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�. W�K

1. λ−Ý



1− λ 2λ− 1 λ

λ λ2 −λ
1 + λ2 λ3 + λ− 1 −λ2

�ØCÏf� . (2010c�®�Ï�Æ)

2. λ−Ý



λ2 − 1 0 0

0 λ 0

0 0 λ(λ+ 1)3

�IO.� . (2011c�®�Ï�Æ)

3. �λ−Ý
A(λ) =


λ(λ+ 1) 0 0

0 λ 0

0 0 (λ+ 1)2

, KA(λ)�IO.� . (2012c�®�Ï�Æ)

4. λ−Ý



λ2 + 1 λ2 −λ2

1 λ2 + λ 0

λ λ −λ

�IO.� . (2013c�®�Ï�Æ)

5. eA´���"Ý
�A2 = 0, KA�JordanIO.¥Jordan¬����ê� . (2015c�

®�Ï�Æ)

6. �Ý
A�A�õ�ª�(λ+1)3(λ−2)2(λ+3),4�õ�ª�(λ+1)2(λ−2)2(λ+3),KA�JordanI

O.´ . (2015c�®�Ï�Æ)

7. �Ý
A�Ð�Ïf�(λ− 1)2, (λ− 2)2, KA�JordanIO.´ . (2013c�®�E�Æ)

8. �o�Ý
A�A�õ�ª�m(λ) = (λ−1)2(λ−2),�ÑA�¤k�U�JordanIO. .(2015c

�ënó�Æ)

9. �Ý
 A =


0 1 1

1 0 1

1 1 0

 . XJò A w¤Eê�þ�Ý
,KÙ Jordan IO.� ,XJò A

w¤knê�þ�Ý
, ÙknIO.� .
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10. �4?êiÝ
 A ���õ�ª� (λ+ 1)3, K A ��ÜØCÏf� .

11. �4?êiÝ
 A ���õ�ª� (λ+ 1)3, K A ��Ü1�ªÏf� .

12. �Ý
 A =


−2 −4 12

−2 0 6

−2 −2 8

 , KÙÐ�Ïf� , Jordan IO.� .

13. Ê�E�5�m V þ��5C� A ���õ�ª� x(x − 1)2, ���ê� 4, K�3 V ��

|Ä, ¦� A 3d|Äe�Ý
´Jordan Ý
�: .

�. ÀJK

1. e�(Ø¥�(�´( ). (2015c�®�Ï�Æ)

(A) A�Ý
λEn −A���½�un

(B) eA(λ) =


1

λ

λ2

, KA(λ) �ØCÏf�λ, λ2

(C)�A,B ∈ Pn×n, eA�B�d, K§�k�Ó�1�ªÏf|

(D)eü�Ó��λ−Ý
k�Ó��, K§��½�d

2. �A�n��
, e�`{¥�Ø�k �. (2017c�®�Ï�Æ)

(1)A�é�Ý
�q�¿�^�´A���õ�ªÃ�

(2)A�é�Ý
�q�¿�^�´A�ØCÏfÑvk�

(3)A�é�Ý
�q�¿�^�´Akn�ØÓ�A��

(4)A�é�Ý
�q�¿�^�´A�Ð�Ïf���g�

(A)1 (B)2 (C)3 (D)4

3. �Ý
 A �Ý
 B �q, Kk£ ¤

A. A � B k�Ó�A��;

B. A � B k�Ó�A��þ;

C. A � B k�Ó�A�õ�ª;

D. A � B k�Ó�1�ª.

n.O�K

1. Ý
A�A�õ�ª�f(x) = (x− 1)2(x+ 3). ¦A�Jordan IO.. (2013c�®�Æ)

2. 3R3þ½Â�5C�A, A3g,Äε1 =


1

0

0

 , ε2 =


0

1

0

 , ε3 =


0

0

1

 e�Ý
�


0 1 −1
0 0 1

0 0 0

.

¦R3��|Ä, ¦�A3ù|ÄeäkJordan .. (2016c�®�Æ)
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3. �2n��
A =

(
−E E

E E

)
, Ù¥E´n�ü Ý
.(2016c�®�Ï�Æ)

(1)¦A�A�õ�ª;

(2)¦A�4�õ�ª;

(3)¦A�e�IO..

4. ¦Ý
A(λ) =



λ 0 0 · · · 0 an

−1 λ 0 · · · 0 an−1

0 −1 λ · · · 0 an−2
...

