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1. �A´�5�mV��5C�, ég,êk, XJ�þξ÷vA k−1ξ 6= 0,A kξ = 0. Kξ,A ξ, · · · ,A k−1ξ

�5 '. (2009c�®ó��Æ)

2. Ý
A =


1 −1 0

2 1 3

1 2 3

 ½Â
3��þ�mR3(R´¢ê�)����5C�A : ξ → Aξ(ξ ∈ R3). Ù�

�A R3��ê´ . (2009c�®ó��Æ)

3. PR5�5���þ�m, A´5�¢�
. eàg�5�§|AX = 0 )�m��ê´2, K�5C

�A : α→ Aα(α ∈ R5)��mA (R5) = {Aα|α ∈ R5}��ê´ . (2011�®ó��Æ)

4. �dimV = 4, σ ∈ L(V ), σ3Äε1, ε2, ε3, ε4 e�Ý
�

A =


1 2 1 0

0 1 0 0

1 3 1 0

0 4 2 1


Kσ�¹ε1���ØCf�mW = . (2016c�®�Ï�Æ)

5. �f´ê�Pþ�n��5�mVþ����5¼ê, ε1, ε)2, ε3´V ��|Ä, �

f(ε1 + ε3) = f(ε1 − 2ε3) = 0, f(ε1 + ε2) = 1

Kf(x1ε1 + x2ε2 + x3ε3) = . (2015c�ënó�Æ)

6. ��5�mR3��5C�A3Äα1, α2, α3e�Ý
�A =


0 0 1

0 0 0

1 0 0

, α ∈ R3��A α3α1, α2, α3e

��I�(−1, 2, 3)
′
, Kα = . (2015c�H���Æ)

�. ÀJK
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1. �A´m × n¢Ý
(g,êm,n > 1). A
′
A½Â
n�¢ê��þ�mRn�g�����5C�A :

α→ (A
′
A)α. eA��r(A) = k, K��mW = {A (α)|α ∈ Rn}��ê( ). (2012c�®ó��Æ)

(A)dimW = k (B)dimW = n− kK

(C)dimW = m− k (D)dimW = r(A
′
A)

2. �V,U©O´n�, m��5�m(m 6= n), ϕ : V → U��5N�, K( ). (2014 c�®ó��Æ)

(A)dimkerϕ+ dim Imϕ = n (B)dimkerϕ+ dim Imϕ = m

(C)dimkerϕ+ dim Imϕ = |m− n| (D)dimkerϕ+ dim Imϕ = m+ n

3. �5C�A3Äε1, ε2, ε3e�Ý
´


1 0 0

0 2 0

0 0 3

 KA3Äε1, ε3, ε2e�Ý
´( ). (2017c�®ó�

�Æ)

(A)


1 0 0

0 3 0

0 0 2

 (B)


1 0 0

0 2 0

0 0 3


(C)


2 0 0

0 3 0

0 0 1

 (D)


2 0 0

0 1 0

0 0 3


4. �ϕ´Vþ�5C�, {ξ1, ξ2, · · · , ξn}´Vþ��|Ä,�dz�ξi)¤�f�mL(ξi)�´ϕ�ØCf�

m, Kϕ3{ξ1, ξ2, · · · , ξn}e�L«Ý
 . (2015c�®�Ï�Æ)

(A)7�_ (B)7�é�


(C)7�þn�
, ��7´é�Ý
 (D)7�þn�
, ��7´é�Ý


5. 3±e�C�T¥,k �´�5C�. (2015c�®�Ï�Æ) (l)�α 6= 0��5�mV¥,�½

�þ, Tx = x+ α(é?¿x ∈ V );

(2)3�5�mP [x]¥, Tf(x) = f(x+ 1)(é?¿f(x) ∈ P [x]);

(3)�A,B�n��½�
, TX = AXB(é?¿X ∈ Pn×n));

(4)�A�n��½�
, TX = AX −XA(é?¿X ∈ Pn×n)

(A)1 (B)2

(C)3 (D)4

6. e�¤½Â�C�, k �´�5C�. (2016c�®�Ï�Æ)

(1)3P 3¥, σ(x1, x2, x3) = (x21, x2 + x3, x
2
3);

(2)3P 3¥, σ(x1, x2, x3) = (2x1 − x2, x2 + x3, x1);
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(3)3P [x]¥, σf(x) = f(x+ 1);

(4)3P [x]¥, σf(x) = f(x0), x0 ∈ P , ´��½�ê.

