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§8.4 ����|�~�	�{�
S�+�iy�\L'�;�H	�wF'.2\L'�;�eu 8.4.1 
 V,W �8y�\L� ϕ : V → W �.2A	��? ϕ �.2\L�;~	�wF�H/F�;' α, β ∈ V , D

(ϕ(α), ϕ(β)) = (α, β),K� ϕ � opkidrg, �I" V ∼= W .nq 8.4.1 y�\L'�;=(j_ (1) 2�2�H V ∼= V ; (2) /�2�H� V ∼= W , K W ∼= V ;

(3) �*2�H� V ∼= W , W ∼= U , K V ∼= U .el 8.4.1 �; n #y�\L,�;Fy�\L R
n.ym 
 ξ1, ξ2, · · · , ξn � V '88Æ\QOE� ε1, ε2, · · · , εn � R

n 'Æ\QOE�h ϕ "�)+<'.2A	 V → R
n: ϕ(ξi) = εi, 1 ≤ i ≤ n. K,� ϕ �.2\L'�;��~/�; α, β ∈ V ,

α = a1ξ1 + a2ξ2 + · · ·+ anξn, β = b1ξ1 + b2ξ2 + · · ·+ bnξn, D
(ϕ(α), ϕ(β)) = (a1ϕ(ξ1) + a2ϕ(ξ2) + · · ·+ anϕ(ξn), b1ϕ(ξ1) + b2ϕ(ξ2) + · · ·+ bnϕ(ξn))

= (a1ε1 + a2ε2 + · · ·+ anεn, b1ε1 + b2ε2 + · · ·+ bnεn)
= a1b1 + a2b2 + · · ·+ anbn
= (α, β).=� ϕ ��;� 2el 8.4.2 8D-#y�\L�;'�4�6�M��m'#�/(�)o�iQOD�eu 8.4.2 
 ϕ � n #y�\L V '.2D��? ϕ 	�wF��H/F�;' α, β ∈ V , D

(ϕ(α), ϕ(β)) = (α, β),K� ϕ � xjh.�)o'+_Z�^�y�\L V '.2D ϕ �QOD'�4�6�M� ϕ � V a"y�\L'^�;�el 8.4.3 
 ϕ � n #y�\L V '.2D�K)e�M(K�
(1) ϕ �QOD�
(2) ϕ 	��-��H/F�;' α ∈ V , D |ϕ(α)| = |α|;

(3) ϕ N V '�;Æ\QOE"g88Æ\QOE�
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(4) ϕ J V '�;Æ\QOE)'WO�QOO�
(5) ϕ J V 't`Æ\QOE)'WO�QOO�ym (1)⇒ (2): /F�;' α ∈ V , D

(ϕ(α), ϕ(α)) = (α, α),�Yz3�&% |ϕ(α)| = |α|.

(2)⇒ (1): /F�;' α, β ∈ V ,

(ϕ(α), ϕ(α)) = (α, α),

(ϕ(β), ϕ(β)) = (β, β),

(ϕ(α + β), ϕ(α + β)) = (α+ β, α+ β).NBo(�LY�&% (ϕ(α), ϕ(α)) + (ϕ(β), ϕ(β)) + 2(ϕ(α), ϕ(β)) = (α, α) + (β, β) + 2(α, β). N}�!��&% (ϕ(α), ϕ(β)) = (α, β).

(1)⇒(3): 
 ξ1, ξ2, · · · , ξn � V '88Æ\QOE�K
(ϕ(ξi), ϕ(ξj)) = (ξi, ξj) = δij .

(3) ⇒ (4): 
 ξ1, ξ2, · · · , ξn � V '88Æ\QOE�
ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)A.=" ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 7� V 'Æ\QOE��: A ��Æ\QOE ξ1, ξ2, · · · , ξn %Æ\QOE

ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) '�.WO��: A �QOWO�
(4) ⇒ (5): ,��
(5)⇒ (3): 
 ξ1, ξ2, · · · , ξn � V '88Æ\QOE�

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)A.=" A �QOWO��: ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 7� V 'Æ\QOE�
(3) ⇒ (1): 
 ξ1, ξ2, · · · , ξn � V '88Æ\QOE� ϕ(ξ1), ϕ(ξ2), · · · , ϕ(ξn) 7� V 'Æ\QOE�/�; α, β ∈ V , α = a1ξ1 + a2ξ2 + · · ·+ anξn, β = b1ξ1 + b2ξ2 + · · ·+ bnξn, D (ϕ(α), ϕ(β)) =

(a1ϕ(ξ1)+a2ϕ(ξ2)+ · · ·+anϕ(ξn), b1ϕ(ξ1)+ b2ϕ(ξ2)+ · · ·+ bnϕ(ξn)) = a1b1+a2b2+ · · ·+anbn =

(a1ε1 + a2ε2 + · · ·+ anεn, b1ε1 + b2ε2 + · · ·+ bnεn) = (α, β). 2nq 8.4.2 
 n RWO A �QOO�K
(1) detA = ±1;

