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�. W�K

1. XJ4��þ|{α1, α2, α3, α4}Ú{β1, β2, β3}÷v


α1 = 3β1 + β2 − β3
α2 = 2β1 − β2 + β3

α3 = 3β1 + 2β2 + β3

α4 = β1 − β2 − β3

,K1�ª|α1, 2α2, α2+α3, α4| = .

(2009 c�®ó��Æ)

2. XJo��þ|{α1, α2, α3, α4}Ú{β1, β2, β3}÷v


α1 = 3β1 + β2 − β3
α2 = 2β1 − 5β2 + β3

α3 = β1 + 2β2 + β3

α4 = β1 − β2 − 7β3

,KÝ
(α1−3α4, 2α2, alpha3, α4)

��R(α1 − 3α4, 2α2, alpha3, α4) 4.(W'�'X) (2010c�®ó��Æ)

3. �V´¢ê�Rþ�n��5�m.PLv�V��N�5C��¤�8Ü.e½Â(A +B)(v) = A (v)+

B(v), (rA )(v) = rA (v) ,Ù¥A ,B ∈ Lv, r ∈ R, v ∈ V ,KC�þùü«$��Lv/¤�� �

�5�m. (2010c�®ó��Æ)

4. ¤k/X


u v w

x u v

y x u

�¢Ý
/¤�8ÜT3 = {


u v w

x u v

y x u

 |x, y, u, v, wÑ´¢ê} 'uÝ
�¦{/
¤���5�m. d�m��ê´ . (2012c�®ó��Æ)

5. �R�¢ê�, 8ÜT = {


u v u

v x+ y x

u x u

 |u, v, x, y ∈ R} 'uÝ
�\{Úê¦�¤R−�5�m.

KT��|Ä� , �ê´ . (2013c�®ó��Æ)

6. �A = {


1 −1 0

0 1 −1

0 0 1

, T = B|AB = BA, Ù¥B�n�¢�
, T'uÝ
\{Úê¦�¤R− �5

�m. KT��|Ä� , �ê´ . (2014c�®ó��Æ)

7. �R�¢ê�,8ÜV = A ∈ Rn×n : A
′

= A'uÝ
\{Úê¦�¤��¢�5�m. KdimV = .

(2016c�®ó��Æ)
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8. òEê�w¤§g���5�m, §��ê´ . (2017c�®ó��Æ)

9. ��þα = (1, 2,−1, 1), β = (2, 1, 0, 4), γ = (4, 5,−2, t)�5�', Kt = . (2017c�®ó��

Æ)

10. �α1 = (1, 1, 1, 2)T , α2 = (4, 6, 2a+ 7, 10)T , α3 = (3, a+ 4, 2a+ 5, a+ 7)T , β = (2, 3, 2a+ 3, 5)T , eβØ

U^α1, α2, α3�5L«, Ka = . (2009c�®�Ï�Æ)

11. ��5�mQ(
√

2) = {a + b
√

2|a, b�?¿knê}, KÙÄÚ�ê©O´ . (2010c�®�Ï

�Æ)

12. ��þ|α1 = (1, 2, 1, 3), α2 = (1, 1,−1, 1), α3 = (1, 3, 3, 5), α4 = (4, 5,−2, 6), α5 = (−3,−5,−1,−7),

KÙ�� . (2010c�®�Ï�Æ)

13. �R[x]3´gê�u3�¤k¢Xêõ�ª|¤��5�m, �Ùü�Ä:

I : α1 = 1, α2 = 1 + x, α3 = 1 + x+ x2; II : β1 = 1 + x2, β2 = x+ x2, β3 = 1 + x+ x2.

KÄI�ÄII�LÞÝ
� . (2010c�®�Ï�Æ)

14. �W = {(aij) ∈ P 4×4|a31 + a32 + a33 + a34 = 0, a41 + a42 + a43 + a44 = 0}, KW´P 4×4�f�m,

dim(W ) = . (2011 c�®�Ï�Æ)

15. e�þ|α1 = (1, 0, 1), α2 = (a,−1, 0), α3 = (−1, a,−1) ��´2, Ka = . (2012c�®�Ï

�Æ)

16. �ê�þPþgê�un�¤kõ�ª�¤��5�m�P [x]n, ef(x) ∈ P [x]n. Kf(x)3P [x]n ��

|Ä�1, x− a, (x− a)2, · · · , (x− a)n−1e��I� . (2013c�®�Ï�Æ)

17. �A =

(
1 0

3 1

)
,W = {B|BA = AB,B ∈ R2×2} K ´W��|Ä. (2015c�®�Ï�Æ)

18. ��þ|α1, α2, α3�5Ã', �t÷v �, α1 + tα2, α2 + tα3, α3 + tα1 ��5Ã'. (2017c�®

�Ï�Æ)

19. �V�ê�Fþ���n�é¡Ý
¤�¤��þ�m, KdimV = . (2017c�®�Ï�Æ)

20. �Ý
A =


1 0 0

0 ω 0

0 0 ω2

, ω = −1+
√
3i

2 , �V = {f(A)|f(x) ∈ R[x]}, dimV = , V��|Ä

� . (2011 c�®�Ï�Æ)

21. lR3�Äα1 = (1, 0, 1)
′
, α2 = (1, 1,−1)

′
, α3 = (0, 1, 0)

′
�Äβ1 = (1,−2, 1)

′
, β2 = (1, 2,−1)

′
, β3 =

(0, 1,−2)
′
�LÞÝ
P = . (2011c�®�E�Æ)
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22. ��þ|α1, α2, α3�5Ã', �t÷v �, α1 + tα2, α2 + tα3, α3 + tα1 ��5Ã'. (2012c

�H���Æ)

23. �P [x]4´ê�Pþ�¤kgêØ�u3�õ�ª±9"õ�ª¤|¤��5�m. ®�1, 1 + x, 1 +

x+ x2, 1 + x+ x2 + x3´�|Ä, KP [x]4¥��2 + x+ x3'uTÄ��I´ . (2014c�H

���Æ)

24. �n��5�mV��5C�A3V��|Äe�Ý
´A, �®�àg�5�§|AX = 0�)�m

��ê´s, KdimA V = . (2014c�H���Æ)

25. � αi = (ai1, ai2, ai3, ai4) , i = 1, 2, 3;βj = (a1j , a2j , a3j) , j = 1, 2, 3, 4. XJ�þ| α1, α2, α3 �5Ã

'§K�þ| β1, β2, β3, β4 ��� .

26. � α1, α2, α3 �5Ã', β1 = 3α1 +(k+1)α2 +5α3, β2 = kα1 +α2 +α3, β3 = kα2 +4α3, K β1, β2, β3

�5�'�¿�^�´ k = .

27. � α1, α2, · · · , αn ´ê� P þ��5�m V ��|�� r ��þ|, K¦� k1α1 + k2α2 + · · · +

knαn = 0 � n ��þ (k1, k2, · · · , kn) ��N�¤�8Ü´ Pn � �f�m.

28. F3×3 � F þ¤kn�Ý
|¤�8Ü, - V =
{
A|A ∈ F3×3} (Ù¥ tr(A) = 0 � A �þn�Ý


), K dimV = .

29. � A =


1 0 0

0 2 0

0 0 3

 , V =
{
B ∈ F3×3|AB = BA

}
, K V � F þ ��5�m, Ä� .

30. � A =


0 1 0

0 0 1

0 0 0

 , V =
{
B ∈ F3×3|AB = BA

}
, K V � F þ ��5�m, Ä� .

31. � β1 = α2+α3+· · ·+αr, β2 = α1+α3+· · ·+αr, · · · , βr−1 = α1+· · ·+αr−2+αr, βr = α1+α2+· · ·+αr−1

K α1, · · · , αr �� s � β1, · · · , βr �� t �'X´ .

32. � α1, α2, α3 ´3��þ�m R3 ��|Ä, KdÄ α1,
1
2α2,

1
3α3 �Ä α1 + α2, α2 + α3, α3 + α1 �

LÞÝ
´ .

33. o��5�m V þ�5C� A ���õ�ª´ x(x− 1), ���ê´ 2, K�3 V þ��|Ä, ¦

� A 3d|ÄeÝ
´é�
 A = .

34. � A =


0 1 0

0 0 1

0 0 0

 , V =
{
B ∈ F3×3|AB = BA

}
, K V � F þ ��5�m, Ä� .
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35. � A =


1 1 0

0 1 1

0 0 1

 , V = {f(A)|f(x) ∈ F(x)}, K V � F þ ��5�m, Ä�: .

�. ÀJK

1. XJn��m¥��þ|α1, 2α2, · · · , αm�5Ã',�þβ�αk(k = 1, 2, · · · ,m)Ñ��,K�þ|α1, 2α2, · · · , αm, β7

,( ). (2009 c�®ó��Æ)

(A)�5Ã'; (B)�5�';

(C)�U�5�', k�U�5Ã'; (D)cn�À�ÑØ�(.

2. eS1 = {α1, α2, · · · , αr}, S2 = {β1, β2, · · · , βt}´k���þ�mV�ü��5Ã'�þ|, �r < t,

K( ). (2011 c�®ó��Æ)

(A)�½�3βh ∈ S2, ¦�S1 ∪ {βh} E´�5Ã'�;

(B)�½Ø�3βh ∈ S2, ¦�S1 ∪ {βh}E´�5Ã'�;

(C)�U�3S3 = {βj1 , βj2 , · · · , βjt−r} ⊆ S2, ¦�S1 ∪ S3 ´�5Ã'�(Ù¥1 ≤ j1 < · · · < jt−r ≤ t);

(D)cn�À�ÑØ�(.

3. �g,êm > n > 1, RL«¢ê�. Pm × n.¢Ý
(aij)m×n�1�þ|�{α1, α2, · · · , αm}, ��

þ|�{β1, β2, · · · , βn}. e§��5|Ü¤��þ�m©OP�S1 = {λ1α1 +λ2α2 + · · ·+λmαm|λi ∈

R, i = 1, 2, · · · ,m}, S2 = {γ1β1 + γ2β2 + · · · + γnβn|γi ∈ R, i = 1, 2, · · · , n} K�êdimS1, dimS2�m

�'X´( ). (2012c�®ó��Æ)

(A)dimS1 > dimS2;

(B)dimS1 < dimS2;

(C)dimS1 = dimS2;

(D)vk(½���'�'X.

4. ��þ|I : α1, α2, · · · , αr �d�þ|IIβ1, β2, · · · , βs�5L«, K( ). (2013c�®ó��Æ)

(A)�r < s�, �þ|II7�5�';

(B)�r > s�, �þ|II7�5�';

(C)�r < s�, �þ|I7�5�';

(D)�r > s�, �þ|I7�5�'.

5. �þ|α1, α2, α3�5Ã', 
α2, α3, α4�5�', Ke¡Øä�(�´( ). (2014c�®ó��Æ)
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(A)α1U�α2, α3, α4�5LÑ;

(B)α1ØU�α2, α3, α4�5LÑ;

(C)α1U�α3, α4�5LÑ;

(D)α4ØU�α2, α3�5LÑ.

6. ��þ|I : α1, α2, · · · , αs �d�þ|IIβ1, β2, · · · , βt�5L«, K( ). (2016c�®ó��Æ)

(A)�s < t�, �þ|I7�5Ã';

(B)�s < t�, �þ|I7�5�';

(C)�I�5Ã'�, 7ks < t;

(D)�II�5Ã'�, 7ks < t.

7. �V�n��5�m, V1, V2´V�f�m, eV = V1 + V2, e�À��(�´( ). (2017c�®ó�

�Æ)

(A)n = dimV1 + dimV2;

(B)n ≤ dimV1 + dimV2;

(C)V1 ∩ V2 = ∅;

(D)V1 ∩ V2 6= ∅.

8. �n��þα1, α2, · · · , αm(m < n)�5Ã', Kn���þβ1, β2, · · · , βm�5Ã'�¿�^�´( ).

(2015c�®�Ï�Æ)

(A)�þ|α1, α2, · · · , αm�d�þ|β1, β2, · · · , βm�5L«;

(B)�þ|β1, β2, · · · , βm�d�þ|α1, α2, · · · , αm�5L«;

(C)�þ|α1, α2, · · · , αm��þ|β1, β2, · · · , βm�d;

(D)Ý
A = (α1, α2, · · · , αm)�Ý
B = (β1, β2, · · · , βm)����.