(A)1 (B)2

(C)3 (D)4

7. e�¤½Â�C�, Ø´�5C�. (2017c�®�Ï�Æ)

(A)3R2¥, σ(x1, x2, x3) = (2x1 + x2, x2 − x3, 2x2 + 4x3);

(B)3R2¥, σ(a, b) =

{
(a, b), eab ≥ 0;

(a,−b), eab < 0.

(C)�V´½Â3[a, b]þ¤këY¼ê|¤�Rþ��5�m, 3V ¥σ(f(x)) =
∫ x
a
f(t)dx;

(D)�V´ê�Fþ�1��5�m, σ(α) = aα, Ù¥a´F ¥��½ê.

n.O�K

1. �V´��n�K−�5�m, (αj)
n
j=1 ´§��|Ä. eéVþ��5C�A .

A


α1

α2

...

αn

 =


A (α1)

A (α2)
...

A (αn)

 = A


α1

α2

...

αn

,

KPA = Af . eé?���5C�B, Ñk(A B)f = AfBf , Á(½A3Ä.(αj)
n
j=1e�Ý
.

(2018c�®�Æ)

2. �η1, η2, η3, η4´o��5�mV��|Ä, �5C�A3dÄe�Ý
�
1 0 2 1

−1 1 1 3

1 1 5 5

3 −1 3 −1


(1)¦A −1(0)��ê��|Ä;

(2)¦A V��|Ä). (2016c�®ó��Æ)

3. V = {
∑n−1
i=0 aix

i|ai ∈ R}, σ�V¥�5C�, é?¿�g(x) ∈ V , kσ(g(x)) = g(x) + g
′
(x).

(1)¦σ3Ä{1, x, x
2

2! ,
x3

3! , · · · ,
xn−12

(n−1)!} e�Ý
.

(2)¦V¥¤kσ�ØCf�m��ê, ¿y²\�(Ø. (2019c�®ó��Æ)

4. �V = {amxm + am−1x
m−1 + · · ·+ a1x+ a0|ai ∈ê�P}, T ∈ L(V ),
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T : V → V, T (f(x)) = xf
′
(x)− f(x)

(1)¦T�Ø�mÚ��m: kerT9ImT ;

(2)¦y: V = kerT ⊕ ImT . (2016c�®�Ï�Æ)

5. ��5C�A3n��5�mV��|Äε1, ε2, ε3e�Ý
´A =


1 2 −1

2 1 0

3 0 1


(1)¦A3Äη1, η2, η3e�Ý
, Ù¥


η1 = 2ε1 + ε2 + 3ε3

η2 = ε1 + ε2 + 2ε3

η3 = −ε1 + ε2 + ε3

;

(2)¦A���A (V )ÚØA −1(0);

(3)rA −1(0)�Ä*¿�V�Ä, ¿¦A3ù|Äe�Ý
. (2013c�®�E�Æ)

6. ®�

ε1 =

(
1 0

0 0

)
, ε2 =

(
0 1

0 0

)
, ε3 =

(
0 0

1 0

)
, ε4 =

(
0 0

0 1

)

Ú

η1 =

(
8 1

2 −7

)
, η2 =

(
5 4

2 −5

)
, η3 =

(
4 2

4 −4

)
, η4 =

(
8 2

3 −7

)

´M2(P )�ü|Ä, A´M2(P )��5C�, ½Â�

A (α) =

(
1 2

−1 4

)
α, α ∈M2(P ).

(1)¦dÄε1, ε2, ε3, ε4 �Äη1, η2, η3, η4�LÞÝ
;

(2)¦���"�ξ ∈M2(P ), ¦§3ε1, ε2, ε3, ε4 Úη1, η2, η3, η4ek�Ó��I;

(3)¦A�A��;

(4)¦A�A�f�m. (2014c�®�E�Æ)

7. ®�σ�é¡C�, V´���5�m, W´V���f�m, Áy: W´σ�ØCf�m. (2009c�

®���Æ)

8. V1, V2��5�mV�ü�f�m, dimV1+dimV2 = n,y²: �3V��5C�σ: Kerσ = V1, Imσ =

V2. (2010c�®���Æ)

9. �σ´�Fþ�þ�mV���C�, =σ´÷v^�σ2 = σ��5C�.

