G�e f(x) = 0,

g(x) 6= 0, # (f(x), g(x)) = cg(x), [. c n g(x) !p��r!�r�{H�e
g(x) = 0,f(x) 6= 0 k�AP�J�
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i f(x) 6= 0 6= g(x), ����+�
f(x) = g(x)q1(x) + r1(x), [.degr1(x) < degg(x);

g(x) = r1(x)q2(x) + r2(x), [.degr2(x) < degr1(x);

r1(x) = r2(x)q3(x) + r3(x), [.degr3(x) < degr2(x);

· · · · · · · · · · · · · · · · · · · · ·

rs−2 = rs−1qs(x) + rs(x), [.degrs(x) < degrs−1(x);

rs−1(x) = rs(x)qs+1(x) + 0.��H* (f(x), g(x)) = (f(x) − g(x)q1(x), g(x)) = (r1(x), g(x)) = (r1(x), r2(x))

= · · · = (rs−1(x), rs(x) = crs(x)), [. c ~ rs(x) !p��r!�r�N�,U�
rs(x) = rs−2(x)− rs−1(x)qs(x);

rs−1(x) = rs−3(x)− rs−2(x)qs−1(x),w� rs(x) = (1− qs−1(x))rs−2(x)− qs(x)rs−3(x), /�d� 
rs(x) = u(x)f(x) + v(x)g(x). 2�UCh=v3�3�m!$1��+�� 1 f(x) = x4 − x3 − x2 + 2x − 1, g(x) = x3 − 2x + 1 ℄ (f(x), g(x)) 8

u(x), v(x), l u(x)f(x) + v(x)g(x) = (f(x), g(x)).

x4 −x3 −x2 +2x −1 x3 −2x +1

q1(x) = x− 1 x4 −2x2 +x x3 −x2 q(x) = x+ 1
−x3 +x2 +x −1 x2 −2x +1
−x3 +2x −1 x2 −x

q3(x) = −x r1(x) = x2 −x r2 = −x +1
x2 −x

0

2



�~ (f(x), g(x)) = x − 1 = −r2(x), w� r2(x) = g(x) − r1(x)q2(x)= g(x) −

(f(x) − g(x)q1(x))q2(x) = f(x)(−q2(x)) + g(x)[1 + q1(x)q2(x)], 4 u(x) = q2(x) =

x+ 1, v(x) = −1 − q1(x)q2(x) = −x2. 2�UCh(1(�m!3�3�m�9J i fi(x) ∈ K[x], 1 ≤ i ≤ m, d(x) Æ~ fi(x), 1 ≤ i ≤ m !3�3�m�7
(1) d(x)|fi(x), 1 ≤ i ≤ m;

(2) i h(x)|fi(x), 1 ≤ i ≤ m, # h(x)|d(x).> fi(x), 1 ≤ i ≤ m !p��r~ 1 !3�3�m~ (f1(x), f2(x), · · · , fm(x)).L? ((f(x), g(x)), h(x)) = (f(x), g(x), h(x)) = (f(x), (g(x), h(x)).NB i d1(x) = (f(x), g(x)), d(x) = (f(x), g(x), h(x)), Æ) (d1(x), h(x)) =

d(x).

(1) e d(x)|h(x), d(x)|g(x), d(x)|f(x), w� d(x)|h(x), d(x)|d1(x);

(2) e l(x)|d1(x), l(x)|h(x), # l(x)|f(x), l(x)|g(x), l(x)|h(x), w� l(x)|d(x).{HG N�"m� 2Q i fi(x) ∈ K[x], 1 ≤ i ≤ m, c(x) Æ~ fi(x), 1 ≤ i ≤ m !3	3�m�7
(1) fi(x)|c(x), 1 ≤ i ≤ m;

(2) i fi(x)|h(x), 1 ≤ i ≤ m, # c(x)|h(x).> fi(x), 1 ≤ i ≤ m !p��r~ 1 !3	3�m~ [f1(x), f2(x), · · · , fm(x)].*�:u9J i f(x), g(x) ∈ K[x], e (f(x), g(x)) = 1, #Æ f(x) � g(x) :u�;Æ:-�9?i f(x), g(x) ∈ K[x],# f(x)� g(x):u!�-	Æz?n�" u(x), v(x) ∈