9. e�U�¤R2×2f�m�´( ). (2015 c�®�Ï�Æ)

(A)V1 = {A | |A| = 0, A ∈ R2×2};

(B)V2 = {A | tr(A) = 0, A ∈ R2×2};

(C)V3 = {A | A2 = A,A ∈ R2×2};

(D)V4 = {A | A′ = A½−A,A ∈ R2×2}.

10. �α1, α2, · · · , αn, β, γ´ê�Pþ�5�mV¥��þ, �(α1, α2, · · · , αn, β) =�(α1, α2, · · · , αn = r�

�(α1, α2, · · · , αn, γ) = r+ 1,Ké?¿k ∈ P ,�(α1, α2, · · · , αn, β, γ+ kβ =( ). (2015c�®�Ï�

Æ)
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(A)r;

(B)r + 1;

(C)r + 2;

(D)Ã{(½.

11. �Ý
A = (α1, α2, α3, α4)²1Ð�C�C�Ý
B = (β1, β2, β3, β4),�α1, α2, α3�5Ã', α1, α2, α3, α4�

5�', K( ). (2016c�®�Ï�Æ)

(A)β4ØUdβ1, β2, β3�5L«;

(B)β4�dβ1, β2, β3�5L«, �L«{Ø��;

(C)β4�dβ1, β2, β3�5L«, �L«{��;

(D)β4UÄdβ1, β2, β3�5L«ØU(½.

12. ��þ|α1, α2, α3�5Ã', Ke��þ|¥�5�'�´( ). (2010c�®�E�Æ)

(A)α1 + α2, α2 + α3, α3 + α1;

(B)α1, α1 + α2, α1 + α2 + α3;

(C)α1 + α2, α2 + α3, α3 − α1;

(D)α1 + α2, 2α1 + α3, 3α3 + α1.

13. ��þ|α1, α2, α3�5Ã', Ke��þ|¥�5�'�´( ). (2011c�®�E�Æ)

(A)α1 + α2, α2 + α3, α3 + α1;

(B)α1, α1 + α2, α1 + α2 + α3;

(C)α1 − α2, α2 − α3, α3 − α1;

(D)α1 + α2, 2α1 + α3, 3α3 + α1.

14. � A � n ��5�m V þ�5C�, K£ )

A. A �_�¿©7�^�´Im A = V ;

B. Im A + ker A = V ;

C. dim Im A + dim ker A = n ;

D. Im A ∩ ker A = {0} .

15. � A � n��5�m V þ�5C�, W1,W2, · · · ,Wn � V �1�f�m,�� A �ØCf�m,

XJ V = W1 +W2 + · · ·+Wn, K�½�3 V ¥��Ä, ¦� A 3dÄeÝ
�( )

A. é�Ý
; B. �é¡Ý
; C. �_Ý
; D. é¡Ý
.

16. � V � n��5�m, α1, α2, · · · , αn;β1, β2, · · · , βn ∈ V, � [α1, α2, · · · , αn] = [β1, β2, · · · , βn]A Ù

¥ A � n ��
, e�(Ø�(�k ( )
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A. � α1, α2, · · · , αn � V �Ä�, β1, β2, · · · , βn � V �Ä;

B. � β1, β2, · · · , βn � V �Ä� , α1, α2, · · · , αn � V �Ä;

C. � β1, β2, · · · , βn � V �Ä, � A �_�, α1, α2, · · · , αn � V �Ä;

D. �k� α1, α2, · · · , αn � V �Ä, � A �_�, β1, β2, · · · , βn � V �Ä.

n.O�K

1. �þ|

α1 = (1, 1,−1, 0, 2)
′
, α2 = (0, 1, 1, 1,−1)

′
, α3 = (−1, 0, 2, 1,−3)

′
, α4 = (1,−1,−3,−2, 4)

′

¦Ñ§���4��5Ã'|, ¿rÙ{�þ^d4��5Ã'|�5LÑ. (2009c�®ó��Æ)

2. �þ|

α1 = (1,−1, 0, 2)
′
, α2 = (1, 1, 1,−1)

′
, α3 = (1, 3, 2,−4)

′
, α4 = (5, 1, 3, 1)

′

¦Ñ§���4��5Ã'|, ¿rÙ{�þ^d4��5Ã'|�5LÑ. (2010c�®ó��Æ)

3. �þ|

α1 = (0, 1,−1, 1)
′
, α2 = (1,−1, 0,−1)

′
, α3 = (2,−1,−1,−1)

′
, α4 = (7,−4,−3,−4)

′

(1)¦d�þ|��;

(2)¦Ñ§���4��5Ã'|;

(3)3(2)�Ä:þ, rÙ{�þ^d4��5Ã'|�5LÑ. (2011c�®ó��Æ)

4. 3R4¥�α1 = (1, 2, 1, 0), α2 = (−1, 1, 1, 1), β1 = (2,−1, 0, 1), β2 = (1,−1, 3, 7). W = L(α1, α2)�α1, α2)

¤�f�m, V = L(β1, β2)�β1, β2)¤�f�m. (2017c�®ó��Æ)

(1)¦W + V��ê��|Ä;

(2)¦W ∩ V��ê��|Ä.

5. ¦±e�þ|��:

α1 = (1,−1, 2, 1, 0)
′
, α2 = (2,−2, 4,−2, 0)

′
, α3 = (3, 0, 6,−1, 1)

′
, α4 = (0, 3, 0, 0, 1)

′

2¦Ñ§���4��5Ã'|, ¿rÙ{�þ^d4��5Ã'|�5LÑ. (2011c�®�Ï�

Æ)

6. ®�

α1 =


1

0

3

 , α2 =


1

−1

a

 , α3 =


2

a+ 1

1

 , β =


1

1

b+ 2

.
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(1)a, b�Û��, βØU�α1, α2, α3 �5LÑ?

(2)a, b�Û��, β�dα1, α2, α3�5LÑ�L«{Ø��; d��ÑÙ��L�ª. (2012c�®�

Ï�Æ)

7. ®�α1 = (1, 0, 2, 3)
′
, α2 = (1, 1, 3, 5)

′
, α1 = (1,−1, a+ 2, 1)

′
, α4 = (1, 2, 4, a+ 8)

′
9β = (1, 1, b+ 3, 5)

′
.

(1)a, b�Û��, βØUL«¤α1, α2, α3, α4��5|Ü?

(2)a, b�Û��, β�dα1, α2, α3, α4���5L«¿�ÑTL«ª? . (2010c�®�E�Æ)

8. �V = R4, V1 = L(α1, α2, α3), V2 = L(β1, β2). Ù¥α1 = (1, 2,−1,−3), α2 = (−1,−1, 2, 1), α3 =

(−1,−3, 0, 5), β1 = (−1, 0, 4,−2), β2 = (0, 5, 9,−14). ¦

(1)V1��ê��|Ä;

(2)V2��ê��|Ä;

(3)V1 + V2��ê��|Ä;

(4)V1 ∩ V2��ê��|Ä. (2012c�®�E�Æ)

9. ®�α1, α2, α3Úβ1, β2, β3Ñ´�þ�mV��|Ä, ��(β1, β2, β3) = (α1, α2, α3)A.

(1)®�A =


0 1 1

1 0 0

0 1

, ¦��n?ü�i1, i2, i3, ¦�βi1, α2, α3;α1, βi2, α3;α1, α2, βi3 �´V��|

Ä.

(2)y²: 3?ÛÝ
e, Ñ�±é���n?ü�i1, i2, i3, ¦�βi1, α2, α3;α1, βi2, α3;α1, α2, βi3 �

´V��|Ä. (2016 c�®�E�Æ)

10. ®�α1 = (−3, 1,−2), α2 = (1,−1, 1), α3 = (2, 3,−1), β1 = (1, 1, 1), β2 = (1, 2, 3), β3 = (2, 0, 1), y²:

α1, α2, α39β1, β2, β3þ´n�1�m�Ä,¿¦Ñα1, α2, α3�β1, β2, β3�LÞÝ
. (2015c�®��

�Æ)

11. �½R4�ü�f�m,

V1 = {(x1, x2, x3, x4)
′ |2x1 − x2 + 4x3 − 3x4 = 0, x1 + x3 − x4 = 0}

V2 = {(x1, x2, x3, x4)
′ |3x1 + x2 + x3 = 0, 7x1 + 7x3 − 3x4 = 0}

©O¦V1 + V2, V1 ∩ V2���ÄÚ�ê. (2012c�ënó�Æ)

12. ��þα1 = (−1,−2,−1, 0), α2 = (1,−1,−1,−1), β1 = (−2, 1, 0,−1), β2 = (−1, 1,−3,−7), Pα1, α2)

¤�f�m�L(α1, α2), β1, β2)¤�f�m�L(β1, β2), ¦ùü�f�m��L(α1, α2)∩L(β1, β2)�

�êÚ�|Ä.(��Ñ7��O�Ú½) (2013c�H�Æ)

13. �α1, α2, · · · , αn´n��5�mV ��|Ä, β1 = α1, β2 = α1 +α2, · · · , βn = α1 +α2 + · · ·+αn ´V�

�|Ä, qeα ∈ V3c�|Äe��I�(n, n− 1, · · · , 2, 1)T , ¦α3��|Äe��I. (2014 c�

H�Æ)
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14. ��þα1 = (1, 2, 1, 0), α2 = (−1, 1, 1, 1), β1 = (2,−1, 0, 1), β2 = (1,−1, 3, 7), ¦α1, α2)¤�f�

mV��þ|β1, β2)¤�f�m�W��V ∩W�ÄÚ�ê.(��Ñ7��O�Ú½) (2015c�H

�Æ)

15. �

α1 =

(
1 0

0 0

)
, α2 =

(
1 1

0 0

)
, α3 =

(
1 1

1 0

)
, α4 =

(
1 1

1 1

)

´ê�Pþ��5�mV = P 2×2��|Ä.

(1)¦dÄ

ε1 =

(
1 0

0 0

)
, ε2 =

(
0 1

0 0

)
, ε3 =

(
0 0

1 0

)
, ε4 =

(
0 0

0 1

)

�Äα1, α2, α3, α4�LÞÝ
;

(2)¦β =

(
1 2

3 4

)
3Äα1, α2, α3, α4e��I. (2009c�H���Æ)

16. ®�ê�Pþ�Ý


A =


1 −1

1 −1

1 −1

 .

-S(A) = {B ∈ P 2×3|AB = 0}. y²: S(A)´Ý
�mP 2×3���f�m, ¿¦S(A)��êÚ�|

Ä. (2011c�H���Æ)

17. �R4¥��þ|

α1 = (1, 0, 0,−1), α2 = (0, 1, 1, 2), α3 = (1, 2, 2, 3),

§�)¤�f�m�V1, �þ|

β1 = (1,−1,−1,−3), β2 = (−1, 1, 1, 1), β3 = (3.− 3,−3,−7),

§�)¤�f�m�V2. ¦f�mV1 + V2ÚV1 ∩ V2 �ÄÚ�ê. (2010cuÀ���Æ)

18. b��m Q (knê�)Sk

A (x) = y, A (y) = z, A (z) = x+ y,

¦÷v^��C� A )¤�m��ê.(2017cu¥�E�Æ)
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19. ( 20 ©) � R L«¢ê�, V = M3(R) L«¤k 3 × 3 ¢Ý
�¤��þ�m. é�½�

A ∈M3(R), ½Â V þ��5C� A : V → V �

A (B) = AB −BA, é?¿�B ∈M3(R)

�

A =


0 0 0

0 1 0

0 0 2


¦ A �A��Ú�A�A�f�m; ¿¦d� A �4�õ�ª.(2010cu¥���Æ)

20. ®�3 ���þ (2, 0, 1)T ´3 ?¢é¡Ý
A =


2 2 −2

2 5 b

−2 b a

 �A��þ.

(1) ¦ a, b ��;

(2) ¦��Ý
 P ¦� P−1AP �é�Ý
, ¿�Ñù�é�Ý
. (2010c=²�Æ)

21. � ξ = (1, 1, 2)T ´¢é¡Ý


A =


a b 2

b 0 2

2 2 3


���A��þ.

(1) ¦ a, b ��.

(2) ¦��Ý
 T ¦� T−1AT �é�Ý
. (2016c=²�Æ)

22. � A =


1 1 a

1 a 1

a 1 1

 , b = (1, 1,−2)T , �5�§| Ax = b k)�´Ø��.