(1)y²: V = Im(σ)⊕Ker(σ);

(2)y²: σ�é�z. (2016c�®���Æ)
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10. �A ,B,C´�5�mVþ�üüØÓ��5C�, ¦y: �3α ∈ V , ¦�A α,Bα,CαüüØÓ.

(2009c�ënó�Æ)

11. �V´ê�Pþ�n��5�m, A´Vþ��5C�,��3α ∈ V ,¦�V = L(α,A α,A 2α, · · · ),Ù

¥L(α,A α,A 2α, · · · )L«α,A α,A 2α, · · ·)¤�V�f�m.

(1)y²α,A α,A 2α, · · · ,A n−1α ´V��|Ä.;

(2)¦A3ù|Äe�Ý
, 9A�A�õ�ª���õ�ª. (2011c�ënó�Æ)

12. �ε1, ε2, ε3, ε4´�5�mV��|Ä, ®��5C�T3ù|Äe�Ý
�

A =


1 0 2 1

−1 2 1 3

1 2 5 5

2 −2 1 −2


(1)¦T3Äη1 = ε1 − 2ε2 + ε4, η2 = 3ε2 − ε3 − ε4, η3 = ε3 + ε4, η4 = 2ε4e�Ý
B;

(2)¦T���TVÚØT−1(0);

(3)3T−1(0)À�|Ä, ò§*¿¤V��|Ä. (2015c�H�Æ)

13. 3õ�ª�5�mV = P [x]n¥, 5½�5C�A�

A (f(x)) = xf
′
(x)− f(x),∀f(x) ∈ V

Á¦ÑA���A V±9A V���Ä. (2010c�H���Æ)

14. ®��5�mP 3þ��5C�

A (x, y, z) = (x+ 2y − z, y + z, x+ y − 2z)

¦A���A P 3�ØA −1(0)�ÄÚ�ê. (2012c�H���Æ)

15. �T�¢�5�mR3 → R3 ��5C�, ®�

T (1, 0, 0) = (1, 0, 1), T (0, 1, 0) = (2, 1, 1), T (0, 0, 1) = (−1, 1,−2).

(1)Á^Ý
AL«dC�T (x1, x2, x3) = (x1, x2, x3)A;

(2)¦T���T (R3)���Ä;

(3)¦T�ØT −1(0)���Ä. (2014c�H���Æ)

16. �V´ê�Kþ�4��5�m, α1, α2, α3, α4´V��|Ä.eA´Vþ��5C�,�3Äα1, α2, α3, α4e

�Ý
�Oé�Ý



1 0 0 0

0 1 0 0

0 0 3 0

0 0 0 3

, Á¦¤k�A−ØCf�m. (2014cuÀ���Æ)
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17. ®�R3��5C�A3Äη1 = (−1, 1, 1), η2 = (1, 0,−1), η1 = (0, 1, 1)e�Ý
�:

A =


1 0 1

1 1 0

−3 2 1


(1)¦A3Äε1 = (1, 0, 0), ε2 = (0, 1, 0), ε1 = (0, 0, 1) e�Ý
;

(2)¦A���ÚØ. (2015cuHnó�Æ)

18. �R2��5C�A3Äε1 = (1, 2), ε2 = (2, 1)e�Ý
�(
1 2

2 3

)
,

�5C�B3Äη1 = (1, 1), η2 = (1, 2)e�Ý
�(
3 3

2 4

)
.

(1)¦A + B3Äη1, η2e�Ý
;

(2)¦A B3Äε1, ε2e�Ý
;

(3)�α = (3, 3), ¦A α3Äε1, ε2e��I;

(4)¦Bα3Äη1, η2e��I. (2016cuHnó�Æ)

19. P [x]4 ´¤kgê�u4�õ�ªÚ"õ�ª�¤��5�¯, ¦�5C� A (f(x)) = x2f ′′(x) +

f(x)+ f ′(x) �A��, ¦��A���A��þ.

