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§8.1 PQOM�IK�LN)E 8.1.1 
 V hej� R a�y|�0�	b (−,−) : V × V → R 	r <., ^"��℄��

α, β, γ ∈ V , c ∈ R, ��
(1) (α, β) = (β, α);

(2) (α+ β, γ) = (α, γ) + (β, γ);

(3) (cα, β) = c(α, β);

(4) (α, α) ≥ 0 X�%
E���o3h α = 0.pd	 V r!�U+ (−,−) � =/7' (Euclid) 51, 1	 =?51.8 1 �ej�a� n sJ{H�0 R
n ���� X = (x1, x2, · · · , xn)

T , Y = (y1, y2, · · · , yn)T ∈
R

n, ��
(X,Y ) = XTY = x1y1 + x2y2 + · · ·+ xnyn�2� (−,−) h��U+� R

n ���a���U+�
Vi�0�8 2 �ej�a� n sJ{H�0 R
n ���� X = (x1, x2, · · · , xn)

T , Y = (y1, y2, · · · , yn)T ∈
R

n, ��
(X,Y ) = x1y1 + 2x2y2 + · · ·+ nxnyn�2� R

n ���a���U+��
Vi�0���p��y|�0����p�U+�
�p�Vi�0�:(^um�kQ�Vi�0 R
n !���D 1 ��U+�
�Vi�0�8 3 
 C[a, b] h R ��Z0 [a, b] aF}$j[n�
�y|�0��� f(x), g(x) ∈ C[a, b], ��

(f(x), g(x)) =

∫ b

a

f(x)g(x)dx.�T�����I��U+��
U+v� C[a, b] 
rVi�0�;A 8.1.1 
 V ��U+ (−,−) �Vi�0����℄�� α ∈ V , αi ∈ V , ai ∈ R, 1 ≤ i ≤ m,

βj ∈ V , bj ∈ R, 1 ≤ j ≤ n, !�
(1) (0, α) = 0;

(2) (
∑m

i=1 aiαi,
∑n

j=1 bjβj) =
∑m

i=1

∑n

j=1 aibj(αi, βj).G: C
U+����8��� 2)E 8.1.2 
 V hVi�0� α ∈ V . �� α � %* (-+�) r √

(α, α), .r |α|.�Vi�0����K{H���r 0. W�{H���r�j��� α ∈ V , c ∈ R, !�
|cα| = |c||α|.
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��r 1 �{H	r &BD9. ��℄��K{H α, α
|α| h�t{H�Æ α ���t{H α

|α| �#��	r4 α&B,.8 4 �Vi�0 R
n ��{H X = (x1, x2, · · · , xn)

T ���h
√

(X,X) =
√

x2
1 + x2

2 + · · ·+ x2
n.)6 9.1.1 (Cauchy-Schwarz $(>) 
 V hVi�0���℄�� α, β ∈ V , !�

(α, β)2 ≤ (α, α)(β, β).�X;� α, β y|z!d��%
E�G: _ α = 0, �#
Gg>�K��%
E�_ α 6= 0, ?L{H β − (α,β)
(α,α)α. �r

0 ≤ (β − (α, β)

(α, α)
α, β − (α, β)

(α, α)
α) = (β, β)− 2(β,

(α, β)

(α, α)
α) +

(α, β)2

(α, α)2
(α, α) = (β, β) − (α, β)2

(α, α)
.l�

(α, β)2 ≤ (α, α)(β, β).x\��X;� α = 0 ) β − (α,β)
(α,α)α = 0 d�g
E�,�X;� α, β y|z!d��%
E� 28 5 ��℄��ej xi, yi, 1 ≤ i ≤ n, !�

(x1y1 + x2y2 + · · ·+ xnyn)
2 ≤ (x2

1 + x2
2 + · · ·+ x2

n)(y
2
1 + y22 + · · ·+ y2n).8 6 �� f(x), g(x) ∈ C[a, b], !�

(

∫ b

a

f(x)g(x)dx)2 ≤
∫ b

a

f(x)2dx

∫ b

a

g(x)2dx.�r |(α, β)| ≤ |α||β|, l� −1 ≤ (α,β)
|α||β| .  vP��G�{H�/6���g'B��)E 8.1.3 �Vi�0 V �����K{H α, β � 03θ ��vg�=�

cosθ =
(α, β)

|α||β| .���Vi�0�℄�G��K{H��/6 θ, 0 ≤ θ ≤ π.)E 8.1.4 �Vi�0 V ��G�{H α, β 	r F2, ^"
(α, β) = 0.��K{H& -�5�� R

n �� εi, 1 ≤ i ≤ n, GG�5�;A 8.1.2 �Vi�0 V ��^" α �N� αi �5� 1 ≤ i ≤ n, � α � α1, α2, · · · , αm �℄�y|"'��5�
2



G: x\� 28 6 � R
4 ��Y��t{H� α1 = (1, 1,−1, 1)T , α2 = (1,−1,−1, 1)T , α3 = (2, 1, 1, 3)T >�5�4 
 β = (x1, x2, x3, x4)

T � α1, α2, α3 �5���






x1 + x2 − x3 + x4 = 0
x1 − x2 − x3 + x4 = 0
2x1 + x2 + x3 + 3x4 = 09���� x1 = 4

3x4, x2 = 0, x3 = − 1
3x4. Æ x2

1 + x2
2 + x2

3 + x2
4 = 1, 9���� x4 = ± 3√

26
. �

x4 = 3√
26
d� x1 = 4√

26
, x2 = 0, x3 = − 1√

26
; � x4 = − 3√

26
d� x1 = − 4√

26
, x2 = 0, x3 = 1√

26
.l�

β = ±(
4√
26

, 0,− 1√
26

,
3√
26

)T .CA
1. Y����Vi�0 V ��℄�{H α, β, �
(1) |α+ β|2 + |α− β|2 = 2|α|2 + 2|β|2;
(2) (α, β) = 1

4 |α+ β|2 − 1
4 |α− β|2.

2. (`6��g) 
 V hVi�0���℄�� α, β ∈ V , !�
|α+ β| ≤ |α|+ |β|.

3. � R
4 ��Y α, β �/6�

(1) α = (2, 1, 3, 2), β = (1, 2,−2, 1);

(2) α = (1, 1, 1, 1), β = (0, 1, 0, 0).

4. �Vi�0 V ����G�{H α, β �<Ar d(α, β) = |α− β|. Y�
(1) � α 6= β d� d(α, β) > 0;

(2) d(α, β) = d(β, α);

(3) d(α, β) ≤ d(α, γ) + d(γ, β).

5. � R
4 ��Y�{H β = (1,−1,−1, 1), γ = (2, 1, 1, 3) �5�l�{H�

6. 
 ξ1, ξ2, · · · , ξn h n sVi�0 V ���*��Q�
(1) ^" α ∈ V f� (α, αi) = 0, 1 ≤ i ≤ n, SM α = 0;

(2) ^" α1, α2 ∈ V f� (α1, αi) = (α2, αi), 1 ≤ i ≤ n, SM α1 = α2.
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