(1) ¦ a ��;

(2) ¦��Ý
 T ¦� T−1AT �é�Ý
. (2017c=²�Æ)

23. (20 ©) �n��5�mV þ��5C�A 3Äε1, ε2, ε3 e�Ý
�A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

(1) ¦ A 3Ä ε3, ε2, ε1 e�Ý
;

(2) ¦ A 3Ä ε1, kε2, ε3 e�Ý
, Ù¥ k ∈ P � k 6= 0 ;

(3) ¦ A 3Ä ε1 + ε2, ε2, ε3 e�Ý
. (2011cH®���Æ)

24. � V �ê� P þ�3��5�m, ®� V þ��5C� T 3Ä ε1, ε2, ε3 e�Ý
�
1 0 −2

0 1 −2

0 0 −1


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Á¦ V ��|Ä¦� T 3TÄe�Ý
�
1 2 −2

0 5 −4

0 6 −5

 .

(2008cHm�Æ)

25. (20 ©) �V �4 �¢�5�m, ε1, ε2, ε3, ε4 ��|Ä, ®�V þ�5C�T 3Äε1, ε2, ε3, ε4 e�

Ý
� 
0 0 −1 −1

0 1 2 2

0 −1 −1 0

0 0 0 1


(1) Á¦Ñ T �A�F�A��þ.

(2) Á©O¦Ñ T �Øker T ��Im T ��ê��|Ä. (2011 cHm�Æ)

26. � P �ê�, ½Â n(n ≥ 3) ?�
 A �

A =



1 0 0 · · · 0 n

0 1 0 · · · 0 0

0 0 1 · · · 0 0
...
...
...

...
...

0 0 0 · · · 1 0

0 0 0 · · · 0 1


(1) � Pn×n ¥�N� A ����Ý
¤|¤�8Ü� C(A), y² C(A) ´ Pn×n ���f�m.

(2) Á¦Ñ C(A) ��ê��|Ä. (2012cHm�Æ)

27. 3 P 4 ¥, ®� V1 = L (α1, α2, α3) , V2 = L (β1, β2) . Ù¥

α1 = (1, 1,−1, 2)′, α2 = (2,−1, 3, 0)′, α3 = (0,−3, 5,−4)′, β1 = (1, 2, 2, 1)′, β2 = (4,−3, 3, 1)′.

¦ V1 + V2 Ú V1 ∩ V2 ��ê��|Ä. (2014cHm�Æ)

28. ®� V ´��3��5�m, �5C� A 3�|Ä ε1, ε2, ε3 e�Ý
� A =


1 0 −2

0 1 −2

0 0 −1

 , 3,�

|Ä η1, η2, η3 e�Ý
� B =


1 2 −2

0 5 −4

0 6 −5

 , ¦Ä ε1, ε2, ε3 �Ä η1, η2, η3 �LÞÝ
 P . (2016c

Hm�Æ)

29. � F4 þü��5�m

W1 = {[x1, x2, x3, x4] |x1 + x2 + 2x3 + 2x4 = 0, x1 + 2x2 + 3x3 + 3x4 = 0, xi ∈ F}
W2 = {[x1, x2, x3, x4] |3x1 + 4x2 + 5x3 + x4 = 0, xi ∈ F}

¦ W1 ∩W2 Ú W1 +W2 �Ä��ê. (2010cþ°�Æ)
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30. � F2×2 �ü|Ä©O�

α1 =

[
1 0

0 0

]
, α2 =

[
0 1

0 0

]
, α3 =

[
0 0

1 0

]
, α4 =

[
0 0

0 1

]

β1 =

[
1 1

1 1

]
, β2 =

[
1 2

2 4

]
, β3 =

[
2 3

4 6

]
, β4 =

[
3 4

4 7

] .

(1) ¦Ä β1, β2, β3, β4 �Ä α1, α2, α3, α4 �LÞÝ
;

(2) � γ =

[
a b

c d

]
, ©O¦ γ 3ùü�Äe�I�þ. (2010 cþ°�Æ)

31. � ε1, ε2, ε3, ε4 ´4��5�m V ��|Ä, ��5C� A 3ù|Äe�Ý
�
1 0 2 1

−1 2 1 3

2 2 7 6

2 −2 1 −2


¦ A �Ø�Ä����Ä. (2011cþ°�Æ)

32. �

A =


1 2 1 2 1

2 5 2 5 2

3 7 3 8 8

 , B =


1 3 3 3 1

3 7 3 7 3

4 9 4 9 4


AX = 0 �)�m V1, BX = 0 �)�m V2, ¦ V1 ∩ V2, V1 + V2 ��|Ä. (2012cþ°�Æ)

33. � α1 =


1

1

1

1

 , α2 =


2

2

1

2

 , α3 =


3

3

2

3

 , α4 =


2

0

1

1

 , α5 =


3

1

1

2

 , ¦d�þ|�4�Ã'|, ¿ò

Ù§�þ^d�þ|�4�Ã'|L«Ñ5. (2013cþ°�Æ)

34. A � n ��
,Ù�� l, eÝ
�§ AX = β(β �n× 1 ��þ) k). ¦Ù¤k)Ü¤��5�

m��ê. (2011cþ°�Ï�Æ)

35. � Cn×n ´Eê�þ n ��
�¤��5�m, �½g,ê 1, 2, · · · , n ���ü� i1, i2, · · · , in,

3 Cn×n S½Â�5C� A Xe:

A (α1, α2, · · · , αn) = (αi1 , αi2 , · · · , αin)

Ù¥ αk ´ n ���þ. 1 ≤ k ≤ n .

1. �Ñ A � n ��5Ã'�A��þ.

2. e�ü�2 3 4 n 1, y²: A éA�Ý
�é�z.

36. � V �¤k n �¢é¡�
|¤�¢�5�m, O� V ��ê. (2010cÄÑ���Æ)
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37. � V �7�¢�5�m, W ⊂ V �4��5f�m, PEnd( V ) � V �g��¤k�5N�|¤

��5�m, -

M = {f ∈ End(V )|F (W ) ⊂W}

`² M ´End( V )��5f�m, ¿�Ñ M ��ê. (2012 cÄÑ���Æ)

38. (15 ©) PM �2 �¢�
|¤��5�m, B =

(
b1 b2

b3 b4

)
∈ M. ½ÂN�f : M → M �f(A) =

AB −BA(∀A ∈M), �y f ´�5N�, ¿�Ñ f �Ä{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}

e�Ý
. (2014cÄÑ���Æ)

39. �M2(F ) ´ê�Fþ�2��
|¤��5�m§�V´dXe�4�Ý
)¤M2(F ) �f�mµ

A1 =

(
−1 4

2 0

)
, A2 =

(
5 1

0 3

)
, A3 =

(
3 −2

−1 4

)
, A4 =

(
−2 9

4 −5

)
.

£1¤¦dim V¿�ÑV��|Ä.

£2¤�N�f : V → F �µf(A) = tr(A) §Ù¥tr(A) L«Ý
A�,.¦dimkerf ¿�Ñkerf ��|

Ä.(2011coA�Æ)

40. �A´¢ê�þ�m× n .Ý
§A���r.¦�5�mV = {X ∈ Rn|A′AX = 0} ��ê§ùp§A′

L«A�=�.(2013coA�Æ)

41. -α1, α2, · · · , αn �ê�Pþ�n��5�mV��|Ä§V1 L«dα1 + α2 + · · ·+ αn )¤�f�m§

±9

V2 =

{ n∑
i=1

xiαi|
n∑
i=1

xi = 0, xi ∈ P
}
.

y²µ

£1¤V2 �V�f�m.

£2¤V = V1
⊕
V2 .(2015c���Æ)

42. �V´¢ê�þ¤k2 × 2 Ý
�¤��5�m§¦Ý
A3Ä

(
1 1

1 1

)
,

(
0 −1

1 0

)
,

(
1 −1

0 0

)
,

(
1 0

0 0

)
e

��I. (2010c�H�Æ)

43. ¦�þ|α1 = (6, 4, 1,−1, 2), α2 = (1, 0, 2, 3,−4), α3 = (7, 1, 0,−1, 3), α4 = (1, 4,−9,−16, 22) ���4

�Ã'|. (2013c�H�Æ)

44. �A´ê�Fþ�n��
§�þαi÷v(λiI−A)nαi = 0, i = 1, 2 .¦yµeλ1 6= λ2§KF [A](α1+α2) =

F [A]α1 ⊕ F [A]α2 .£5µF [A] = {f(A)α|f(x) ∈ F [x]}.¤(2014c¥��)
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45. 3�5�mM3(R) ¥£$��Ý
�¦{Úê¦¤§�Ä�5f�m

V =

{
A ∈M3(R)|A


1 1 2

0 1 1

0 0 1

 =


1 1 2

0 1 1

0 0 1

A

}
,

¦�êdimV. (2015c¥��)

46. ®�A���Ý
,y²R(En −A) = N (A) ,Ù¥R(B) ´B���þÜ¤��5�m,N (B) �B�)

�m,=N (B) = {x|Bx = 0}. (2017cI��)

47. �

f(x) = x3 + x2 + x+ 1;

g(x) = x3 + 2x2 + 3x+ 4.

V´ê�Fþgê�u4�õ�ª|¤��5�m,-U�d{f, g})¤�f�m.¦û�mV/U ��|

Ä. (2011c¥ì�Æ)

48. �A ∈ Mn(F ) 3Fþkn�ØÓ�A��,-W = {B ∈ Mn(F )|AB = BA} .¦dimW . (2016c¥ì�

Æ)

o.y²K

1. �n ≥ 2, Mn(K)�Kþ¤kn��
¤¤8Ü, Mn(K) þ���¼êf=�N�f : Mn(K) −→ K.

Mn(K) þ�¤k¼ê|¤�8ÜP�F (K), 3F (K)¥½Â\{Úê¦$�Xe: é?¿f, g ∈

F (K), ?¿k ∈ KÚ?¿A ∈Mn(K),

(f + g)(A) = f(A) + g(A), (kf)(A) = kf(A)

KF (K)'ud$�¤�ê�Kþ����5�m. éuf ∈ F (K), f ¡�´��5¼ê, XJféu

Ý
�z��Ñ´�5�, =éKn¥�?¿�þβ1, β2, · · · , βn, β, ?¿1 ≤ j ≤ n ±9?¿�k ∈ K,

Ñk

f(β1, · · · , βj−1, βj+β, βj+1, · · · , βn) = f(β1, · · · , βj−1, βj , βj+1, · · · , βn)+f(β1, · · · , βj−1, β, βj+1, · · · , βn)

Ú

f(β1, · · · , βj−1, kβj , βj+1, · · · , βn) = kf(β1, · · · , βj−1, βj , βj+1, · · · , βn)

(Ù¥�Ý
^§����þ|L«Ñ), 
f¡�´�é¡�eA ∈ Mn(K)kü��þ�Ó�7

kf(A) = 0.^SP (K)L«F (K)¥¤k�é¡��5¼ê¤¤�8Ü, y²: SP (K)´F (K)���

f�m, ¿¦SP (K) ��êÚ�|Ä. (2009c�®�Æ)
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2. �U�àg�5�§|ABX = 0�)�m, Ù¥A�n ×mÝ
, B�m × nÝ
, X�p × 1 Ý
, y

²: m��þ�mKm¥f8Ü

W = {Y = BX,X ∈ U}

´f�m, §��ê�urank(B)− rank(AB), ¿|^d(Øy²é?¿n�Ý
A,B,Ck

rank(AB) + rank(BC) ≤ rank(B) + rank(ABC). (2009c�®�Æ)

3. �þ|α1, α2, · · · , αs�5Ã',��±d�þ|β1, β2, · · · , βt�5LÑ,y²: 7�3,��þβj(j =

1, 2, · · · , t), ¦��þ|βj , α2, · · · , αs�5Ã'. (2010 c�®�Æ)

4. -V´�Nn�EÝ
|¤��þ�m, ¦dim{AB −BA|A,B ∈ V }. (2014c�®�Æ)

5. �Ä�5�mMn(K). ¡V ⊂ Mn(K)´��ú�f�m, XJéz�A ∈ Mn(K)9z�B ∈ V ¦

�AB ∈ V .

(1)�En+ 1�ØÓ�n�ú�f�m.