20. � σ ´�5�m V = Pn×n ����5C�, ÷v σ(A) = A′ , Ù¥ A′ � A �=�Ý
, ¦ σ �

�ÜA��9éA�A��þ. (2015cH®���Æ)

21. � V �ê� P þ�k���5�m, A � V þ��5C�, � A ÷v

A 4 + A 3 − 3A 2 −A + 2E = O

Ù¥ E �ð�C�, e�3���"�þ α ∈ V ¦� A 3(α) + A 2(α)−A (α) = 3α, Á¯´Ä�

3 V ��|Ä, ¦� A 3ù|Äe�Ý��é�
º̀ ²nd. (2007cHm�Æ)

22. �Ý


A =


1 −1 1 1

−1 −1 1 −1

−1 1 −1 −1

−1 −1 1 1


3 P 4×1 þ½Â�5C� A ¦ AX = AX,X ∈ P 4×1,Á¦ A �� Imσ � kerσ ��ê��|Ä.

(2009cHm�Æ)
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23. � A �ê� P þ� n ?�
, �k n �pÉ�A�� λ1, λ2, · · · , λn, ½Â Pn×n þ��5C�

T � T (X) = AX,X ∈ Pn×1, Á¦Ñ T �¤kA��9Ùê. (2012cHm�Æ)

24. (20 ©) 3 �Ý


A =


1 0 1

0 −1 0

−1 1 −1


½Â P 3×3 → P 3×3 ��5C� σ : σ(X) = AX, Ù¥ X ∈ P 3×3 . ©O¦ kerσ � Imσ ��ê��

|Ä.

25. �M2(R)L«¢ê�þ�N���
�¤��5�m§Ý


η1 =

(
1 0

0 0

)
, η2 =

(
1 1

0 0

)
, η3 =

(
1 1

1 0

)
, η4 =

(
1 1

1 1

)
,

´M2(R) ���Ä§q�

ξ1 =

(
1 0

3 0

)
, ξ2 =

(
1 1

3 3

)
, ξ3 =

(
3 1

7 3

)
, η4 =

(
3 3

7 7

)
.

®�σ ´M2(R) ����5C�§σ(ηi) = ξi(i = 1, 2, 3, 4) .

£1¤¦σ(ξ1), σ(ξ2), σ(ξ3), σ(ξ4) ;

£2¤̄ σ(ξ1), σ(ξ2), σ(ξ3), σ(ξ4) UÄ�¤M2(R) ���Äº��ãnd. (2010cÉÇ�Æ)

26. �f ´²¡R2 þ��5C�§¦�

£1¤:(1, 0) �� u1o��;

£1¤:(0, 1) �� u1���;

£1¤:(1, 1) �� u1���.

y²µf ´�_C�§�f−1 r1���S�?¿:ÑN��1���. (2010cÉÇ�Æ)

27. �ϕ ´Eê�þ��5C�§ε �ð�C�§λ0 �ϕ ���A��§λ0 3ϕ ���õ�ª¥�

êm0 = min
k
{k ∈ N+|ker(λ0 − ϕ)k = ker(λ0ε− ϕ)k+1} .(2014cÉÇ�Æ)

28. �ε1 = (1, 0), ε2 = (0, 1) ´¢�5�mR2 ¥�ü �þ§α1 = (1, 3), α2 = (2, 2),A ´R2 ��5C

�§¦�

A(ε1) = α1,A(ε2) = α2.

£1¤¦A 3Äε1, ε2 e�Ý
.

£2¤¦A �_C�A−1 3Äα1, α2 e�Ý
.

£3¤¦A �A���A��þ.

£4¤¦A ����Ø. (2010c���Æ)
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29. �R3 ¥�5C�A 3Äε1 =


1

0

0

 , ε2 =


0

1

0

 , ε3 =


0

0

1

 , e�Ý
A =


−1 2 0

1 1 −1

0 1 −1

 §¦A 3

Äη1 =


1

1

1

 , η2 =


1

1

0

 , η3 =


1

0

0

 , e�Ý
. (2010c�H�Æ)

30. ��ûD(f(x)) = f ′(x) ´�5�mP [x]3 ����5C�£Ù¥f(x ∈ P [x]3)¤§¦D 3Ä1, x, x2 e

�Ý
. (2011c�H�Æ)

31. �A ´n��5�mV��5C�§¦A ��+A �"Ý. (2011c�H�Æ)

32. -T´k���5�mVþ��5C�§�W´V�T−ØCf�m.@o§T |W ���õ�ª�ØT�

��õ�ª. (2012cúô�Æ)

33. �mVþ��5C�f §�±é�f�mU,W §¦�f 3Uþ��_�5C�§3Wþ��"�5C

�§�V = U ⊕W .(2015cúô�Æ)

34. ¤k��C��¤G

£1¤G'u�5C��Ü¤Ú_C�µ4;

£2¤G�k�8�´Ã�8;

£3¤G´�o�ê(�. (2015cúô�Æ)

35. �V1, V2 ´n��5�mV�ü�f�m§�§���ê�Ú�un.y²µ�3Vþ��5C�T §¦

�T �ØÚ�©O�uV1, V2 .(2016cúô�Æ)

36. �Rn×n þ��5C�AX = AXAT §Ù¥A´n�¢�
§rank(A) = r §¦ImA ��ê9Ù�|

Ä. (2014c¥��)

37. �P3 ´dgêØ�L3�EXêõ�ª|¤��5�m.�ÄÙþ��5C�

A = x
d

dx
: P3 → P3.

