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§8.3 �~}���~���.�lw�^L"06�CP�!"�aWOE,"XU"WO1�9+�� ξ1, ξ2, · · · , ξn = η1, η2, · · · , ηn Æ n %w�^L V ""�aWOE� T Æ�E η1, η2, · · · , ηn  

ξ1, ξ2, · · · , ξn "<)XU�ÆWOXU�G
(ξ1, ξ2, · · · , ξn) = (η1, η2, · · · , ηn)T.� ϕ Æ n %w�^L V "06�C� ϕ Pe3�aWOE,"XU1	Æ A,B, G
ϕ(η1, η2, · · · , ηn) = (η1, η2, · · · , ηn)A,

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)B,QI B = T−1AT = T TAT.jx 8.3.1 � A,B Æ R � n S/U��;�PWOXU T , �!
B = T−1AT = T TAT,QÆ Azmws K B.��q"1*[R! �,'b�jo 8.3.1 R �e3 n S/U A,B WO1�"�1�<�MÆ�p$w�^L V �!>306�CP�!"�aWOE,"XU�jo 8.3.2 Rn×n �"WO1�9+m� (1) .�6�G A WO1�K A; (2) *Æ6�G� A WO1�K B, Q B WO1�K A; (3) �&6�G� A WO1�K B, B WO1�K C, Q A WO1�K

C. {r 5Y'C=WOXU"6^� 2*Kw�^L"06�C�`<"�)Æ:SWO1�,"�a4�,q�l>a��"�`<"*Æ�C�,>TN�lWO�C�jx 8.3.2 � ϕ Æ n w�^L V �"06�C��;m*K�B" α, β ∈ V , (I
(ϕ(α), β) = (α, ϕ(β)),QÆ ϕ Æ kihl.jo 8.3.3 � ϕ Æ n %w�^L V "06�C�Q,g�M#K�
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(1) ϕ Æ*Æ�C�
(2) �P V ">3�aWOE ξ1, ξ2, · · · , ξn, I�! (ϕ(ξi), ξj) = (ξi, ϕ(ξj)), 1 ≤ i, j ≤ n;

(3) ϕ P V "�>3�aWOE,"XUÆ*ÆU�
(4) ϕ P V "t>3�aWOE,"XUÆ*ÆU�{r (1) ⇒ (2) /��
(2) ⇒ (3) � ξ1, ξ2, · · · , ξn $ V ">d�aWOE�Q

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)A,I A = (aij)n×n, Q
(ϕ(ξi), ξj) = (a1iξ1 + a2iξ2 + · · ·+ aniξn, ξj) = aji,

(ξi, ϕ(ξj)) = (ξi, a1jξ1 + a2jξ2 + · · ·+ anjξn, ξj) = aij ,�A aij = aji, 1 ≤ i, j ≤ n, G A = AT .

(3) ⇒ (4) /��
(4) ⇒ (2) � ξ1, ξ2, · · · , ξn $ V ">d�'"�aWOE�

ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)A,y_ AT = A. Q
(ϕ(ξi), ξj) = (a1iξ1 + a2iξ2 + · · ·+ aniξn, ξj) = aji,

(ξi, ϕ(ξj)) = (ξi, a1jξ1 + a2jξ2 + · · ·+ anjξn, ξj) = aij ,�A (ϕ(ξi), ξj) = (ξi, ϕ(ξj)), 1 ≤ i, j ≤ n.

(2) ⇒ (1) *K V "�aWOE ξ1, ξ2, · · · , ξn, �� α, β ∈ V , α = a1ξ1 + a2ξ2 + · · · + anξn,

β = b1ξ1 + b2ξ2 + · · ·+ bnξn, �A
(ϕ(α), β) = (a1ϕ(ξ1) + a2ϕ(ξ2) + · · ·+ anϕ(ξn), b1ξ1 + b2ξ2 + · · ·+ bnξn)

=
∑n

k=1

∑n

l=1 akbl(ϕ(ξk), ξl)
=

∑n

k=1

∑n

l=1 akbl(ξk, ϕ(ξl))
= (a1ξ1 + a2ξ2 + · · ·+ anξn, b1ϕ(ξ1) + b2ϕ(ξ2) + · · ·+ bnϕ(ξn))
= (α, ϕ(β))

.