(2)y²z�n�f�mÑ´4��,=ek,	�f�mV
′ ⊂ V ,K�oV = V

′
�oV

′
= 0. (2018c

�®�Æ)

6. �¢Ý
A,B�±�¦{AB. R(B), R(AB)©OL«B,AB��.y²: ÷v^�ABX = 0 �¤

kBX�¤���ê´R(B)−R(AB)��þ�m. (2009c�®ó��Æ)

7. �A´n��
. -T (A) = {B|AB = BA,B ∈ Rn×n}. (2015c�®ó��Æ)

(1)y²T (A)´Rn×n�f�m;

(2)eA´Ìé����üüØ��é�Ý
, ¦T (A)��êÚ�|Ä;

(3)�A =


1 0 · · · 0
...
. . .

. . .
...

...
. . . 0

1 · · · · · · 1


n×n

, ¦T (A)��êÚ�|Ä.

8. ��þ|β1, β2, · · · , βm�5Ã', �

ξi = a1iβ1 + a2iβ2 + · · ·+ amiβm, ()i = 1, 2, · · · , s),

y²: �þ|ξ1, ξ2, · · · , ξs���uÝ
(aij)m×s��. (2012c�®�Ï�Æ)

9. �V1ÚV2´k���5�mV�ü�f�m, y²:

dimV1 + dimV2 = dim(V1 + V2) + dim(V1 ∩ V2)

. (2014c�®�Ï�Æ)
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10. (1)y²: 3P [x]n¥, õ�ª

fi = (x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− an), i = 1, 2, · · · , n,

´�|Ä, Ù¥a1, a2, · · · , an´pØ�Ó�ê.

(2)3(1)¥, �a1, a2, · · · , an��Nngü �, ¦dÄ1, x, x2, · · · , xn−1�Äf1, f2, · · · , fn�LÞÝ
.

(2017c�®�Ï�Æ)

11. �V1�V2´�5�mV�f�m, y²: V1 ∪ V2´f�m�¿�^��V1 ∪ V2 = V1 + V2. (2009 c�

®�E�Æ)

12. �α1, α2, · · · , αn´n��5�mV ��|Ä, �þβ ∈ V�±dù|Ä¥�?¿n − 1��5L«, y

²β = 0. (2011c�®�E�Æ)

13. �S,A©O´Pn×n¥�é¡Ý
Ú�é¡Ý
�¤�f�m. y²: Pn×n = S ⊕ A. (2013c�®�

E�Æ)

14. dimV = n, y²: V�?�ýf�mÑ�±L«�eZ�n− 1�f�m��. (2011c�®���Æ)

15. �3�"�þα, ¦�Amα 6= 0, Am+1α = 0, y²:

(1)α,Aα,A2α, · · · , Am+1α = 0�5Ã'.

(2)r(An) = r(An+1). (2012c�®���Æ)

16. ®�W´¤k,�0�3�¢é¡Ý
�¤�8Ü, y²: W´\{Úê¦�¤��þ�m¿�Ñ�

|Ä. (2015c�®���Æ)

17. ®�dim(V1 + V2) = dim(V1 ∩ V2) + 1, y²: V1 ⊆ V2½V2 ⊆ V1. (2015 c�®���Æ)

18. �V´ê�Fþ���n��þ�m, �F�¹�E, �F�±w��Eþ��þ�m(Ù\{´�F�

\{, ê¦´E¥���F¥��3�F¥�¦{), �dimEF = m.

(1)y²: V�±¤��Eþ����þ�m.

(2)¦V���Eþ�þ�m��ê. (2016c�®���Æ)

19. ®�V�ê�Kþ��5�m, V1, V2�V�f�m. y²:

(1)eV1, V2�V�ýf�m, KV1 ∪ V2 6= V .

(2)edimV1 = dimV2, K�3f�mW , ¦�V = V1 ⊕W = V2 ⊕W . (2019c�®���Æ)

20. ®�α1, α2, α3�α1, α2, · · · , αn�4��5Ã'|, �α1 = β1 + β2 + β3, α2 = β1 + 2β2 + β3, α3 =

β1 + 2β2 + 3β3, ¦y: β1, β2, β3��α1, α2, · · · , αn�4��5Ã'|. (2009 c�ënó�Æ)
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21. �V =




a b− a −b
−a− b 0 a+ b

b a− b −a

 |a, b ∈ P
 ⊆ P 3×3 ´ê�Pþn�¢�
�f8Ü.

(1)y²: V´P 3×3���f�m;

(2)y²: V = V1 ⊕ V2, Ù¥V1´dV¥é¡Ý
�¤�8Ü, V2´dV¥�é¡Ý
�¤�8Ü;

(3)¦V��|Ä., ¿¦


2 3 −5

−7 0 7

5 −3 −2

3TÄ.e��I. (2011c�ënó�Æ)

22. �V1´�Fþ�k���5�mV�f�m, V ∗´V �éó�m,PV ⊥1 = {f ∈ V ∗|f(v) = 0,∀v ∈ V1}.

y²:

(1)V ⊥1 ´V
∗�f�m;

(2)eV2´V�,��f�m, KV ⊥1 ∩ V ⊥2 = (V1 + V2)⊥. (2013c�ënó�Æ)

23. ��þ|α1, · · · , αs; β1, · · · , βt; α1, · · · , αs, β1, · · · , βt ��©O�r1, r2, r3. y²:

max(r1, r2) ≤ r3 ≤ r1 + r2. (2015c�ënó�Æ)

24. �V1, V2, V3þ�n�¢�5�mV�f�m, eV = V1 ⊕ V2�V1 ⊂ V3, y²:

V3 = V1 ⊕ (V2 ∩ V3). (2018c�ënó�Æ)

25. �A ∈ Rm×s, B ∈ Rs×n, W = {Bx|ABx = 0, x ∈ Rn×1}.

(1)y²: W´Rs×1�f�m.

(2)¦W��ê. (2018c�ënó�Æ)

26. �α1, α2, α3´�|n��þ, y²: α1, α2, α3�5Ã'�¿�^�´?¿��n��þÑ�±d§

��5LÑ, ¿�ÑAÛ)º. (2009c�H�Æ)

27. �V´ê�Pþ���n��5�m,�α1, α2, · · · , αn´V��|Ä.^V1L«d�þα1, α2, · · · , αn)

¤�f�m, -

V1 = {kα1 + kα2 + · · ·+ kαn, k ∈ P}, V2 = {k1α1 + k2α2 + · · ·+ knαn|
n∑
i=1

ki = 0, ki ∈ P}.

y²:

(1)V1, V2´V�f�m;

(2)V = V1 ⊕ V2. (2009c�H�Æ)

28. �A ∈ Pn×n, �A2 = En, Ù¥En�n�ü Ý
, -

V1 = {x ∈ Pn|Ax = x}, V2 = {x ∈ Pn|Ax = −x}
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y²:

(1)V1ÚV2þ�Pn�f�m;

(2)Pn = V1 ⊕ V2, Ù¥⊕L«f�m��Ú. (2011 c�H�Æ)

29. 3ê�Pþ, ��§|x1 + 2x2 + · · ·+ nxx = 0�)�m�M , �§|x1 = 1
2x2 = · · · = 1

nxn �)�m

�N , y²: Pn = M ⊕N . (2015c�H�Æ)

30. �V = Rn´n��þ�m, A´�é¡�
, ½Âf : V × V −→ RnXe:

f(α, β) = αTAβ,

αTL«α�=��þ, PN = {α ∈ V :é¤kβ ∈ Vkf(α, β) = 0}, y²:

(1)N´V��5f�m;

(2)Ý
A��r(A) = n− dimN , Ù¥dimNL«N��ê;

(3)r(A)´óê. (2017c�H�Æ)

31. �V´ê�Pþ�n��5�m, α1, α2, · · · , αn´V��|Ä, V1 ´dα1 +α2 + · · ·+αn)¤�f�m,

V2 = {
n∑
i=1

kiai|
n∑
i=1

ki = 0, ki ∈ P}.

(1)y²: V2´V�f�m;

(2)y²: V = V1 ⊕ V2;

(3)eVþ�5C�A3Äα1, α2, · · · , αne�Ý
´:

A =



a1 a2 a3 · · · an

an a1 a2 · · · an−1
an−1 an a1 · · · an−2
...

...
...

...

a2 a3 a4 · · · a1


y²: V1�V2Ñ´A�ØCf�m. (2009 c�H���Æ)

32. �s´��¢ê, 3¢ê�Rþ�õ�ª�mR[x]¥, -

W = {f(x) ∈ R[x]|f(s) = 0, ∂(f(x)) ≤ n½f(x) = 0}.

y²:

(1)W´R[x]���f�m;

(2)gi(x) = xi − si(i = 1, 2, · · · , n)´W��|Ä. (2013c�H���Æ)

33. �A´¢ê�Rþ�n��
, �þα ∈ Rn(¢ê�Rþ�n���þ), ¦�
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α,Aα,A2α, · · · , An−1α

´Rn��|Ä, XJRþ�n��
B÷v^�AB = BA, y²:

(1)�3¢ê�Rþ���gêØ�Ln− 1�õ�ªf(x) ¦�Bα = f(A)α;

(2)éu(1)¥é��õ�ªf(x), 7kB = f(A). (2013c�H���Æ)

34. �A,B,C,DÑ´ê�Pþ�n��
,§�'uÝ
¦{üü���, E´n�ü Ý
,�AC+BD =

E. -V, V1, V2©O´�5�§|(AB)X = 0, AX = 0ÚBX = 0�)�m, y²:

V = V1 ⊕ V2. (2015c�H���Æ)

35. �A´ê�Kþk���5�mVþ��5C�, W ´V�A−f�m.

(1)3Vþ½Â����'X∼: u ∼ v ⇔ u− v ∈W . y²: ∼´���d'X.

(2)�V/W = {[u]|u ∈ W}´d(1)¥��d'X¤(½�¤k�da|¤�8Ü. 3d8Üþ½Â\

{9Iþ¦{$�Xe:

[u] + [v] := [u+ v], k[u] := [ku], k ∈ K,u, v ∈ V .

y²: V/WUù��½Â�$��¤ê�Kþ�5�m(¡�dW(½�V �û�m).

(3)y²: dim(V/M) = dim(V )− dim(W ).

(4)½ÂV/Wþ�C�B: B([u]) = [A (u)], u ∈ V . y²: B ´û�mV/Wþ��5C�.

(5)y²: fA (λ) = fA |W (λ)fB(λ), Ù¥fA (λ)L«�5C�A�A�õ�ª, A |WL«A3Wþ��

�. (2011cuÀ���Æ)

36. �Kn´ê�Kþ��5�m.

(1)eKn = V1 ⊕ V2, Ù¥V1, V2´Kn�ü��²�f�m. y²: �3�����Ý
A ∈ Mn(K),

¦

V1 = {X ∈ Kn|AX = 0}, V2 = {X ∈ Kn|AX = X}.

(2)e�f�m

V1 = {X = (a1, a2, · · · , an)T ∈ Kn|a1 + a2 + · · ·+ an = 0}, V2 = {X ∈ Kn|X = (a, a, · · · , a)T }.

y²: Kn = V1 ⊕ V2, ¿¦(1)¥éA���Ý
A. (2012 cuÀ���Æ)

37. (1)|^Ð�C�òe�Ý
z¤{z�1�F/Ý
.
1 2 −1 0 2 1 5

−1 −2 0 0 1 −2 −3

1 2 −3 0 5 1 6

.
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(2)�V´ê�Kþ�k���5�m, �½§��|Äe1, e2, · · · , en. éuV����"�þα =
n∑
i=1

λiei, ei´�����ê¦�λiØ�0, K¡ei�§�Tip, P�ei = Tip(α), éuV���f�

mW , ½Â

Tip(W ) = {Tip(α : α ∈W,α 6= 0)}.

NonTip(W ) = {e1, e2, · · · , en} − Tip(W ). (

y�V = K7´7�1�þ|¤��m, �§�IOÄe1, e2, · · · , e7. -W�(1)¥Ý
�1�þÜ¤�

f�m, ¦Tip(W )ÚNonTip(W ).