Á¦A �4�õ�ª. (2015c¥��)

o.y²K

1. Ó��m��ê:

��Fþ�5�mW,U, V¦�©O´r, s, t��. σ�W�U þ��5N�, fáuHom(W,U)y²:

(1)dimHom(W,U) = rs;

(2)�σ∗�Hom(W,U)�Hom(W,V )þ�5N�, K�3ü�σ, ¦σ∗(f)ω = σ(fω), Ù¥ω ∈W ;

(3)dimImσ∗ = ker(i− σ∗) + Imσ. (2011c�®�Æ)
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2. �V´n��5�m, A���5C��A ���õ�ªgê�n.

(1)y²�3�þα¦�α,A α, · · · ,A n−1α´V��|Ä;

(2)?¿�A�����5C��L�A�õ�ª. (2014c�®�Æ)

3. �V´k���5�m, A,B´Vþ�5C�÷ve¡^�:

(1)AB = O, ùpO´0C�;

(2)A�?¿ØCf�m�´B�ØCf�m;

(3)A5 +A4 +A3 +A2 +A = O, y²: BA = O. (2016c�®�Æ)

4. �V´Eê�þk���5�m, A´Vþ��5C�, A3�|ÄeÝ
�F .

(1)eA�é�z, Ké?¿A�ØCf�mU , �3U���Ö�mW ´A �ØCf�m.

(2)eé?¿A�ØCf�mU , �3U���Ö�mW´A�ØCf�m, y²F�é�z. (2016c

�®�Æ)

5. F�ê�, V´Fþn��5�m. A´V þ�5C�.y²�3���é�z�5C�A1, �"�5C

�A2¦�A = A1 +A2, A1A2 = A2A1. (2017c�®�Æ)

6. �A´2�¢Ý
, e�3��êk, ¦�Ak = 0, K¡A´�"Ý
; V´�N2�¢Ý
|¤�R−�

5�m, EijL«(i, j)(i, j = 1, 2) ����1, Ù{ �þ�0�2�Ý
. ½ÂN�A :

A (X) = AX −XA,X ∈ V

(1)y²: {E11, E12, E21, E22}´V��|Ä, A´�5�mVþ��5C�;

(2)eA

(
1 2

0 1

)
, ¦A3Ä{E11, E12, E21, E22} e�Ý
;

(3)éu?¿2�Ý
A, ¦A3Ä{E11, E12, E21, E22}e�Ý
;

(4)eA´�"Ý
, y²A3Ä{E11, E12, E21, E22} e�Ý
�´�"�. (2013 c�®ó��Æ)

7. �V´ê�Pþ�n��5�m, A´Vþ��5C�, A (α1) = 2α1, I�Vþ�ð�C�,�þ|α1, α2, · · · , αn÷

v(A − 2I)αi+1 = αi(1, 2, · · · , n− 1).

(1)y²: α1, α2, · · · , αn�V��|Ä;

(2)¦A3α1, α2, · · · , αne�Ý
. (2014c�®ó��Æ)

8. �V´¢ê�Rþ�n��5�m, α1, α2, · · · , αn´V��|Ä, u´d

A (αi) = αi+1(i = 1, 2, · · · , n),A (αn) = 0

½Â
V����5C�A . £�e�¯K:

(1)Á¦A3α1, α2, · · · , αne�Ý
;

(2)y²: A n = 0, A n−1 6= 0;
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(3)eVk���5C�B÷vBn = 0, Bn−1 6= 0, K�3V��|Ä, ¦�B3ù|Äe�Ý


�(1)¥���Ý
�Ó;

(4)Rþ�n��
M,N÷vMn = Nn = 0, Mn−1 6= 0, Nn−1 6= 0, y²M�N�q. (2015 c�®ó

��Æ)

9. �σ´ê�Pþn��5�mVþ��5C�. y²:

(1)�3��êk, ¦�é¤k�l > kÑkker(σl) = ker(σk);

(2)r(σ) = r(σ2)�¿�^�´V = σ(V )⊕ kerσ. (2018c�®ó��Æ)

10. 3�5�mV¥, k�5C�σ, τ, υ. �υτ − τυ = σ. y²:

(1)υτk − τkυ = kτk−1σ.