2�Xr"<�_'p[ �P�'w�^L">3�aWOE"|�,�*Æ�C=�*ÆXUÆ>>*F"�,q�l*Æ�CD*ÆXUPWO1�,"�a4�jo 8.3.4 � A Æ�*ÆU�Q A "�V\�$��}�K�!�V\"�V3fP Rn _1�WO� {r �
AX = λX,y_ λ ∈ C, X = (x1, x2, · · · , xn)T 6= 0 ∈ Cn. Q� AX = λ0X ! AX = λ0X, �A

XTAX = λ0X
TX.
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i>/q�� XTA = λXT ! 
XTAX = λXTX.D$ X 6= 0, �A XTX 6= 0. T; λ = λ, G λ ∈ R.� λ, µ Æ A "e3�!�V\�X,Y 1	Æ�K λ, µ "�V3f�G AX = λX , AY = µY . T;

λXTY = XTAY = µXTY., λ 6= µ, KÆ XTY = 0, G (X,Y ) = 0. 2jo 8.3.4’ � ϕ Æ n %w�^L V "*Æ�C�Q ϕ "�V\�$���}�K�!�V\"�V3f1�WO�jo 8.3.5 � A Æ R � n S*ÆXU�Q�PWOU T , �! T−1AT = T TAT $*PU�*P0N�$ A "�V\�{r * A "S� n g�9:u-�� n = 1 
�Ul/��d�J�Ul* n− 1 S"*ÆXU�d�\k n S*ÆU�H'b 8.3.4, Y A �I��V\ λ1 =1F"�V3f X1, N X1 �&ABI�
X1, 
N X1 _$ Rn "�aWOE X1, X2, · · · , Xn. Q

A(X1, X2, · · · , Xn) = (X1, X2, · · · , Xn)

(

λ1 αT

O A1

)

.j T1 = (X1, X2, · · · , Xn), Q T1 $WOU�}
T−1
1 AT1 =

(

λ1 αT

O A1

)

,JD$ AT = A, �A (

λ1 αT

O A1

)

=

(

λ1 O

α A1

)

. 8 α = 0, A1 = AT
1 . 5Y:uJ���PWOU T2, �!

T−1
2 A1T2 =







λ2
. . .

λn






.j T = T1

(

1 O

O T2

)

, Q T $WOU�}I
T−1AT =











λ1
λ2

. . .

λn











.

2jo 8.3.5’ � ϕ Æ n %w�^L V �"*Æ�C�Q�P V ">3�aWOE��! ϕ PT3E,"XUÆ*PU�}TdE{$ ϕ " n 306(9"�V3f�yo 8.3.1 � λ1, λ2, · · · , λn Æ n 3I8��� λσ(1), λσ(2), · · · , λσ(n) Æ λ1, λ2, · · · , λn ">3xg�Q diag{λ1, λ2, · · · , λn} WO1�K diag{λσ(1), λσ(2), · · · , λσ(n)}.
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{r e3XU℄AW<*C*P0""N�! ��C% i 3*P0N�=% j 3*P0N�1�K.?e��CXU E(i, j). , E(i, j) ÆWOU} E(i, j)−1 = E(i, j)T = E(i, j). 25YEb��'b 8.3.5 Y,q""l�uq 8.3.1 � A,B Æ�*ÆXU�Q,g7�Æ#K"�
(1) A WO1�K B;

(2) A = B I1!"�V\�
(3) A = B I1!"�V+2�,q'p <Z�"b`�r*�*ÆXU A, �>~WOXU T , �! T TAT Æ*PU�p 1 ~WOXU T , � T TAT $*PU�y_

A =





2 2 −2
2 5 −4
−2 −4 5



 .n
det(λE−A) =

∣

∣

∣

∣

∣

∣

λ− 2 −2 2
−2 λ− 5 4
2 4 λ− 5

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

λ− 2 −2 2
−2 λ− 5 4
0 λ− 1 λ− 1

∣

∣

∣

∣

∣

∣

= (λ−1)

∣

∣

∣

∣

∣

∣

λ− 2 −2 2
−2 λ− 5 4
0 1 1

∣

∣

∣

∣

∣

∣

= (λ− 1)

∣

∣

∣

∣

∣

∣

λ− 2 −4 2
−2 λ− 9 4
0 o 1

∣

∣

∣

∣

∣

∣

= (λ− 1)(λ2 − 11λ+ 10) = (λ− 1)2(λ− 10)D� A "�V\Æ λ1 = 1, λ2 = 1, λ3 = 10.* λ = 10, ~Vz�06/�d (10E −A)X = 0, ! E�V+
ξ1 = (−1

3
,−2

3
,
2

3
)T .* λ = 1, ~Vz�06/�d (E −A)X = 0, ! E�V+ (0, 1, 1)T L (2,−1, 0)T , G Schmidt/-NyWOA�O�&A�!