(3)�V´ê�Kþ�k���5�m, �½§��|Äe1, e2, · · · , en, �W´V���f�m. y:

V = W ⊕ Spank(NonTip(W )),

ùpSpank(NonTip(W ))´NonTip(W )Ü¤�f�m. (2018cuÀ���Æ)

38. GL2(C)�2��_EÝ
8Ü, V´,�0�2 �EÝ
�¤�E�5�m. eV����5f�mW

÷v: ∀P ∈ GL2(C)�∀A ∈ W , okP−1APá3W ¥, K¡W�GL2(C)−ØCf�m. ¦y:

V�GL2(C)−ØCf�m�k"�mÚV . (2019cuÀ���Æ)

39. �P [x]nL«ê�Pþ¤kgê< n�õ�ª9"õ�ª�¤��5�m, -õ�ª

fi(x) = (x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− an),

Ù¥i = 1, 2, · · · , n, �a1, a2, · · · , an´ê�P¥�n �pØ�Ó�ê.

(1)y²: f1(x), f2(x), · · · , fn(x)´P [x]n��|Ä;

(2)3(1)¥, �a1, a2, · · · , an��Nngü �, ¦dÄ1, x, x2, · · · , xn−1�Äf1(x), f2(x), · · · , fn(x) �

LÞÝ
T . (2009cuHnó�Æ)

40. �V´n��5�m(n ≥ 3), XÚY�V�ü�f�m, ¿�

dim(X) = n− 1, dim(Y ) = n− 2

(1)y²: dim(X ∩ Y ) = n− 2½n− 3.

(2)y²: dim(X ∩ Y ) = n− 2��=�Y´X�f�m.

(3)Þ~`²: �3÷vK�^���5�mV9Ùf�mXÚY¦�dim(X ∩ Y ) = n− 2. (2010cu

Hnó�Æ)

41. �α1, α2, · · · , αn�ê�Pþ�n ��5�mþ��|Ä, A�Pþ��n× s Ý
. e

(β1, β2, · · · , βn) = (α1, α2, · · · , αn)A,
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KL(β1, β2, · · · , βn)��ê= r(A). (2011 cuHnó�Æ)

42. �A´n��5�mV����5C�.

(1)y²: V�¹��A V�?Ûf�mWÑ´A− f�m;

(2)3ØA −1(0)¥��|Äα1, α2, · · · , αm, ¿ò§�*¿�V��|Äα1, α2, · · · , αm, αm+1, · · · , αn,

¯: 3ù|ÄeA�Ý
Ak�o��/G? (2013cuHnó�Æ)

43. �A´ê�Pþ�n��
, f(x), g(x)�ê�Pþ�õ�ª, �(f(x), g(x)) = 1, -h(x) = f(x)g(x),

^V1, V2, V©OL«n �àg�5�§|f(A)X = 0, g(A)X = 0, h(A)X = 0 �)�m, ùpX =

(x1, x2, · · · , xn)
′
. y²: V = V1 ⊕ V2. (2013cuHnó�Æ)

44. �

W = {f(x)|f(1) = 0, f(x) ∈ R[x]n},

ùpR[x]nL«¢ê�Rþ�gê�un�õ�ªVþ"õ�ª�¤��5�m.

(1)y²W´R[x]n�f�m;

(2)¦W��ê��|Ä. (2014cuHnó�Æ)

45. �V´ê�Pþ�n��5�m, V1´V�f�m�dimV1 ≥ n
2 .

(1)y²: �3V�f�mW1,W2¦�V = V1 ⊕W1 = V1 ⊕W2, 
W1 ∩W2 = {0}.

(2)¯: �dimV1 <
n
2�, þã(Ø´Ä¤á? ��o? (2017 cuHnó�Æ)

46. � A ´ n ��5�m V S������5C�, =

A 2 = A

(1) y² V ´ Im(V ) � ker(V ) �Ú�m. ù�Ú´�Úíº̀ ²\�nd. (3) ¦ A �4�

õ�ª.(2009cu¥�E�Æ)

47. � A ´ n ��5�m V ��5C�, � A 2 = J ´ü C�.

(1) y²: V = Im A ⊕ ker A ;

(2) Á¦ A ���õ�ª.(2011cu¥�E�Æ)

48. � A ´�5�m V ��5C�, é V ¥?¿� α, β k

(A (α), β) = (α,A (β)).

y²:

(1) Im A = ker A ⊥ ;

(2) W ´ A �ØCf�m, K W⊥ �´ A �ØCf�m.(2011cu¥�E�Æ)
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49. � n �Ý
 A � n �A��üüØÓ, AB = BA y²:

(1) A � B k�Ó�A��þ;

(2) A,B �é�z.(2013cu¥�E�Æ)

50. é�5�m V §k�5C� A �ØÓA�� λ1, · · · , λk ��A�A��þ α1, · · · , αk, ek

α1 + · · ·+ αk ∈ W, 
 W ´ A �ØCf�m, ¦y:

dim(W ) ≥ k.

(2015cu¥�E�Æ)

51. � A,B ∈ Pn×n, � A � n �A��üüpÉ, K

A�A��þð�B�A��þ⇔ AB = BA.

(2016cu¥�E�Æ)

52. ��m Cn×n þ�C�

BA(X) : XA−AX,

Ù¥ A �EÝ
, y² BA(X) ���õ� n2 − n . (2016cu¥�E�Æ)

53. � V � n ��5�m, � W = {x ∈ V, δ(x) = 2x}. �k δn(x) = 2nε( ð�C�).

y²: W � V ���f�m, �

dimW =
tr(δ)

2n
+

tr
(
δ2
)

22n
+ · · ·+ tr (δn)

2nn
.

(2017cu¥�E�Æ)

54. ®�Ý
 A = (aij)m×n , Ù¥ A �z���Ñ´�ê.

1. XJ�ê m ´Ý
 A �A��, Áy² m|det(A) .

2. XJéu?¿� j Ñk
n∑
i=1

aij = m , @o m ´ A �A��.(2017cu¥�E�Æ)

55. � V ´k���þ�m, � U,W ´ V �ü�f�m.

(1) �o´ U � W �Úf�m U +W ? �Qã'u U +W ��êúª.

(2) y²'uÚf�m��êúª. (2009cu¥���Æ)

56. � A � n �¢Ý
, λi = r + si ´ A �A��, Ù¥ r, s ´¢ê, i ´Jêü .

(1) y²: 1
2 (A+A′) �A��Ñ´¢ê,

mu1 6 · · · 6 µn ´
1
2 (A+A′) ��ÜA��.

(2) y²: µ1 6 r 6 µn

(3) \kaq��O s ��{í? (2009cu¥���Æ)
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57. � R ´¢ê�, V = C1[0, 1] ´4«m[0,1] þ�¢ëY��¼ê�8Ü. V 3¼ê�\{Úê

¦¼ê�$�e´���þ�m.

(1) y²¼ê f(x) = cosx, g(x) = 2x, h(x) = ex 3 V ¥�5Ã'.

(2) ?¿�½ n > 0, 3 V ¥éÑ n+ 1 ��5Ã'���, ¿y²\�(Ø.

(3) é,� m, ´Äk V Ú Rm Ó�, XJ´, �Ñy²; XJØ´, `²nd. (2011cu¥��

�Æ)

58. � A ´¢�þ�m V þ��5C�, �÷v A 2 = idv, ùpidv L« V þ�ð�C�. ½Â

ü�f�mXe:

V1 = {v ∈ V |A (v) = v}

V2 = {v ∈ V |A (v) = −v}
.

y²: V = V1 ⊕ V2 . (2011cu¥���Æ)

59. � W1,W2 ´ n �î¼�m V �f�m, � W1 ��ê�u W2 ��ê. y²: 3f�m

W2 ¥7�3�"�þ� W1 ¥�¤k�þ��. (2011 cu¥���Æ)

60. � C ∈Mm×n(F), � V � Fn �f�m. - rank(C) L«Ý
 C ��, dim(V ) L«�þ�

m V ��ê. � W ´àg�5�§| CX = 0 �)f�m. y²: XJ W ∩ V = 0, K

rank(C) > dim(V ).

(2012cu¥���Æ)

61. (25 ©)

(1) � F ´?¿ê�, A ∈Mn×m(F), B ∈Mm×n(F). y²:

det (λEn×n −AB) = λn−m det (λEm×m −BA) .

(2) � α = (a1, · · · , an) ´�"¢�þ, - αT L«�þ α �=�. ¦ C = αTα �A��ÚA

��þ.

(3) Ý
 C �±�qé�zíº��oº(2012cu¥���Æ)

62. � F ´�ê�, Fn L« n � F− ��¤��þ�m"y²:

(1) é F �?¿��f�m V , �½�3 n � F− �
 A, ¦� V TÐ´àg�5�§|

AX = 0 �)f�m.

(2) � Fn �ü�f�m V1 = {x|AX = 0}, V2 = {x|BX = 0}, Ù¥ AB þ� n � F− �
.

y²: Fn = V1 ⊕ V2 ��=�

rank(A) + rank(B) = n � rank

(
A

B

)
= n.

(2014cu¥���Æ)
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63. � α1, α2, α3 ´3 �E��þ�m C3 ��|Ä, - P = (α1, α2, α3) , Q = (α1, α2 + α3, α1 + α3)

� A,B þ�3 �E�
. �÷v

P−1AP =


1 1 0

0 1 1

0 0 1

 , Q−1BQ =


1 1 0

0 1 1

0 0 1

 .
y²:

(1) P,Q þ��_Ý
.

(2) A,B k���Ó�A�� ( O­ê) ) ����Ó�A��þ.

(3) AB 6= BA . l
`²ü��
=¦k���Ó�A������Ó�A��þ. §��Ø�

½�¦���. (2014cu¥���Æ)

64. � A ´ n �E�
, �0 �� A �A����ê­ê� k. y²:

rank
(
Ak
)

= n− k.

(2014cu¥���Æ)

65. � F ⊆ K ´ü�ê�, Fn L«¤k n � F− ��þ�¤��þ�m. α1, · · · , αr � Fn ¥�

r ��þ. y²: α1, · · · , αr �� Fn ¥��þ�5Ã'��=� α1, · · · , αr �� � Kn ¥��

þ�5Ã'. (2016cu¥���Æ)

66. � F ´��ê�, Mn(F) ´d¤k n � F− Ý
3Ý
\{Úê¦Ý
�e�¤� F− �þ

�m. � V ´ Mn(F) ����"f�m, �÷v V ¥�?Û�"Ý
Ñ´�_Ý
.

(1) ÞÑ��ù��f�m V �~fl
`²ù��f�m(¢�3.

(2) y² V ��ê÷v: dim(V ) 6 n . (2016cu¥���Æ)

67. � F ´��ê�, V ´��k�� F− �þ�m. mathscrA ´ V ����5C�.

(1) Qã A �Øf�mker( A )Ú�f�mIm( A ) �½Â.

(2) e A 2 = A , y²: V = ker(A )⊕ Im(A ) . (2015cu¥���Æ)

68. � F ´��ê�. Mn(F) L«¤k n× n � F Ý
�EÜ. � f : Mn(F)→ F ´�� F �5

¼ê�Ò´` f ÷v f(A+B) = f(A) + f(B) , f(cA) = cf(A) , é?¿� A,B ∈Mn(F) , c ∈ F .


� f ÷v f(AB) = f(BA), é?¿� A,B ∈Mn(F) ¤á. y²:

(1) é n �"Ý
 0n×n k f (0n×n) = 0 .

(2) é?¿� 1 6 k, l 6 n, � Ekl ´ (k, l)  ��1Ù{ ��0� n � F �
. K� k 6= l �k

f (Ekl) = 0; é?¿� 1 6 i, j 6 n k f (Eii) = f (Ejj) .

(3) �½�3��ê c0 ¦�: f(A) = c0 · tr(A) é?¿� A ∈ Mn(F) ¤á. ùp tr(A) L«Ý


A �,. (2017cu¥���Æ)
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69. � n �¢�


C =



a0 a1 · · · an−2 an−1
an−1 a0 a1 · · · an−2
...

. . .
. . .

. . .
...

a2 · · ·
. . .

. . . a1

a1 a2 · · · an−1 a0


, T =


0 1 · · · 0
...
. . .

. . .
...

...
. . . 1

1 · · · · · · 0


õ�ª

f(λ) = a0 + a1λ+ · · ·+ an−2λ
n−2 + an−1λ

n−1.

(1) y²: C = f(T ) .

(2) y²: T �±�qé�z, l
 C ��±�qé�z.

(3) ¦ C �¤kA��. (2017cu¥���Æ)

70. � σ � n ��5�m V þ��5C�, ¿�

V1 =
{
x ∈ V | �3�êêm ¦�σmx = 0

}
, V2 =

∞⋂
i=1

σiV.

y²:

(1) V1, V2 Ñ´ σ �ØCf�m.