(2)�3��êm, ¦�σm = 0. (2019c�®ó��Æ)

11. �T´n��5�mV��5C�, y²: T��+T�"Ý= n. (2010c�®�Ï�Æ)

12. �T´¢�þ�mVþ��5C�, �÷vT 2 = I, ùpIL«Vþ�ð�C�. ½Âü�f�mXe:

V1 = {v ∈ V : T (v) = v}; V2 = {v ∈ V : T (v) = −v},

y²: V = V1 ⊕ V2, ùp⊕L«�Ú. (2014c�®�Ï�Æ)

13. ��5C�σ�τ÷vσ2 = σ, τ2 = τ , y²: σ�τk�Ó�Ø�¿©7�^�´στ = σ, τσ = τ .

(2016c�®�Ï�Æ)

14. �A´n��5�mþ��5C�, ¦y:

dimImA 2 = dimImA

�¿�^�´V = V1 ⊕ V2. (2009c�®�E�Æ)

15. ��5�mV��5C�A÷vA 2 = A , ¡����C�, y²:

(1)V¥�þβáuA��8ImA��=�A (β) = β.

(2)V = ImA ⊕A�V�?��þ��Ú©)�α = A (α) + (α−A (α)).

(3)é?��Ú©)V = V1 ⊕ V0, �3�����C�A , ¦�V1 = ImA , V0 = kerA .

(4)z���C�Ñk�
L«

(
E 0

0 0

)
. (2010c�®�E�Æ)

16. ��5�mV = W1 ⊕W2 ⊕ · · · ⊕Ws. y²: �3V��5C�A1,A2, · · · ,As. ¦�

(1)A 2
i = Ai, 1 ≤ i ≤ s;

(2)AiAj = 0, i 6= j;

(3)A1 + A2 + · · ·+ As = I �ð�C�;

(4)ImAi = Wi, 1 ≤ i ≤ s. (2011c�®�E�Æ)
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17. �A´�5�mVþ��5C�, ξ ∈ V , �ξ,A (ξ), · · · ,A k−1(ξ)ÑØ�u", �A k(ξ) = 0. y²:

ξ,A (ξ), · · · ,A k−1(ξ)�5Ã'. (2012 c�®�E�Æ)

18. �3��5�mVþ�5C�A3Äε1, ε2, ε3e�Ý
A =


1

2

3

, PL(V )�Vþ�5C��N,

C(A ) = {B|A B = BA ,B ∈ L(V )}.

(1)y²: C(A )´L(V )�f�m;

(2)¦C(A )��|ÄÚ�ê. (2015c�ënó�Æ)

19. �A , B©O´n��5�mVþ��5C�, �A + B = IdV , �r(A ) + r(B) = n, y²:

(1)V = A (V )⊕B(V );

(2)A B = BA = 0; A 2 = A , B2 = B. (2015 c�ënó�Æ)

20. �σ´n��þ�mVþ����5��C�, =σ2 = σ, Áy:

(1)σ�A���U´0Ú1;

(2)σ + ε�Vþ�_�5C�, Ù¥ε´Vþ�ü C�. (2009c�H�Æ)

21. �V´ê�Pþ�n��5�m, A´V��5C�, XJ�3V¥��|Ä, ¦�A3ù|Äe�Ý


�e�¬Ý
 
0 0 · · · 0 0

1 0 · · · 0 0
...
...

...
...