ξ2 = (0,
1√
2
,
1√
2
)T ,

ξ3 = (
4√
18
,− 1√

18
,

1√
18

)T .D�
T =







− 1
3 0 4√

18

− 2
3

1√
2

− 1√
18

2
3

1√
2

1√
18






,Q

T TAT =





10 0 0
0 1 0
0 0 1



 .�b℄A[�A�*ÆU A $*PA"/-�
(1) H� A "�V+2 det(λE −A), ~��I5��P R _�
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(2) *n3�V\ λi, V06/�d (λE −A)X = 0, ! �Vb^L">dE�	5 Schmidt WOA��&A�! �Vb^L">d�aWOE�
(3) N�!�Vb^L"�aWOE�� Rn "�aWOE γ1, γ2, · · · , γn, j T = (γ1, γ2, · · · , γn),Q T−1AT $*PXU�*PN�1	Æ*FK γ1, γ2, · · · , γn "���V\ λ1, λ2, · · · , λn.p 2 � A Æ 3 S�*ÆXU�A "�V\$ 2, 1, 1. �Y�K�V\ 2 "�V3f X1 = (1, 1, 0)T ,J3f X2 = (1,−1, 0)T Æ�K�V\ 1 "�V3f�~XU A.n H'b 8.3.4 Y A I>�V3fL X1, X2 (WO��Z$ X3 = (x1, x2, x3)

T , !
{

x1 + x2 = 0
x1 − x2 = 0V! X3 = (0, 0, 1)T . N X1, X2, X3 �&A�!

Y1 = (
1√
2
,
1√
2
, 0)T , Y2 = (

1√
2
,− 1√

2
, 0)T , Y3 = (0, 0, 1)T .I

T = (Y1, Y2, Y3) =





1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1



 ,Q
A = T





2
1

1



T T =





1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1









2
1

1









1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1



 .p 3 ��S�*ÆU A "45N�Z=$ 3, 3f α1 = (−1, 2,−1)T , α2 = (0,−1, 1)T Æ06/�d AX = 0 "e3V�
(1) ~ A "�V\=�V3f�
(2) ~WOXU T =*PU B, �! T−1AT = T TAT = B;

(3) ~ A = (A− 3
2E)6.n (1) D$ A "45N�Z=$ 3, �A

A





1
1
1



 = 3





1
1
1



 .�A A "�K�V\ 3 "�V3f$ k3α3 = k3(1, 1, 1)
T , y_ k3 $0h��JD$3f α1 = (−1, 2,−1)T , α2 = (0,−1, 1)T Æ06/�d AX = 0 "e3V��A A "�K�V\ 0 "�V3f$ k1α1 + k2α2, y_ k1, k2 $��$h"��

(2) * α1, α2 fWOA�! 
β1 = α1 = (−1, 2,−1)T , β2 =

1

2
(−1, 0, 1)T .�&A! 

γ1 =
1√
6
(−1, 2,−1)T , γ2 =

1√
2
(−1, 0, 1)T , γ3 =

1√
3
(1, 1, 1)T .
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j T = (γ1, γ2, γ3), Q
T−1AT = T TAT = B =





0 0 0
0 0 0
0 0 3



 .

(3) D$
A(α1, α2, α3) = (0, 0, 3α3).�A

A = (0, 0, 3α3)(α1, α2, α3)
−1 =





1 1 1
1 1 1
1 1 1



 .I P = (α1, α2, α3), Q
A = P





0 0 0
0 0 0
0 0 3



P−1.�A
(A− 3

2
E)6 = P





− 3
2 0 0
0 − 3

2 0
0 0 3

2





6

P−1 = (
3

2
)6E.vt

1. ~WOXU T , � T TAT $*PU�y_ A $
(1) A =





1 −2 0
−2 2 −2
0 −2 3



,

(2) A =





1 −2 2
−2 −2 4
2 4 −2



.

2. � ϕ Æ n %w�^L V �"*Æ�C� U Æ ϕ− ��b^L�Q U⊥ =Æ ϕ− ��b^L�
3. Xr n %w�^L"e3*Æ�C ϕ, ψ I67"H�p"�V3fd�"�aWOE"�<�MÆ ϕψ = ψϕ.

4. �Y λ1 = 6, λ2 = λ3 = 3 Æ�*ÆU"�3�V\�}*FK λ2 = λ3 "�V3f$
α2 = (−1, 0, 1)T , α3 = (1,−2, 1)T , ~ A "*FK λ1 "�V3fF A.

5. �Y α1 = (1,−2, 1)T , α2 = (−1, a, 1)T ?�Æ�S�℄v�*ÆU A "�K�V\ λ1 =

1, λ2 = −1 "�V3f�~
(1) A;

(2) A2010β, y_ β = (1, 1, 1)T .

6. � ϕ Æ n %w�^L V �"*Æ�C� ϕ2 = ϕ, Q�P V ">3�aWOE��! ϕ P�E,"XU$ diag{Er, 0}.

7. � ϕ Æ n %w�^L V �"*Æ�C� ϕ2 = idV , Q�P V ">3�aWOE��! ϕ P�E,"XU$ diag{Er,−En−r}.
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