(2) V = V1 ⊕ V2 . (2010c=²�Æ)

71. f(x)´ê� P þ� m��5�m U � n��5�m V ��5N�(=�±�5$��N�). y

²:

dim(f(U)) = m− dim
(
f−1(0)

)
Ù¥, f(U) = {f(α)|α ∈ V }, f−1(0) = {α ∈ U |f(α) = 0} . (2011c=²�Æ)

72. � A ´ê� P þ� n ?Ý
, ÙA�õ�ª f(λ) �©)��gÏª�¦È

f(λ) = (λ− λ1)
γ1 (λ− λ2)

γ2 · · · (λ− λs)γs

y²: Pn = V1 ⊕ V2 ⊕ · · · ⊕ Vs, Ù¥ Vi = {α ∈ Pn| (A− λiE)
ri α = 0} , i = 1, 2, · · · , s .

73. � Pn ´ê� P þ¤k n ���þ�¤��5�m, U, V ´ Pn �ýf�m, Pn = U ⊕ V. y²�

3�����C� f
(
=f2 = f

)
, ¦� f (Pn) = U, f−1(0) = V . (2012c=²�Æ)

74. � V ´ê� P þ� n ��5�m, f ´ V þ��5C�. y²: f 3,�|Äe�Ý
´é�Ý


�¿©7�^�´ f �A�õ�ª��Ñáu P, ¿�é f �z��A�� λ, éA�A�f�

m Vλ ��ê�u λ ��ê­ê(=��A���­ê). (2012c=²�Æ)

75. � V ´ê� P þ�k���5�m, σ ´ V þ��5C�. w,

Kerσ = {α ∈ V |σ(α) = 0} Ú Imσ = {σ(α)|α ∈ V }
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Ñ´ V �f�m,y²: dim(Kerσ)+dim(Imσ) = dim(V ); ¿¯´Äk Kerσ∩Imσ = {0}? (2013c

=²�Æ)

76. � f (x1, x2, · · · , xn)´��� n ��g., ÎÒ�� s. y²: �3 Rn ��� 1
2 (n− |s|)�f�m

V1 ¦�é?� (x1, x2, · · · , xn)
T ∈ V1, Ñk f (x1, x2, · · · , xn) = 0 . (2013c=²�Æ)

77. � P ´��ê�, V ∈ Pn×n ´ P þ¤k n ?Ý
�¤� P þ��5�m, f ´ V þ��5C

�. y²: e f �±Ý
�¦{$�, =: é?¿ A,B ∈ V, f(AB) = f(A)f(B), K�3 n ?�_Ý


 Q ¦�é?¿ X ∈ V, k f(X) = Q−1XQ . (2013c=²�Æ)

78. � V ´ê� P þ� n��5�m, σ ´ V ��5C�, λ1, λ2, · · · , λk ´ σ �pØ�Ó�A��,

V1, V2, · · · , Vk ´éA�A�f�m, � V = V1 ⊕ V2 ⊕ · · · ⊕ Vk,W ´ V � σ - ØCf�m. y²:

W = (W ∩ V1)⊕ (W ∩ V2)⊕ · · · ⊕ (W ∩ Vk) .

(2014c=²�Æ)

79. � V ´Eê�þ� n ��5�m, σ, τ ´ V ��5C�, � στ = τσ. y²:

£1)XJ λ ´ σ �A��, @o σ �A�f�m Vλ ´ τ �ØCf�m;

(2) σ, τ ��k��ú��A��þ. (2015c=²�Æ)

80. � α1, α2, · · · , αn ´ n ��5�m V ��|Ä, A ´ n× s Ý
,

(β1, β2, · · · , βs) = (α1, α2, · · · , αn)A

y²: L (β1, β2, · · · , βs) ��ê�u A ��. (2016c=²�Æ)

81. � A,B Ñ´ n�EÝ
. y²: XJ A� B ¦È���,@o�3 n��_EÝ
 P ¦� P−1AP

Ú P−1BP Ñ´þn�Ý
. (2016c=²�Æ)

82. � V1, V2 ´ê� P þ�5�m V �ü�k��f�m. y²

dim (V1) + dim (V2) = dim (V1 + V2) + dim (V1 ∩ V2) .

(2017c=²�Æ)

83. � V ´¢ê�þ� n ��5�m. y²: V þ�?��5C� σ 7k��1�ØCf�m½ö2�

ØCf�m. (2017c=²�Æ)

84. ®�Ý
 An×m, Bm×s ©O´Eê� Cþ� n×m� m×sÝ
,P N(A) =
{
X ∈ Cm×1|AX = 0

}
.

R(B) =
{
BX|X ∈ Cs×1

}
.

(1) � V � N(A) ∩R(B) 3 R(B) ¥�Ö�m, y² r(AB) = dimV .

(2) y² r(AB) = r(B)− dim[N(A) ∩R(B)] . (2018c=²�Æ)
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85. V ´Eê� C þ��5�m§A ´�m V þ��5C�§ f(λ) ´ A �A�õ�ª, � f(λ) =

(λ− λ1)
rγ (λ− λ2)

r2 · · · (λ− λs)rs , Ù¥ λ1, λ2, · · · , λs ´ A � s �pÉA��. K

V = Ker (A − λ1E )
r1 ⊕Ker (A − λ2E )

r2 ⊕ · · · ⊕Ker (A − λsE )
rs .

(2018c=²�Æ)

86. � A ´k���5�m V ��5C�§W ´ V �f�m§AW L« W ¥�þ��|¤�f�

m. y²

dim AW + dim
(
A −1(0) ∩W

)
= dimW.

(2018c=²�Æ)

87. y²±e¯K

1. ®� α1, α2, · · · , αn ´ n ��5�m V þ��|Ä, A ´ n × s Ý
, � (β1, β2, · · · , βs) =

(α1, α2, · · · , αn)A. y² ;β1, β2, · · · , βs )¤�f�m L (β1, β2, · · · , βs) ��ê�u A ��.

2.®� A,B,C,D � n �Ý
, |A| 6= 0, AC = CA, y²:

∣∣∣∣∣A C

C D

∣∣∣∣∣ = |AD − CB| . (2019c=²�Æ)

88. ®� A � n ��5�m V þ��5C�, y²: dim(A V ) + dim
(
A −1(0)

)
= n . (2019 c=²�

Æ)

89. (15 ©)

(1)- σ � n��5�m V ��5C�, f(λ)� σ ���õ�ª. y²: XJ f(λ) = g(λ)h(λ) �

g(λ) � h(λ) p�, K V = L1 ⊕ L2, Ù¥

L1 = {α ∈ V |g(σ)α = 0}, L2 = {α ∈ V |h(σ)α = 0}

(2)�3��5�m V ��5C� σ 3�|Ä e1, e2, e3 e�Ý
�


1 0 0

1 2 1

−1 0 1

 .¦ σ ���õ�ª

f(λ), ¿éu f(λ) ��gÏª���©)ªò V ©)��Ú/ª. (2019c=²�Æ)

90. � A� n�EÝ
. y²: �3�� n��þ α, ¦� α,Aα, · · · , An−1α�5Ã'�¿©7�^�

´ A �z��A��Tk���5Ã'�A��þ. (2009cH®�Æ)

91. � V1, V2 ´ n �î¼�m V �f�m, � V1 ��ê�u V2 ��ê. y²: �3 0 6= α ∈ V2 ¦�

α ⊥ V1 .

92. � V ´�� n ��5�m, V1 ´�� r �f�m, r 6 n
2 , y²: �3���5C� A , ¦�

V1 = A −1(0) ⊆ A V.

(2013cH®�Æ)

27

厦
门
大
学
《
高
等
代
数
》



93. � C[x]´d¤kEXêõ�ª¤�¤�8Ü, A ∈ Cn×n, - V = {f(A)|f(x) ∈ C[x]}, � A���

õ�ª�gê� m, y²:

(1) V ´��k���5�m;

(2) E,A,A2, · · · , Am−1 �¤ V ��|Ä. (2008cH®���Æ)

94. � V ´ê� P þ�k���5�m, A ´ V þ��5C�, f(λ) = (λ − 1)(λ − 2)2 ´ A ��

�õ�ª2� Vk = Ker(kε−A )k(k = 1, 2). Ù¥ Ker(∗) L«Ø�m. y²: V = V1 ⊕ V2 . (2008c

H®���Æ)

95. � V1 � V2 ©O´àg�§| x1 + x2 + · · · + xn = 0 � x1 = x2 = · · · = xn �)�m"y²:

Pn = V1 ⊕ V2 . (2011cH®���Æ)

96. (20 ©) �A =


3 1 0

0 3 1

0 0 3

 , -V = {B|AB = BA,B �¢�
} .

(1) y² V ´¢ê�þ��5�m;

(2) ¦ V ��|Ä. (2012cH®���Æ)

97. � V �k��î¼�m, s �ü �þ α1, α2, · · · , αs |¤ V ¥������þ|, ¦�é?¿�

α ∈ V, Ñk
∑s
i=1 (α, αi)

2
= |α|2. y²: V = L (α1, α2, · · · , αs) . (2014cH®���Æ)

98. � V ���k���5�m, A ´ V þ��5C�, y²: V = A V ⊕ A −1(0) ��=�

A 2V = A V . (2016cH®���Æ)

99. y²: n��5�m V �?¿ýf�m�L«�eZ� n−1 �f�m��. (2017cH®���Æ)

100. )� V �ê� P þ� n ��5�m, V1 , V2 ´ V �f�m, V = V1 ⊕ V2 , A ´ V þ��5C

�. y²: A ´�_���=� V = A (V1)⊕A (V2) . (2007cHm�Æ)

101. (20 ©)�V �ê�P þ�k���5�m, éuV ¥m ��þ|¤��þ|S = {α1, α2, · · · , αm} ,

½Â Pm×1 ¥�8Ü

WS =
{

(a1, α2, · · · , am)
′ |a1α1 + a2α2 + · · ·+ amαm = 0, ai ∈ P

}
(1) y²: WS � Pm×11 ��5f�m;

(2) � S = {α1, α2, · · · , αm} , S′ = {α′1, α′2, · · · , α′m} �ü�þ|, y²: �3 V ¥�5C� τ ¦

� τ (ᾱi) = α′i, (i = 1, 2, · · · ,m) �¿�^�´ WS = WS′ . (2007cHm�Æ)

102. � V �ê� P þ� n ��5�m§A � V þ��5C�, � A ���1. y²: XJ A Ø�é

�z§K7´�"�. (2009cHm�Æ)

103. ®��þ| α1, α2, · · · , αm �5Ã',
 α2, α3, · · · , αm+1 �5�',y² α1ØUd α2, α3, · · · , αm+1�

5LÑ. (2012cHm�Æ)
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104. � A �é¡Ý
, �3�5Ã'��þ X1, X2 ¦ X ′1AX1 > 0, X ′2AX2 < 0, y²µ�3�5Ã'�

�þ X3, X4 ¦ X1, X2, X3, X4 �5�', � X ′3AX3 = X ′4AX4 = 0 . (2014 cHm�Æ)

105. � σ, τ ��5C�� σ k n �ØÓ�A��. y²: e στ = τσ, K τ �d I, σ, σ2, · · · , σn−1 �5

LÑ, Ù¥ I �ð�C�. (2014cHm�Æ)

106. V1, V2 � n �î¼�m V ��5f�m, � V2 ��ê�u V1 ��ê, y²: V2 ¥�3���þ

� V1 ¥�?Û���þÑ��. (2016cHm�Æ)

107. �"�þ α1 ´ n ?Ý
 A �áuA�� λ �A��þ, ��þ| α1, α2, · · · , αm ÷v (A −

λE)αi+1 = αi (i = 1, 2, · · · ,m− 1), E � n ?ü Ý
, y²: α1, α2, · · · , αm �5Ã'. (2018cH

m�Æ)

108. Pn×n ´ê� P þ¤k n×nÝ
|¤��5�m,- V1 = {A ∈ Pn×n|A′ = A} , V2 = {A ∈ Pn×n|A′ = −A} ,

y²:

(1) V1, V2 Ñ´ Pn×n ��5f�m.

(2) Pn×n = V1 ⊕ V2 (2018cHm�Æ)

109. ®� A1, A2 ∈ Rm×n , � W1,W2 ©O´ A1, A2 �1�þ|)¤� R1×n �f�m, V1, V2 ©O´

A1, A2 ���þ|)¤� Rm×1 �f�m, y²: W1 ∩W2 = 0�¿�^�´ V1 ∩ V2 = 0 . (2019c

Hm�Æ)

110. V � F þ n ��5�m, � U,W � V �f�m, y²:

dim(U +W ) + dim(U ∩W ) = dimW + dimU.