(2) A '�PU'X/U(F 1.ym (1) ,��
(2) 
 λ � A '�PU� X ��F λ '�P0d�K AX = λX . ���:b[X�F�

X̄AT = λ̄X̄T , �:
X̄ATAX = λ̄X̄TλX,�:
X̄TX = λ̄λ(X̄TX).
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=�� λ̄λ = 1. H |λ| = 1. 2vl 8.4.1 
 A " n RQOO� λ = a+ bi " A '886�PU� b 6= 0 �� X = α+ βi "/?'�P0d�{Y α, β ∈ R
n. K α A β QO~ |α| = |β|.ym =" A(α + βi) = (a+ bi)(α+ βi), �: Aα = aα− bβ, Aβ = bα+ aβ. �0

|α|2 = (α, α) = (Aα,Aα) = a2|α|2 + b2|β|2 − 2ab(α, β) (1)

|β|2 = (β, β) = (Aβ,Aβ) = b2|α|2 + a2|β|2 + 2ab(α, β) (2)

(1)− (2), &
(a2 − b2 − 1)|α|2 + (b2 − a2 + 1)|β|2 − 4ab(α, β) = 0 (3)0
(α, β) = (Aα,Aβ) = (a2 − b2)(α, β) + ab(|α|2 − |β|2) (4)C (3), (4), &

{

(a2 − b2 − 1)(|α|2 − |β|2)− 4ab(α, β) = 0
ab(|α|2 − |β|2) + (a2 − b2 − 1)(α, β) = 0{[�"=F (|α|2 − |β|2) A (α, β) '3�`�CF

∣

∣

∣

∣

a2 − b2 − 1 −4ab
ab a2 − b2 − 1

∣

∣

∣

∣

= (a2 − b2 − 1)2 + 4a2b2 = 4b4 + 4a2b2 = 4b2(b2 + a2) = 4b2 6= 0,=�3�`WDfT�H |α|2 = |β|2, ~ (α, β) = 0. 2=" A "QOO�=��PUs�" 1, H a2 + b2 = 1, [
 a = cos θ, b = − sin θ. N5
Aα = aα− bβ = (α, β)

(

cos θ
sin θ

)

, Aβ = bα+ aβ = (α, β)

(

− sin θ
cos θ

)

,

A(α, β) = (α, β)

(

cos θ − sin θ
sin θ cos θ

)

.el 4.4.4 
 A " n RQOO�K�J n RQOO T , Æ
T−1AT = T TAT = diag(Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,

(

cosαl − sinαl

sinαl cosαl

)

){Y r + s+ 2l = n.ym /R�B�3>v1�$ n = 1 ��,��b�
$R� ≤ n �r��b�$R�" n ��
(1) � A D88�P9 λ0, K�{"$�P0d X1, ℄" R

n 'Æ\QOE X1, X2, · · · , Xn, K
A(X1, X2, · · · , Xn) = (X1, X2, · · · , Xn)

(

λ0 β

O A1

)

.N` A1 � n− 1 R3O� β ∈ R
n−1. h T1 = (X1, X2, · · · , Xn), K
T−1

1
AT1 =

(

λ0 β

O A1

)

= B.
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=" T−1 = T T , �: A−1 = AT . U8� B−1 = BT , H B �QOO�<
BBT =

(

λ0 β

O A1

)(

λ0 O

βT AT
1

)

=

(

λ2

0
+ ββT βAT

1

A1β
T A1A

T
1

)

=

(

1 O

O En−1

)& λ2
0 + ββT = 1, A1A

T
1 = E. 0 λ2

0 = 1, =� β = 0, AT
1 A1 = E. H

B =

(

λ0 O

O A1

)

,{Y A1 �QOO�C>vJ
��J n− 1 RQOO T2, Æ
T−1

2
A1T2 = diag{Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,

(

cosαl − sinαl

sinαl cosαl

)

}h T = T1

(

1
T2

)

, K T " n RQOO�~
T−1AT = diag{λ0, Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,

(

cosαl − sinαl

sinαl cosαl

)

}.=" λ0 = ±1, r��b�
(2) � A '�P9�
 λ = a+ bi �{�P9� α+ βi "/?�P0d�KC>_ 8.4.1, α G βQO�~~ |α|2 = |β|2. = |λ| = 1, <[
 λ = cosα+ i sinα. � α, β '"$C0d X1, X2, KD

AX1 = cosαX1 + sinαX2 = (X1, X2)

(

cosα
sinα

)

,

AX2 = − sinαX1 + cosαX2 = (X1, X2)

(

− sinα
cosα

)

.N X1, X2 ℄" R
n 'Æ\QOE X1, X2, · · · , Xn, K

A(X1, X2, · · · , Xn) = (X1, X2, · · · , Xn)





(

cosα − sinα
sinα cosα

)

C

O A2



 .h T1 = (X1, X2, · · · , Xn), K T1 �QOO~
T T
1 AT1 =





(

cosα − sinα
sinα cosα

)