0 0 · · · 1 0


y²: (1)�3�þε ∈ V , ¦�A n−1ε 6= 0, �A nε = 0;

(2)V¥�¹�þε�A−f�m(=mathscrA�ØCf�m)�k�5�mVg�;

(3)V¥�?��"A−f�mÑ�¹A n−1ε;

(4)VØU©)�ü��²�A−f�m��Ú. (2013 c�H�Æ)

22. �A´n��5�mV��5C�, ��Ñ{Ñ`²�½�3��êm, ¦�:

A 2mV = A mV

(2010c�H���Æ)

23. �T´n��5�mV��5C��T n−1 6= 0,T n = 0, y²: �3V�Äα1, α2, · · · , αn, ¦�T3ù

|Äe�Ý
�

A =

(
O O

En−1 O

)
. (2010c�H���Æ)
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24. �V´ê�Pþ�n��5�m, A´Vþ��5C�, �A n−1 6= 0, A n = 0, y²: (1)�3V���

�þα¦�α,A α,A 2α, · · · ,A n−1α ´V��|Ä;

(2)éu�ê1 ≤ k ≤ n, kdimA kV = n− k. (2014c�H���Æ�Æ)

25. �A ,B´�5�mV�ü��5C�, �A 2 = A .

(1)y²: A −1(0) = {α−A α|α ∈ V };

(2)BA = A B��=�A (V ), A −1(0)Ñ´B�ØCf�m. (2014c�H���Æ)

26. �A´n��5�m��5C�, Ke�^��d;

(1)A 2 = T (ð�C�);

(2)A�A���±1, �V = V1 ⊕ V−1, Ù¥V1, V−1©OA��1,−1�A�f�m;

(3)V¥k�|Ä, ¦A3TÄe�Ý
�Λ =

(
Ir 0

0 −In−r

)
. (2015 c�H���Æ)

27. �V´n��5�m, A´Vþ�5C�, y²e�^��d:

(1)�3��êm, ¦�:

A 2m(V ) = A m(V ), (A 2m)−1(0) = (A m)−1(0);

(2)V = A m(V )⊕A m)−1(0)(2016 c�H���Æ)

28. �V´ê�Kþ��5�m, X´��8Ü. ®��3�V�ϕ : X → V . k3Xþ½Â\{Úê¦$

�Xe:

x⊕ y = ϕ−1(ϕ(x) + ϕ(y)), x, y ∈ X,

x ◦ y = ϕ−1(λϕ(x)), λ ∈ K,x ∈ X.

�yX'uþã½Â�\{�ê¦�¤Kþ����5�m,¿�ϕ´�5�m�m���Ó�. (2016c

uÀ���Æ)

29. �ϕ´n��5�mVþ��5C�, α´V¥��þ. ®��êm÷vϕm(α) 6= 0, �ϕn+1(α) = 0. ¦

y: α,ϕ(α), · · · , ϕm(α)�5Ã'. (2016cuÀ���Æ)

30. �f : U → V , g : V →W´ê�Kþk����5N�, y²:

dim(Kerf) + dim(Imf ∩Kerg) = dim(Ker(gf)). (2017cuÀ���Æ)

31. �f�g´lk���5�mU�k���5�mW�ü��5N�. eImf = Img, ùpImf´

´f��, y²: �3Uþ��_�5C�h, ¦�g = f ◦ h. (2018 cuÀ���Æ)

32. �K´��ê�, m,n�g,ê, Mm,n(K),Mm(K) ©O´ê�Kþm × n��m�Ý
)¤��m,

A´��n�m× n�Ý
. ½Â
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f : Mm(K)→Mm,n(K), f(X) = XA.

(1)y²: f´���5N�;

(2)�m = n = 2, A =

(
1 2

2 4

)
, ©O¦f�Økerf��|Ä�f��Imf��|Ä;

(3)éu?¿�m,n, r,¦f��;

(4)éu?¿�m,n, r,¦f�Økerf��ê. (2018cuÀ���Æ)

33. �λ1, · · · , λn´ê�Kþ�n�üüØÓ�ê, V´Kþ��5�m, ϕ´Vþ��5C�,�§3Äξ1, · · · , ξne

�Ý
�é�Ý
A = diag{λ1, · · · , λn}.

(1)�W´ϕ�ØCf�m, x1ξ1 + · · · + xnξn ∈ W , Ù¥x1, · · · , xn ∈ K, y²: e,�xiØ�0,

Kξi ∈W ;

(2)¦ϕ�ØCf�m�ê. (2018cuÀ���Æ)

34. ®�A : V → V´k��E�5�mVþ��5C�. �v ∈ V , �3f(λ) ∈ C[λ] ¦�f(A )(v) = 0,

K¡f(λ)�év�"zõ�ª.