...
...

...
...

0 0 0 · · · λ a2

0 0 0 · · · −1 λ+ a1


�ØCÏfÚ1�ªÏf.(2017c�®�Ï�Æ)

5. �A =


4 −1 2

−9 4 −6
−9 3 −5

(2012c�®�E�Æ)

(1)¦A�Ð�Ïf;

(2)¦ÑA�JordanIO..

6. �A(λ) =


0 0 λ2 − λ 0

0 0 0 λ2

(λ− 1)2 0 0 0

0 λ2 − λ 0 0

(2014c�®�E�Æ)

(1)¦A(λ)�ØCÏf.

(2)¦A(λ)�IO..

7. �A =


1 2 3 4

0 1 2 3

0 0 1 2

0 0 0 1

, ¦Ý
A�

(1)ØCÏf;

(2)Ð�Ïf;

(3)e�IO.Ý
I, ¿¦Ý
T , ¦�T−1AT = I. (2016 c�®�E�Æ)

8. A´4�Ý
�kA��1, qA�k���5Ã'�A��þ, ¦A�JordanIO.. (2011c�ën

ó�Æ)

9. �Ý
A =


2 0 0

a 2 0

b c −1

,Á¯Ý
A�Uk�o��JordanIO.?Á�ÑTÝ
�é�z�¿©7

�^�. (2012c�H�Æ)

10. �A =


3 7 −3
−2 −5 2

−4 −10 3

, ¦A�JordanIO.J . (2015c�H�Æ)
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11. �Jn(c) =



c 1 0 · · · 0
0 c 1 · · · 0
0 0 c · · · 0
...
...
...

...

0 0 0 · · · c


, Ù¥c ∈ C. ¦Jn(c)���Ý
Jn(c)∗�JordanIO.. (2010cuÀ��

�Æ)

12. ¦Ý
A =


2 1 −1 0

20 3 −1 −20
20 3 1 −20
5 1 −1 −3

�A��!4�õ�ª±9JordanIO.. (2011 cuÀ���Æ)

13. ¦Ý
A =


5 0 −4 −4
6 8 1 8

14 7 −6 0

−6 −7 −1 −7

�A�õ�ª!Ð�Ïf|!4�õ�ª±9JordanIO.. (2012c

uÀ���Æ)

14. �Ý
A =



−3 1 0 0 0

0 −3 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0


, ¦A2�ØCÏf|!Ð�Ïf|!4�õ�ª±9JordanIO..

(2013cuÀ���Æ)

15. �n�Ý
An =



−2 1

1 −2 1

1 −2 1

1
. . .

. . .

. . .
. . . 1

1 −2


, ÙA�õ�ªP�fn(λ). (2014cuÀ���Æ)

(1)y²:fn(λ) = (λ+ 2)fn−1(λ)− fn−2(λ);

(2)¦f1(λ), f2(λ), f3(λ), ¿¦�A�A��9A��þ;

(3)Á�ÑA3 �JordanIO..

16. ®�5�E�
A�A�õ�ª�fA(λ)94�õ�ªmA(λ)©O�fA(λ) = (λ− 1)3(λ+2)2, mA(λ) =

(λ− 1)2(λ+ 2), ¦A�JordanIO.. (2018cuÀ���Æ)

17. PVn(n ≥ 0)�gêØ�un�'ux, y�¢Xê��õ�ª)¤��m. ¦V2þ�5C�

mA = 2 ∂
∂x + ∂

∂y

�JordanIO., ¿í2����/. (2019cuÀ���Æ)
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18. ¦Ý



−1 −1 0

−4 3 0

1 0 2

�JordanIO.. (2012cuHnó�Æ)

19. ®�Ý
λE −A� 
−λ− 4

λ− 2

λ− 4


¦A�A�õ�ª!4�õ�ª!Ð�Ïf±9ØCÏf. (2010cÓL�Æ)

20. e4�EÝ
 A �4�õ�ª� λ2(λ− 1) . ¦ A �¤k�U�e��IO/. (2015cu¥�E�

Æ)

21. (1) ¦3�Ý
 
4 6 0

−3 −5 0

−3 −6 1


�e��IO/.

(2) Òëê λ �ØÓ��, ?Ø�§|
2x1 + λx2 − x3 = 1

λx1 − x2 + x3 = 2

4x1 + 5x2 − 5x3 = −1

)��/, ¿�3k)��¹�e�Ñ§�Ï).