(2009cþ°�Æ)

111. R �¢ê�, A � R3 þ��5C�, � A 3 R3 Ä: e1 = (0, 0, 1), e2 = (0, 1, 0), e3 = (1, 0, 0) e

�Ý
´ 
3 0 0

0 3 1

0 0 3


y²:

(1) e W1 = L (e1, e2) , K W1 ´ A �ØCf�m.

(2) Ø�3 A �ØCf�m W2, ¦ R3 = W1 ⊕W2 (2009cþ°�Æ)

112. (10 ©) �A,B ´ê�F þn ��
, �AB = 0, A + B �_. XJV = {α ∈ Fn|Aα = 0} ,W =

{Aα|α ∈ F}, ¦y:

V ⊕W = Fn.

(2011cþ°�Æ)
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113. P ´ê�, Pn×n 'uÝ
\{Úê¦Ý
�¤�5�m, V1 = {A|A ∈ Pn×n, A′ = A} .

(1) y²: V ´ Pn×n �f�m;

(2) ¦ Pn×n �f�m V2, ¦ Pn×n = V1 ⊕ V2 . (2014cþ°�Æ)

114. �A,B,C,D� n�¢é¡Ý
,�üü��,¿÷vAC+BD = I,XJ V = {x ∈ Rn×n|ABX = 0} ,

V1 = {x ∈ Rn×n|BX = 0} , V2 = {x ∈ Rn×n|AX = 0} , ¦y:

V = V1 ⊕ V2.

(2015cþ°�Æ)

115. � V �ê� F þ� n��5�m, A � V þ��5C�÷v A 3− 2A 2−A = −2id, Ù¥ id�

V þð�C�.

(1) A ´Ä�é�z, e´, �y².

(2) - V1 = {(A − 2id)v|v ∈ V }, V2 =
{(

A 2 − id
)
v|v ∈ V

}
. y²: V = V1 ⊕ V2 . (2016cþ°�Æ)

116. � A � n�E�5�m V þ��5C�,y²é?¿��ê r, 1 ≤ r ≤ n, 3 V ¥þ�3�� r �

A− ØCf�m. (2009cþ°�Æ)

117. V ´ê� F þ� n ��5�m§A � V þ��5C�. e A 3 V �,|ÄeÝ
�é�/§

y²: A �?�ØCf�m V ′ ��3,|Ä, ¦ A |V ′ 3T|Äe�Ý
�é�
. (2011cþ°

�Ï�Æ)

118. ��5�m V þ��5C� A ÷v A 2 = A , y²:

(1) β ∈ Im A ��=� A β = β :

(2) V = Im A ⊕ ker A . (2013cþ°�Ï�Æ)

119. ^ R L«¢ê�,½Â Rn � R �N� f Xe:

f(X) = |x1|+ · · ·+ |xr| − |xr+1| − · · · − |xr+s| ,∀X = (x1, x2, · · · , xn)
′ ∈ Rn

Ù¥ r ≥ s ≥ 0. y²:

(1) �3 Rn ��� n− r �f�m W, ¦� f(X) = 0,∀X ∈W

(2) e W1,W2 ´ Rn �ü� n− r �f�m, �÷v

f(X) = 0,∀X ∈W1 ∪W2

K�½k dim (W1 ∩W2) ≥ n− (r + s) . (2013cþ°�Ï�Æ)

120. (15 ©) �V ´ê�P þn ��5�m, α1, α2, α3, α4 ∈ V,W = L (α1, α2, α3, α4) , qkβ1, β2 ∈W �

β1, β2 �5Ã'. ¦y: �^ β1, β2 O� α1, α2, α3, α4 ¥�ü��þ αi1 , αi2 , ¦��e�ü��þ

αi3 , αi4 � β1, β2 E,)¤f�m W, �= W = L (β1, β2, αi3 , αi4) . (2015cþ°�Ï�Æ)
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121. � V ´Eê� C þ n ��5�m, A ´ V ����5C�. � A 3 V �,|Äe�Ý
P�

AC . ,��¡§V 'u�þ\{±9¢ê�ê¦�¤¢ê� Rþ 2n��5�m,P� VR,©��

VR ����5C�. � A 3 VR �,|Äe�Ý
P� AR, y²: |AR| = |AC |2 . (2019 cþ°

�Ï�Æ)

122. � A,B ©O�ê� K þ� m × n, n ×m Ý
, Em � m �ü Ý
, AB = Em,m ≤ n. y²:

B ���þ�±*¿¤ K þ n ���þ�m Kn ��|Ä. (2009cÄÑ���Æ)

123. � V1, V2 �k���þ�m V �ü��5f�m, V1 + V2, V1 ∩ V2 ©O´§��Ú�m���

m, dimV1,dimV2,dim (V1 + V2) ,dim (V1 ∩ V2) ©O� V1, V2, V1 + V2, V1 ∩ V2 ��ê, y²:

dimV1 + dimV2 = dim (V1 + V2) + dim (V1 ∩ V2)

(2009cÄÑ���Æ)

124. � B � n ��_Ý
,

A =

(
B 0

0 0

)
� m �Ý
, V � m ��5�m, A � V þ��5C�, éAÝ
� A. y²:

A 2V = A V, ker A = ker A 2, V = A V ⊕ ker A

(2010cÄÑ���Æ)

125. �

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

an1 an2 · · · ann


n×n

�¢Ý
, V = Rn,W = Rm ©O�Ï~� n,m �¢��þ�m. N� f : V → W ½Â�: ?�

X = (x1, x2, · · · , xn)
T ∈ V, k f(X) = (y1, y2, · · · , yn)

T
, Ù¥ yi =

m∑
i=1

aixi, i = 1, 2, · · · ,m, P

Im f = {f(X)|X ∈ V }

Ú

ker f = {X ∈ V |f(X) = 0}

�O´ f ��ÚØ§y²:

(1) é b = (b1, b2, · · · , bn)
T ∈W, �§ AX = b k)�¿�^�´ b ∈ Im f ;

(2) Im f ´ W �f�m, K ker f ´ V �f�m;

(3) dim ker f + dim Im f = n, Ù¥ dim ´�ê. (2011 cÄÑ���Æ)
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126. � T � n �¢�
, E � n �ü Ý
, T 2 = E, y²: ?� n �¢��þ α Ñ�3��� n �

¢��þ β, γ ¦� α = β + γ � Tβ = β, Tγ = −γ . (2011cÄÑ���Æ)

127. � V � n �î¼�m, α1, · · · , αn, αn+1 ´ V ¥� n + 1 ��"�þ, y²: V ¥�3�"�þ

α � α1, · · · , αn, αn+1 ÑØ��. (2011cÄÑ���Æ)

128. � V �knê�þ��5�m, A � V ����"�5C�, �

A4 = 4A2 − 2A

y²: V = AV ⊕A−1(0), � A k��3�ØCf�m. (2012 cÄÑ���Æ)

129. � A ´k���5�m V þ��5C�, ®��3��ê k B� ker
(
A k
)

= ker
(
A k+1

)
. y²:

ker
(
A k
)
∩ Im

(
A k
)

= 0

(Ù¥ ker
(
A k
)
, Im

(
A k
)
©O��5C� A k �Ø�mÚ��m). (2013cÄÑ���Æ)

130. (15 ©) �A ,B �n �¢�þ�mV �g���5N�, �A 2 = A , PV1 = ker(A )(A �Ø)

V2 = Im(A )(A ��) , y²: A B = BA ��=� B (V1) ⊂ V1, � B (V2) ⊂ V2 . (2014c

ÄÑ���Æ)

131. P M5(R) �¤k5�¢�
|¤��5�m. -

T =



0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0


- S = {A ∈M5(R)|AT = TA} . y²: S ´ M5(R) ��5f�m, ¿O�§��ê. (2015 cÄÑ

���Æ)

132. � v1, · · · , vm ��5�'� n �¢�þ, Ù¥z�©þÑ´knê, y²: �3Ø��"�knê

r1, · · · , rm ¦�

r1v1 + · · ·+ rmvm = 0

(2015cÄÑ���Æ)

133. � v1, v2, v3, v4, v5 �?¿5 �3 ��þ. -

W =
{

(a1, a2, a3, a4, a5) ∈ R5|a1v1 + a2v2 + a3v3 + a4v4 + a5v5 = 0
}

y² W ´ R5 ��5f�m, ¿�Ñ W �¤k�U��ê. (2016cÄÑ���Æ)
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134. � A � n ��þ�m V �g���5C�, ÷v A 3 = A . y²?¿�þ v ∈ V �±��/©)

�

v = v1 + v0 + v−1

Ù¥ v1, v0, v−1 ©O÷v A v1 = v1,A v0 = 0,A v−1 = −v−1 . (2016cÄÑ���Æ)

135. �A��r(A) = r§�V = {X ∈ Rn|X ′AX = 0}.y²µV�¹Rn����ê�n−r�f�m.V´Rn

�f�míº̀ ²\�nd. (2010coA�Æ)

136. �A =


2 −1 0

−1 2 −1

0 −1 2

 §�C(A) ´¤k�A����¢Ý
|¤�8Ü.

£1¤y²µC(A) ´¢ê�þ��5�m.

£1¤¦C(A) ��êÚ��Ä.(2010coA�Æ)

137. �V´ê�F þ��5�m§α1, α2, · · · , αs ∈ V .-W = {
s∑
i=1

kiαi|ki ∈ F} .y²µW´V�f�

m.(2011coA�Æ)

138. �F§KÑ´ê��F ⊆ K .

£1¤�α1, α2, · · · , αs ´Fþ�n���þ.y²µα1, α2, · · · , αs 3Fþ�5�'��=�α1, α2, · · · , αs

3Kþ�5�'.

£2¤y²µ'uê�¦{Ú\{K´Fþ��5�m.(2011coA�Æ)

139. �F´ê�§α1, α2, · · · , αm ∈ Fn ´�5Ã'���þ§A´Fþ�m��
.-

(β1, β2, · · · , βm) = (α1, α2, · · · , αm)A.

y²µβ1, β2, · · · , βm )¤�Fn �f�mV��êdimV �uA��r(A) .(2013coA�Æ)

140. �A´n�E�
§�r(A) = r(A2) = r .�U = {Y ∈ Mn|�3X ∈ Mn¦�AX = Y }, V = {Z ∈

Mn|AZ = 0}©O¦�5�mU§V��êdimU, dimV .¯Mn = U
⊕
V ´Ä¤áº̀ ²nd. (2014c

oA�Æ)

141. �A´ê�Fþ�s× n .¢Ý
.�

V1 = {X ∈ Fn|A′AX = X}, V2 = {Y ∈ F s|AA′Y = Y }.

y²µV1, V2 ©O´Fn, F s �f�m§�k�5�mÓ�µV1 ∼= V2 . (2019coA�Æ)

142. �V´ê�Fþ�n��5�m§W1,W2, · · · ,Ws �V�s�f�m§

W = W1

⋃
W2

⋃
· · ·
⋃
Ws.

y²µW�V�f�m�¿©7�^�´�3,�i¦�W = Wi .(2010cÉÇ�Æ)
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143. ®�m��þα1, α2, · · · , αm �5�'§�Ù¥?¿m− 1 ��5�þÑ�5Ã'.y²µ

1.ek1α1 + k2α2 + · · ·+ kmαm = 0 §KXêk1, k2, · · · , km ½ö��0§½ö�Ø�0;

2.ea1α1 + a2α2 + · · ·+ amαm = 0 §�b1α1 + b2α2 + · · ·+ bmαm = 0 §Ù¥b1 6= 0 §K

a1
b1

=
a2
b2

= · · · = am
bm

.

(2011cÉÇ�Æ)

144. �Mn(K) L«ê�Kþn��
�N�¤��5�m§A ∈ Mn(K) §^C(A) L«Mn(K) ¥¤k

�A����Ý
�¤�8Ü.

1.y²µC(A) ´Mn(K) ����5f�m.