(1)y²: Aév��""zõ�ª�3;

(2)Aév�gê�$�Ä�Xê�1�"zõ�ª¡�4�õ�ª, P�mA ,v(λ). y²:"zõ�ª

þU�mA ,v(λ)�Ø;

(3)PA�4�õ�ª�mA (λ), y²: �3v ∈ V¦�mA ,v(λ) = mA (λ). (2019 cuÀ���Æ)

35. �A´ê�Pþ�n��5�mV��5C�, f(x), g(x) ∈ P [x]. y²: (1)f(A )−1(0) + g(A )−1(0) ⊆

(f(A )g(A ))−1(0).

(2)�f(x)�g(x)p��, kf(A )−1(0)⊕ g(A )−1(0) = (f(A )g(A ))−1(0). (2009cuHnó�Æ)

36. �A´ê�Rþ�n��5�mVþ��5C�, A 2 = ε(ð�C�). -V + = {x ∈ V |A x = x},

V − = {x ∈ V |A x = −x}. y²: V = V + ⊕ V −. (2010 cuHnó�Æ)

37. �A´n��5�mV����5C�, W´V�f�m, AWL«W¥�þ��|¤�f�m,y²:

dim(AW ) ≥ r(A ) + dimW − n. (2011cuHnó�Æ)

38. �A´n��5�mV����5C�, y²:

dim(A −1(0)) + dim(A V ) = n,

ùpÎÒA −1(0)L«A�Ø, A VL«A���. (2012cuHnó�Æ)

39. �W´ê�Pþn��5�mV�f�m, A´V����5C�, AWL«W¥�þ��|¤�f�

m. -W0 = W ∩A −1(0), y²: dim(W ) = dim(AW ) + dim(W0). (2013cuHnó�Æ)

40. ^C[x]L«Eê�þCgê�un�õ�ª±9"õ�ª|¤��5�m. 8kC[x]�Cn �N�
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A : f(x) 7→ (f(0), f(1), f(2), · · · , f(n− 1)).

y²: A��5�mC[x]��5�mCn�Ó�N�. (2014cuHnó�Æ)

41. �A�ê�Pþ��5�mV��5C�, f(x) ∈ P [x]¦�f(A ) = f1(x)f2(x) · · · fs(x)�f1(x), f2(x), · · · , fs(x)ü

üp�. -Vi = (fi(A ))−1(0), i = 1, 2, · · · , s. y²: V = V1 ⊕ V2 ⊕ · · ·Vs. (2019cuHnó�Æ)

42. ®� X ��5C� A 'uA�� λ �A��þ, Y ��5C� A ′ 'uA�� µ �A��

þ, λ 6= µ, y²:

(1) Y ′X = 0 ;

(2) e X , Y þ�¢�þ, y² X � Y �5Ã'.(2010cu¥�E�Æ)

43. ®� A Ú B ´Eê��m¥�ü��5C�, �

A B = BA

y²:

(1) A Ú B k��ú����ØCf�m U ;

(2) e A Ú B þ�é�z, y²�3�|Ä, ¦� A Ú B 3ù�|Äe�Ý
þ�é�


.(2010cu¥�E�Æ)

44. ®� A ,B,C ,D � V þ��5C�, ¿üü���, ¿k A C + BD = I (ü C�), y²

ker A B = ker A + ker B

¿�Ú��Ú. (2012cu¥�E�Æ)

45. V �¢ê�þ� 2n + 1 ��m, A ,B � V þ��5C�, � A B = BA , y²�3 λ, µ ∈

R, v ∈ V � v 6= 0, ¦�

A (v) = λv,B(v) = µv.

(2012cu¥�E�Æ)

46. � V ´� F þ¤k n �Ý
¤�¤� n× n ��5�m, �½ M, ½ÂN�

A : V → V,A (A) = MA−AM.

(1) y² A ´�5�m V ��5C�;

(2)

M =


d1

d2
. . .

dγ
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�é�Ý
, ¿� di = dj(i 6= j), 1 ≤ i, j ≤ γ, ¦ A �Ø ker(A ) ;

(3) - M =

[
d1

d2

]
�é�
, � V �Ä

E11 =

[
1 0

0 1

]
, E12 =

[
1 0

0 0

]
, E21 =

[
0 0

0 1

]
, E22 =

[
0 0

1 0

]
¦ A 'uù|Äe�Ý
.(2013cu¥�E�Æ)

47. � A ´î¼�m V ��5C�, B ´ V ���C�, �é ∀α, β ∈ V ,

Ñk

(A (α), β) + (α,B(β)) = 0.

y²:

(1) B ´ V ��5C�;

(2) B ��� Im B �u ker A ���