K[x], l f(x)u(x) + g(x)v(x) = 1.NB 	Æ
�)��)�-
�i d(x) = (f(x), g(x)),# d(x)|f(x), d(x)|g(x),w� d(x)|f(x)u(x)+ g(x)v(x) , < d(x)|1. � d(x) p��r~ 1, w� d(x) = 1. 2
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GA 1 i f1(x)|g(x), f2(x)|g(x), \ (f1(x), f2(x)) = 1, # f1(x)f2(x)|g(x).NB �~ (f1(x), f2(x)) = 1, w��" u(x), v(x) ∈ K[x], l f1(x)u(x) +

f2(x)v(x) = 1. � f1(x)|g(x), f2(x)|g(x), *��" s(x), t(x) ∈ K[x], l g(x) =

f1(x)s(x) = f2(x)t(x). w� g(x) = g(x)(f1(x)u(x)+f2(x)v(x)) = (f2(x)t(x))f1(x)ux

+f1(x)s(x)f2(x)v(x) = f1(x)f2(x)(t(x)u(x) + s(x)v(x)). �� f1(x)f2(x)|g(x). 2GA 2 i f(x)|g(x)h(x), (f(x), g(x)) = 1, # f(x)|h(x).NB �~ (f(x), g(x)) = 1, w��" u(x), v(x) ∈ K[x], l f(x)u(x) +

g(x)v(x) = 1. �) f(x)u(x)h(x) + g(x)v(x)h(x) = h(x). ��~ f(x)|g(x)h(x),4 f(x)|h(x). 2GA 3 i (f(x), g(x)) = d(x), f(x) = f1(x)d(x), g(x) = g1(x)d(x), # (f1(x),

g1(x)) = 1.NB �~ (f(x), g(x)) = d(x), w��" u(x), v(x) ∈ K[x], l f(x)u(x) +

g(x)v(x) = d(x). D�� f1(x)u(x) + g1(x)v(x) = 1. �) (f1(x), g1(x)) = 1. 2GA 4 i (f(x), g(x)) = d(x), t(x) ~p��r~ 1 !(�m�# (f(x)t(x),

g(x)t(x)) = d(x)t(x).NB �~ (f(x), g(x)) = d(x), �`� d(x)t(x)|f(x)t(x), d(x)t(x)|g(x)t(x). {k�" u(x), v(x) ∈ K[x], l f(x)u(x) + g(x)v(x) = d(x). w� f(x)t(x)u(x) +

g(x)t(x)v(x) = d(x)t(x). e h(x)|f(x)t(x), h(x)|g(x)t(x), # h(x)|d(x)t(x). '
(f(x)t(x), g(x)t(x))= d(x)t(x). 2GA 5 i (f1(x), g(x)) = 1, (f2(x), g(x)) = 1, # (f1(x)f2(x), g(x)) = 1.NB �" u(x), v(x), u1(x), v1(x), l f1(x)u(x)+g(x)v(x) = 1, f2(x)u1(x)+

g(x)v1(x) = 1. w� f1(x)f2(x)(u(x)u1(x)+g(x)(f1(x)u(x)v1(x)+f2(x)u1(x)v(x)+

g(x)v(x)v1(x)) = 1. 4� (f1(x)f2(x), g(x)) = 1. 2GA 6 i f(x)g(x) 6= 0, # f(x)g(x) ∼ (f(x), g(x))[f(x), g(x)].NBi (f(x), g(x)) = d(x),# f(x) = d(x)f1(x), g(x) = d(x)g1(x), f(x)g(x) =

d(x)(d(x)f1(x)g1(x)). > m(x) = d(x)f1(x)g1(x), G) m(x) n f(x), g(x) !3	3�m�<� [f(x), g(x)] ����,U�%���` m(x) n f(x), g(x) !3�
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m�N�,Ue h(x) n f(x), g(x) !3�m� h(x) = f(x)f2(x) = g(x)g2(x), <
h(x) = d(x)f1(x)f2(x) = d(x)g1(x)g2(x). � f(x)g(x) 6= 0, �� d(x) 6= 0, 4
f1(x)f2(x) = g1(x)g2(x), D) f1(x)|g1(x)g2(x). 0�� (f1(x), g1(x)) = 1, w�
f1(x)|g2(x), g2(x) = f1(x)t(x), �) h(x) = d(x)g1(x)f1(x)t(x) = m(x)t(x), <
m(x)|h(x). Xy )� 2� 2 (f(x), g(x)) = 1 , # (f(xm), g(xm)) = 1.NB �~ (f(x), g(x)) = 1, w��" u(x), v(x) ∈ K[x], l f(x)u(x) +

g(x)v(x) = 1. w� f(xm)u(xm) + g(xm)v(xm) = 1. 4 (f(xm), g(xm)) = 1.f�.6j�%HL? i p1(x), p2(x), ...pm(x) ∈ K[X ] LL:u�#�" fi(x) ∈ K[X ], 1 ≤ i ≤

m, l fi(x) = li(x)pi(x) + 1, fi(x) = hij(x)pj(x), 1 ≤ i 6= j ≤ m.)V�� i 6= j k� (pi(x), pj(x)) = 1. w� (pi(x),
∏m