C

O A2



 = B.= T1, A "QOO��: B "QOO�<




(

cosα − sinα
sinα cosα

)

C

O A2









(

cosα − sinα
sinα cosα

)T

O

CT AT
2



 =

(

E2 O

O En−2

)

.�: (

cosα − sinα
sinα cosα

)(

cosα − sinα
sinα cosα

)T

+ CCT = E2, A2C
T = O, A2A

T
2
= En−2. < A2�QOO�~ C = O, H

B =





(

cosα − sinα
sinα cosα

)

O

O A2



 .
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C>vJ
��J n− 2 RQOWO T2, Æ&
T−1

2
A2T2 = diag(Er ,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,

(

cosαl − sinαl

sinαl cosαl

)

).h T = T1

(

E2 O

O T2

)

, K T "QOO~
T−1AT = diag(

(

cosα − sinα
sinα cosα

)

, Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,

(

cosαl − sinαl

sinαl cosαl

)

).el 8.4.4’ 
 ϕ � n #y�\L V 'QOD�K�J8`Æ\QOE�Æ& ϕ J�E)'WO�
diag(Er,−Es,

(

cosα1 − sinα1

sinα1 cosα1

)

, · · · ,

(

cosαl − sinαl

sinαl cosαl

)

),{Y r + s+ 2l = n.tq
1. 1� §8.1 'a 1 Aa 2 Y R

n a"��ZwF'��'y�\LTL'�;A	�
2. (1) 
 A �|�RQOWO�~ detA = 1, K 1 � A '88�PU�
(2) 
 A � n RQOWO�~ detA = −1, K −1 � A '88�PU�
3. 
 η � n #y�\L V Y8"$0d�+< ϕ(α) = α− 2(η, α)η. Rp�
(1) ϕ �QOD (�"Vo2	);

(2) ϕ2 = idV ;

(3) �J V '88Æ\QOE�Æ& ϕ JN8Æ\QOE)'WO (

−1 O

O En−1

)

.

4. �? V �'QOD ϕ : 1 a"88�PU�~�F�PU 1 '�P℄\L V1 '#�" n− 1,uk ϕ �Vo2	�
5. 
 α, β � n #y�\L V Y8��'"$0d�Rp�J8Vo2	 ϕ, Æ& ϕ(α) = β;

6. Rp� n #y�\LY�;QOD,[:�"8(eVo2	'�F�
7. 
 ϕ � n #y�\L V �'.2D�/F�;' α, β ∈ V , ,D (ϕ(α), ϕ(β)) = (α, β). Rp� ϕ �.2D�=0�QOD�ftq
1. 
 α1, α2, · · · , αm A β1, β2, · · · , βm �y�\L V '`0d�j_

(αi, αj) = (βi, βj),

1 ≤ i, j ≤ m. Rp
span(α1, α2, · · · , αm) ∼= span(β1, β2, · · · , βm).

2. 
 A ∈ R
m×n, b ∈ R

m. �R�.23�` AX = b DT'�4�6�M� b G.23�`
ATX = 0 'T\LJ R

n YQO�
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3. 
 U � n #y�\L V '℄\L�C V = U ⊕U⊥, &m[+< V �'.2D ϕ �)�/F
α+ β ∈ U ⊕ U⊥, ϕ(α + β) = α.

(1) ϕ �y�\L V �'n(.2D�H ϕ2 = ϕ. N8.2D�"� V % U ' xsw;

(2) idV − ϕ � V % U⊥ 'Q���
(3) /�; α, β ∈ V , ,D (ϕ(α), β) = (α, ϕ(β)).

4. 
 A � n R[xO��R� A = TQ, {Y T �QOO�Q ���PO~/P.I� Ff�
5. 
 ϕ � n #y�\L V �'.2D�Rp� ϕ �/�D'�4�6�M� ϕ D n 8QO'�P0d�
6. 
 A,B � R � n R/�O�~ AB = BA. �R��JQOO T , Æ& T−1AT , T−1BT ��"/PO�
7. 
 Ai, 1 ≤ i ≤ m � m 8 n R/�O~�1[OD��R��JQOO T , Æ T TAiT ,

1 ≤ i ≤ m ,�/PO�
8. 
�R/�O A '�PU λ1 = 1, λ2 = 2, λ3 = −2, E α1 = (1,−1, 1)T � A '�F λ1 '88�P0d�I B = A5 − 4A3 + E.

(1) 4R α1 �WO B '�P0d��� B '���PUA�P0d�
(2) �WO B.

9. 
WO A =





1 1 a

1 a 1
a 1 1



, β = (1, 1,−2)T . 9S.23�` AX = β DT#�!8���
(1) a 'U�
(2) QOWO T , Æ& T TAT "/PWO�
10. 
 A =





2 0 1
0 2 a

1 1 b



, 9S α = (1, 1, 1)T � A '�P0d�
(1) � a, b 'UG�P0d α �/?'�PU�
(2) � A '���PUA�P0d�
(3) % A �5[/PC�����QOWO T , Æ& T−1AT "/PO�
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