2.y²µXJAkn�ØÓ�A��§@odimC(A) = n .(2013cÉÇ�Æ)

145. kα1, α2, · · · , αs, αs+1§�βi = αi+tiαs+1, i = 1, 2, · · · , s§y²XJβ1, β2, · · · , βs�5Ã'§Kα1, α2, · · · , αs, αs+1

7½�5Ã'. (2014cÉÇ�Æ)

146. �5�mV½Â�1£3¤§£4¤̂ ún§=

£3¤?¿α ∈ V §�30 ∈ V §¦α+ 0 = 0 + α = α ;

£4¤?¿α ∈ V §�3β ∈ V §¦α+ β = β + α = 0 .

y²§��d�^��∀α, β ∈ V,∃x ∈ V §¦�α+ x = β .(2014cÉÇ�Æ)

147. �sln(F ) ´M(F ) þA§BÝ
÷vAB −BA )¤�f�m§y²µ

dim(sln(F )) = n2 − 1.

(2014cÉÇ�Æ)

148. �þ|(I) : α1, α2, · · · , αr �5Ã'§��±d�þ|(II) : β1, β2, · · · , βs �5LÑ.y²µ

1.r ≤ s ;

2.7��é�þ|(II)­#?Ò§2^�þ|(I)O��þ|(II)�cr��þ§����þ|(III) :

α1, α2, · · · , αr, βr+1, · · · , βs ��þ|(II) �d. (2017cÉÇ�Æ)

149. y²�êúªµ

dimW1 + dimW2 = dim(W1 +W2) + dim(W1

⋂
W2).

(2017cÉÇ�Æ)

150. �α1, α2, · · · , αs(α1 6= 0) �5�'§y²µ�3��êi : 1 < i ≤ s §¦��þαi �±d�þ

|α1, α2, · · · , αi−1 �5LÑ§�L«{��. (2017cÉÇ�Æ)

151. �α1, α2, α3, α4 ´�5�mV��|Ä.

£1¤y²β1 = α1, β2 = α1 + α2, β3 = α1 + α2 + α3, β4 = α1 + α2 + α3 + α4 �´V��|Ä.

£2¤�γ 3c�|Äe��I´(4, 3, 2, 1) §¦γ 3��|Äe��I. (2010c���Æ)
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152. ��þ|β, α1, α2, · · · , αn �5�'§9�þ|α1, α2, · · · , αn �5Ã'.y²µ�þβ �±d�þ

|α1, α2, · · · , αn ���5L«. (2012c���Æ)

153. �n�Ûê§α1, α2, · · · , αn �n���þ|.y²µ�þ|α1, α2, · · · , αn �5Ã'��=��þ|

α1 + α2, α2 + α3, · · · , αn−1 + αn, αn + α1

�5Ã'. (2013c���Æ)

154. -Rn×n L«¢ê�þ�Nn�Ý
¤|¤��5�m§-

V1 = {A ∈ Rn×n|A = A′},

Ù¥A′ L«Ý
A�=�Ý
.

£1¤y²µV1 �Rn×n �f�m.

£2¤¦Rn×n �f�mV2 ¦�Rn×n = V1
⊕
V2 .(2014c���Æ)

155. ®��þβ �±d�þ|α1, α2, · · · , αs �5L«§�´ØUdα1, α2, · · · , αs−1 �5L«§y²�þ

|α1, α2, · · · , αs ��þ|α1, α2, · · · , αs−1, β �d. (2018c���Æ)

156. �V = P 2×2£V´ê�Pþ¤k���
�¤��5�m¤§A =

(
1 −1

0 0

)
∈ V §�W = {X|AX =

XA,X ∈ V } .

£1¤y²W´V�f�m;

£2¤¦W��ê;

£3¤¦V����5C�σ ¦�σ(V ) = W .(2010c�H�Æ)

157. �R+ ´�N�¢ê�8Ü§R ´¢ê�§?�a, b ∈ R+,m ∈ R §\{Úêþ¦{½Â�µa⊕ b =

ab,m ◦ a = am .KR+ �¤¢ê�þ��5�m§¦§��êÚ�|Ä. (2011c�H�Æ)

158. ��þβ �±²�þ|α1, α2, · · · , αm �5LÑ.y²µβ 3�þ|α1, α2, · · · , αm e�L«{���

¿�^�´�þ|α1, α2, · · · , αm �5Ã'. (2012c�H�Æ)

159. ��5�mVd�Nn�¢Ý
¤|¤§V1 ´�N¢é¡Ý
¤|¤�f�m§V2 ��N¢�é¡

Ý
¤|¤�f�m§y²µV = V1 ⊕ V2 .(2016c�H�Æ)

160. -VÚW´�Kþ��5�m§HomK(V,W )L«V�W¤k�5N�|¤��5�m.y²µéHomK(V,W )

§eImf ∩ Img = {0} §Kf Úg 3HomK(V,W ) ¥´�5Ã'�. (2012cúô�Æ)

161. -�5�mV = Imf 	W §Ù¥W´V��5C�f �ØCf�m.

£1¤y²µW ⊆ kerf ;

£2¤y²eV´k���5�m§KW = kerf ;

£3¤Þ~`²§�V´Ã���§�UkW ⊆ kerf §�W 6= kerf .(2012cúô�Æ)
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162. �

A =

(
0 En

En 0

)
, L = {B ∈M2n(R)|AB = BA}.

y²L�M2n(R) �f�m¿O�Ù�ê. (2014cúô�Æ)

163. �5�mþ(a1, a2, · · · , as)�(b1, b2, · · · , bt)´ü��5Ã'�þ|§a1, a2, · · · , as) = (b1, b2, · · · , bt)A

§y²

n− t− r(A) ≤ s ≤ min{r(A), t}.

(2015cúô�Æ)

164. �k���5�mVkü��²��f�mV1, V2 ¦�V = V1 ⊕ V2 §W�V�?¿f�m.y²

£1¤(W ∩ V1) + (W ∩ V2) ´W�f�m§W´(W + V1) ∩ (W + V2) �f�m.

£2¤û�mW/(W ∩ V1 +W ∩ V2) ��ê�uû�m((W + V1) ∩ (W + V2))/W ��ê.

£3¤|^þã(Øy²W = (W ∩ V1)⊕ (W ∩ V2)�¿�^�´W = (W + V1)∩ (W + V2) .(2016cú

ô�Æ)

165. ®�n�Ý
A = (aij) ���r§y²3F 2n−r ¥�3n��5Ã'��þα1, α2, · · · , αn §3F 2n−r

�éó�m¥�3n��5Ã'��þf1, f2, · · · , fn §¦�fj(αi) = aij .(2017cúô�Æ)

166. �α1, α2, α3, α4 ´�5�mV¥4��5Ã'��þ§¦�þ|α1 + α2, α2 + α3, α3 + α4, α4 + α1 �

�. (2010c¥��)

167. ®�W1,W2 ´ê�Fþn��5�mV�ü�f�m.¦yµ

dim(W1 ∩W2) + dim(W1 +W2) = dimW1 + dimW2.

(2012c¥��)

168. �V´¢ê�þ��5�m§V¥��þ|{α1, α2, · · · , α2014} �5Ã'§¦�þ|{αi + αj |1 ≤ i <

j ≤ 2014} ��. (2014c¥��)

169. �V´n��5�m,V1, V2 ´V�f�m,�

dim(V1 + V2) = dim(V1 ∩ V2) + 1.

¦y:V1 + V2 = V1, V1 ∩ V2 = V2 ½öV1 + V2 = V2, V1 ∩ V2 = V1 .(2016cI��)

170. �fi, i = 1, 2, · · · ,m(m < n) ´��n��5�mVþ�m��5¼ê,=fi(aα+ bβ) = afi(α) + bfi(β)

.y²:�3���"�þα ∈ V ,¦�fi(α) = 0. (2016cI��)

171. en��5�mVkü�f�mV1, V2 ,�êdimU1 ≤ m, dimU2 ≤ m,m < n .y²:V¥�3f�

mW,�dimW = n−m ,÷vW ∩ U1 = W ∩ U2 = {0}. (2017cI��)
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172. �A´n�EÝ
,�A =

(
A1

A2

)
,-V1 = {x ∈ Cn|A1x = 0}, V2 = {x ∈ Cn|A2x = 0} ,y²:Ý
A�_

�¿�^�´�þ�mCn U
L«¤f�mV1 �V2 ��Ú. (2018cI��)

173. �V´dgêØ�Ln���¢Xêõ�ª�¤�¢�5�m,éz�g,êk ≥ 0 ,½Â(
x

k

)
=
x(x− 1) · · · (x− k + 1)

k
,

(
x

0

)
= 1.

(1)y²

(
x

0

)
,

(
x

1

)
, · · · ,

(
x

n

)
�¤V��|Ä.

(2)4���õ�ªf(x) = an−1x
n−1 + · · ·+ a1x+ a0 ,�Ñf(x) �éu(1)ù|Ä��5|Ü.

(3)y²ef(i) ∈ Z ,Ù¥i = 1, 2, · · · , n ,Ké?¿�k ∈ Z ,Ñkf(k) ∈ Z .(2019cI��)

174. �C[x]n ´Eê�þgê�un(n ≥ 2) �¤kõ�ª2Vþ"õ�ª¤¤��5�m,ε1, ε2, · · · , εn

��Nngü �.-

fi(x) = (x− ε1)(x− ε2) · · · (x− εi−1)(x− εi+1) · · · (x− εn), i = 1, 2, · · · , n.

(1)y²:f1(x), f2(x), · · · , fn(x) ´C[x]n ��|Ä.

(2)¦dÄ1, x, x2, · · · , xn−1 �Äf1(x), f2(x), · · · , fn(x) �LÞÝ
. (2014c¥H�Æ)

175. �ê�Pþ��þ|α1, α2, · · · , αr�5Ã',��dê�Pþ�þ|β1, β2, · · · , βs�5LÑ.y²:3β1, β2, · · · , βs

¥7,�3r��þ,ò§�^α1, α2, · · · , αr O��¤���þ|�β1, β2, · · · , βs �d. (2014c¥H

�Æ)

176. y²:�þ|α1, · · · , αs �5Ã'⇔�3β ,¦�β �dT�þ|�5L«,�ÙØ�d?¿�us��

þ�5L«. (2018c¥H�Æ)

177. �U = {A ∈ M2(F ) : a11 + a12 = 0}, V = {A ∈ M2(F ) : a11 + a21 = 0} ,¦U + V ��ê. (2010c¥

ì�Æ)

178. �f(x) ´ê�Fþ�ngõ�ª,-(f) = {g(x) : g ∈ F [x], f |g} ,¦û�mF [x]/(f) ��ê. (2010c¥

ì�Æ)

179. �A�ê�Fþ�m× n Ý
,½Â

LA : Fn → Fn, x 7→ Ax.

y²:LA ´ü���=�A���þ|�5Ã';LA ´÷���=�A�1�þ|�5Ã'. (2010c

¥ì�Æ)

180. �S = {(t, t2, t3) : t ∈ R} .y²:span(S) = R3 .(2012c¥ì�Æ)
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181. -

S = {AB −BA : A,B ∈Mn(F )}.

y²:SÜ¤�f�mW = span(S) ��ê�un2 − 1 ,¿��Ñ§���Ä. (2012c¥ì�Æ)

182. �V´ê�Fþ�5�m,W´V�f�m,V ∗ L«V�éó�m,W 0 L«W�"zf,=W 0 = {f ∈

V ∗ : f(W ) = 0} .y²:W ∗ ∼= V ∗/W 0 .(2012c¥ì�Æ)

183. �E�ê�,F ⊂ E �E ��F þ��5�m,�ê�m.�V�Eþ�n��5�m.y²:V��Fþ�

�5�m�ê�mn. (2013c¥ì�Æ)

Ê.¯�K

1. ��`5���þ|�4��5Ã'Ü©|´Ø���, @o�o�þ|�4��5Ã'Ü©|´

���? y²\�(Ø. (2009c�®�Æ)

2. �V´n�5�m, W´V��²�f�m, {Ñ`²�½�3ü�pØ�Ó��²�f�mU1, U2,

¦�

V = W ⊕ U1 = W ⊕ U2

. (2010c�H���Æ)

3. ���þ|�?Û���5Ã'|´Ä7�*¿�§���4��5Ã'|? (2011c�H���

Æ)

4. �A�ê�Fþ�n��5�mVþ��5C�, V1ÚV2�V�?¿ü�f�m, ¯

A (V1 ∩ V2) = A (V1) ∩A (V2)

´Ä¤á? (2011c�H���Æ)

( �¢� �ù �n)
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