j 6=i,j=1
pj(x)) = 1. ���" ui(x), vi(x) ∈ K[x], l 

pi(x)vi(x) + (
∏

j 6=i

pj(x))ui(x) = 1O fi(x) = ui(x)(
∏

j 6=i
pj(x)), l(x) = −v(x), hij(x) = (

∏
r 6=i,j

pr(x))ui(x) < )�
2 Q �H. fi "{�Q2�z?�fi � pi(x) �9� 1, {kG�w� pj(x),

j 6= i, 1 ≤ j ≤ m (��P<EM9? i p1(x), p2(x), ..., pm(x) ∈ K[x] nLL:u!(�m� a1, a2,

· · ·, am ∈ K, #�"}� g(x), qi(x) ∈ K[x], 1 ≤ i ≤ m, l 
degg(x) <

m∑

i=1

degpi(x),\
g(x) = pi(x)qi(x) + ai, 1 ≤ i ≤ m.Q %H��"��" g(x), x� pi(x) �9� ai, 1 ≤ i ≤ m.
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NB ��H��" fi(x), 1 ≤ i ≤ m, l fi(x) = li(x)pi(x) + 1, fi(x) =

hij(x)pj(x), i 6= j. O f(x) =
∑m

i=1
fi(x)ai. 2E���+�� f(x) = t(x)

∏m

i=1
pi(x)+

g(x), 'I degg(x) < deg
∏m

i=1
pi(x) =

∑m

i=1
degpi(x). �T,�'I g(x) 6= 0. .#�&�5%! j, �~ pj(x)|

∑m

i=1
fi(x)ai 8 pj|fr(x), r 6= j, w� pj |fj(x)aj , �

fi(x) = li(x)pi(x) + 1 R'�
g(x) = f(x)− t(x)

∏m

i=1
pi(x)

= (
∑m

j 6=i,j=1
fj(x)aj(x) + fi(x)ai)− t(x)

∏m

i=1
pi(x)

=
∑

j 6=i
hj(x)pi(x)aj + (li(x)pi(x) + 1)ai − t(x)

∏m

i=1
pi(x)

= pi(x)(
∑

j 6=i
hj(x)aj + li(x)− t(x)

∏
j 6=i

pj(x)) + ai.!)V}�
�e g(x) 6= g1(x), g(x) = pi(x)qi(x) + ai, 1 ≤ i ≤ m, g1(x) =

pi(x)ti(x) + ai, 1 ≤ i ≤ m, qi(x) 6= ti(x), 1 ≤ i ≤ m. # 0 6= g(x) − g1(x) =

pi(x)(qi(x) − ti(x)). 4 pi(x)|g(x) − g1(x), 1 ≤ i ≤ m, ) pi(x), i 6= j LL:u�w� p1(x)p2(x)...pm(x)|g(x) − g1(x),
∑m

i=1
degpi(x) ≤ max{degg(x), degg1(x)} <

∑m

i=1
degpi(x), �~R'�w� g(x) = g1(x), < g(x) n}�!�D��2E���+!g!}�
�* qi(x) n}�!� 2� 3 (Lagrange 6O;F) i a1, a2, ..., am ∈ K ~ m 1�{r�#&a�

b1, b2, ..., bm ∈ K, �"}��r	� m !(�m
L(x) =

m∑

i=1

bi(
∏

j 6=i

(x− aj)

(ai − aj)
)Q2 L(ai) = bi, 1 ≤ i ≤ m.NB i pi(x) = x − ai, 1 ≤ i ≤ m, # pi(x) LL:u� degpi(x) = 1, �`

L(ai) = bi, degL(x) = m− 1 <
∑m

i=1
degfi(x), L(x) = (x− ai)qi(x) + bi. 2E.6j�%H�Q2z?! L(x) }�_%!� 25�� P194 2(1), 3, 4; P227 1, 2.��5� 1: i p1(x), p2(x), ...pm(x) ∈ K[x]nLL:u!(�m�s1(x), s2(x),

· · · , sm(x) ∈ K[x] #�"}� g(x), qi(x), 1 ≤ i ≤ m, l degg(x) <
∑

degpi(x)\ g(x) = qi(x)pi(x) + si(x), 1 ≤ i ≤ m.
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��5� 2: i f(x), g(x) ∈ K[x], O
Ω = {u(x)f(x) + v(x)g(x)|u(x), v(x) ∈ K[x]}.℄)� (1) e a(x), b(x) ∈ Ω, # a(x)± b(x) ∈ Ω;

(2) e a(x) ∈ Ω, #&a� h(x) ∈ K[X ], � a(x)h(x) ∈ Ω;

(3) �"p��r~ 1 ! d(x) ∈ Ω, l & ∀a(x) ∈ Ω, � d(x)|a(x);

(4) d(x) = (f(x), g(x)).tFy� P194 5, 6, 7.�4�i a, b, c LL:��� x− a, x− b, x− c � f(x) !�m-
~ r, s, t.o℄� (x− a)(x− b)(x− c) � f(x) !�m�
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