(2016cu¥�E�Æ)

22. � A =


3 −4 0 2

4 −5 −2 4

0 0 3 −2
0 0 2 −1

 , Á¦ A �Jordan IO.ÚknIO..

23. � A =


1 0 0 0

1 1 0 0

0 0 2 0

0 0 1 2

 , B =


1 0 0 0

0 2 0 0

0 1 2 0

0 0 0 1

 , C =


1 −1 0 0

0 1 0 0

0 0 2 −1
0 0 0 2

 .

1. ¦ C �1�ªÏf, ØCÏfÚÐ�Ïf.

2. �Ñ A � B,B � C ´Ä�q, ¿`²nd.

24. � A =


1 −1 1

x 4 y

−3 −3 5

 k3 ��5Ã'�A��þ� λ = 2 ´ A ��A��.

1. ¦ x, y ��.

2. ¦�_Ý
 P ¦� P−1AP �é�Ý
.
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25. ¦ A =


2 0 0

−1 2 0

3 4 −1

 �¤kØCÏf, Ð�Ïf9e�� ( Jordan ) IO/.

26. (16 ©) �Ý
A =


3 0 0

−1 1 1

2 0 1

 , ¦A �e��IO/ÚA �knIO/.

27. � A =


2 4 2

1 3 0

1 2 1

 , �r A ©)����_Ý
 B Ú����Ý
 C (= C2 = C )�¦È.

28. (25 ©) ¦Ý
A =


−1 −2 6

−1 0 3

−1 −1 4

 �e��IO/J, ¿¦Ý
P ¦�P−1AP = J.

29. (25 ©) �A ´��n ��
, tr(A) =
n∑
i=1

aii ¡�Ý
A �,.

(1) e f(x) =
(
x2 − 2x+ 2

)2
(x− 1) ´6��
 A ���õ�ª, � tr(A) = 6, ¦ A �e��IO

/;

(2) e B,C þ�é¡��½¢Ý
, ¿� tr(BC) = 0, y²: é?¿���ê m, (B + C)m =

Bm + Cm .

30. � A ���1� n �E�
, A �, tr(A) = a 6= 0, Á¦Ñ A �¤kA��(�Ñê).

31. ®�Ý


A =


0 0 0

−1 x −4
1 −5 5



�Ý
 j B =


1 0 0

0 y 0

0 0 10

 �q.

(1) ¦ x, y .

(2) ¦�_Ý
 T ¦ T−1AT = B .

32. (20 ©) �Ý
A =


−1 −2 6

−1 0 3

−1 −1 4

 , ¦A �e��IO/J 9�_Ý
T, ¦�A = TJT−1.

33. ®�Ý


A =


3 0 8

3 −1 6

−2 0 −5


¦ A �A���e��IO/.
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34. �

A =


2 a b

a 2 1

b 1 2


�

B =


1 0 0

0 1 0

0 0 4


�q, ( a, b �Eê), ¦ A �A��þ.

35. A �Eê�þ n ��
, � Ak = 0, Ak−1 6= 0, �
(
Ai
)
= ai(i = 1, 2, · · · , k − 1), Á�Ñ A

�Jordan IO/.

36. �Ý
 A =


1 5 5

0 4 3

0 a 2

 k���A��.

(1) Á¦ A ���õ�ª�Jordan IO/;

(2) (½ A �qué�Ý
�¿©7�^�.

37. ¦�
 

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1 −5 10 −10 5


�e��IO..

38. �6�¢Ý


A =



a −b
b a 1

a −b
b a 1

a −b
b a


,

Ù¥b 6= 0 §Á¦A�ØCÏfÚÐ�Ïf§¿�ÑA�JordanIO.. (2011cÉÇ�Æ)

39. �EÝ


A =


2 0 0

a 2 0

b 1 −1

 ,

¦A�1�ªÏf§ØCÏf§Ð�Ïf§��õ�ª§JordanIO/9A�qué�Ý
�¿�^

�. (2011c���Æ)
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40. �Ý
�A�õ�ª9��õ�ª©O�

f(λ) = (λ+ 1)2(λ− 1)(λ− 2),

m(λ) = (λ+ 1)(λ− 1)(λ− 2).

©O¦ÑA�1�ªÏf§ØCÏf§Ð�Ïf9JordanIO.. (2012c���Æ)

41. ¦λ− Ý



λ− 1 λ λ2 − 1

3λ− 1 λ2 + 2λ 3λ2 − 1

λ+ 1 λ2 λ2 + 1

 �SmithIO.. (2010c¥��)

42. ¦


1 1 1

1 λ λ2

1 λ2 λ4

 �Ð�Ïf|. (2011c¥��)

43. ®�E�
A�A��
λI −A �Ð�Ïf|�

{λ, λ+ 1, λ2, λ2, (λ− 1)2, (λ− 1)3},

¦A���õ�ª±9r(A), tr(A) .(2012c¥��)

o.y²K

1. y²: λ−Ý
A(λ)�_�¿�^�´Ù1�ª|A(λ)|´���"~ê. (2010c�®�Ï�Æ)

2. y²: n��
A�êþÝ
,��=�λE−A�n− 1�1�ªÏf�gê�n− 1. (2013c�®�Ï

�Æ)

3. (1) � A Ú B þ� n �E�
, y²: A � B �q��=��� λ -Ý
, , k λE −A �d

u λE −B.

(2) � A,B Ñ´3 ��"Ý
, y²: A �qu B ��.=� A � B k�Ó�4�õ�ª. (3)

Á`²þã(Ø(2) é4 ��"Ý
´Ä¤á, ��o? (2010cu¥�E�Æ)

4. � n ���ê, 1 6 k, l 6 n .

a1, a2, · · · , ak−1, ak+1, · · · , an

´Ø��0 �Eê,

b1, b2, · · · , bl−1, bl+1, · · · , bn

�´ n−1 �Ø�"�Eê. � E � n �ü Ý
. r E �1 k 1^1�þ (a1, · · · , ak−1, 1, ak+1, · · · , an)

�O�Ý
 A; r E �1 l �^��þ (b1, · · · , bl−1, 1, bl+1, · · · , bn)T 5�O�Ý
 B .

(1) ¦ A,B �e�IO/.

(2) y²: ��EÝ
 A � B ´�q�.
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5. |^e��IO/½ny²: é?¿� n �E�
 A �½�3����ê r ÷v

rank (Ar) = rank
(
Ar+1

)
¿¦ù������ê r . (2017cu¥�E�Æ)

6. � A �?¿E�
"y²: �3�é�Ý
�q��
 S ±9�"�
 N ¦� A = S +N ¿

� SN = NS .

7. ®� A,B ´ü� n ?knêÝ
(=Ý
���Ñ´knê). b��3 n ?EêÝ
 C ¦�

C−1AC = B, ¦y�3 n ?knêÝ
 D ¦� D−1AD = B .

8. (20 ©) �A �n ?�_EÝ
. ¦y�3B ¦�A = B3.

9. � λ1, λ2, . . . , λn ´ n ?�
 A � n �A��, µk =
n∏

i = 1

i 6= k

λi , k = 1, 2, · · · , n . y²:

µ1, µ2, · · · , µn ´ A ���Ý
 A∗ � n �A��.

10. � A,B � n ?Ý
÷v A2 +A = 2E,B2 = B � AB = BA , y²: �3�Ý
 Q ¦� Q−1AQ

Ú Q−1BQ Ñ´é�Ý
.

11. � A,B �Eê�þ� n ?Ý
,� A Ú B Ãú�A��,y²: 'u X �Ý
�§ AX = XB

�k").

12. y²: ?� n ?�
Ú§�=�Ý
�q.

13. � A ´ n ?¢Ý
÷v A2 = 2A+ 3En. y²:

(1) A �qu��é�Ý
;

(2) A+ 2En ´�_Ý
.

14. � λ � n ?¢Ý
 A = (aij) ���¢A��. y²: �3��ê k(1 6 k 6 n) ¦�

|λ− akk| 6
∑
j 6=k

|akj | .

15. � A ´Eê�þ� n ��
, An = 0, � An−1 6= 0 .

(1) e λ ´ A ���A��, ÙéA�A�f�m Vλ = {α|Aα = λα, α ´E�þ}, y²: Vλ �

�ê´1;

(2) ´Ä�3��EÝ
 B §¦� B2 = A? �`²nd.

16. � A,B � n �E�
, C = AB −BA, e AC = CA, K C ��"Ý
.
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17. � A,B � n �E�
, y²: AB +A � BA+A k�Ó�A��, �z�A���ê�Ó.

18. (10 ©) ê�P þ��n ��
A ¡��"�, XJ�3g,êm ¦�Am = 0. �A = (aij)n×n �

���"�
, � a12 6= 0, a13 = 0, a22 = 0, a23 6= 0. y²: Ø�3Ý
 B ¦� Bn−1 = A .

19. y²é?¿�2 ?E�
 A,B,C Ñk

A(BC − CB)2 − (BC − CB)2A = 0.

20. (10 ©) �n ?Ý
A = (aij)nn ´���"Ý
, �a12 6= 0, a13 = 1, a22 = 0, a23 6= 0, y²Ø�3Ý
B

¦� Bn−1 = A .

21. (15 ©) ®�A,B Ñ´n �EÝ
, e

(
A1 O

O A2

)
�

(
A1 B

O A2

)
�q, y²: �3Ý
X, ¦�AX−

XA = B .

22. (10 ©) �A,B �n �E�
, �AB −BA = A .

(1) ¦y tr(A) = 0 .

(2) XJ n = 2, ¦y A2 = 0 .

23. � A,B ©O� 3× 2, 2× 3 ¢Ý
, �

AB =


1 1 1

−2 0 −6
0 1 −2


¦y: BA �Ý


[
0 −6
1 −1

]
3Eê�þ�q, ?�Ú¯ BA �Ý


[
0 −6
1 −1

]
3¢ê�þ�qí?

24. ¦y: ?�EÝ
A þ�©)� A = B + C, Ù¥C ��"
(=k��êk, ¦Ck = 0
)
, B �q

ué�/, � BC = CB .

25. � A ´��^SÌfªþØ�"� n �Ý
, y²: �3en�Ý
 B �þn�Ý
 C, ¦

A = BC .

26. ¦y; ?�EÝ
 A þ�©)�A = B + C, Ù¥C ��"
(=k��êk, ¦Ck = 0
)
, B �qu

é�/, � BC = CB .

27. XJê�K þ n �Ý
 A ÷v A3 = A, K r(A) + r(I +A) + r(I −A) = 2n. Á¦Ñù�Ý
�

�qIO/§Ù¥ r(A) = r, r(I +A) = s .

28. - A,B,X ´Eê�þ� n �Ý
,XJÝ
 A,B k�Ó�A�Ý
,K�½�3�"�Ý
 X

¦� AX = XB, �é?¿Eê�þõ�ª f(x) Ñk f(A)X = Xf(B) .
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29. � A ´ê�K þ� n �Ý
§XJ�3�K�ê m ¦� Am = O, K¡ A ´�"Ý
, ¿r÷

v Am = O ����K�ê m ¡� A ��"�ê.

1. � m = n �, �Ñ� A �q�e��IO/.

2. XJ n �EÝ
 A ÷v Tr
(
Ak = O

)
k = 1, 2, · · ·n, K A �½´�"Ý
.

3. XJ n �EÝ
 A,B,C ÷v AB = BA = C, � A,C ���, K C �½´�"Ý
.

30. A,B ´ n �Ý
, , � AB = BA, e A k r �pØ�Ó�A��, K A,B ��k r �ú�

��5Ã'�A��þ.

31. y²: n �E�
 A �é�z�¿�^�´: é?¿ n ���þ X, e (λ0E −A)2X = 0, K7

k (λ0E −A)X = 0. Ù¥ E ´ n �ü Ý
, λ0 ∈ C .

32. � Rn×n ´¢ê�þ¤k n ��
�¤��5�m, A ´T�mþ��5C�, � A (M) =

M2,M ∈ Rn×n .

1. ¦ A �A��, A��þÚJordan IO/.

2. y²: A U©)� n2 ���1 ���C� Ai ��êÚ, �� i 6= j �, AiAj = O .

33. y²: 3Eê�S?¿ n ��
þ�L«¤ü�é¡Ý
�¦È, �Ù¥7k���_Ý
.

34. ��E�
 T ¡�´�"�§̀ ²�3��ê m, ¦� Tm = 0, � T � n �E�
, y² T �

�"
��=� T �A�õ�ª

χT (x) = xn

35. � n �E�
 A �¤kA��� λ1, λ2, · · · , λr,m ���ê. y² Am �¤kA���

λm1 , λ
m
2 , · · · , λmr

36. Ý
 
1 1 0

1 0 1

0 1 1


ÚÝ
 

0 0 1

0 2 0

1 0 0


´Ä�q, y�.
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37. � A � n �E�
, A2 +A+ I = 0(I �n �ü �
), y²

det(A) 6= 0

( �¢� �ù �n)
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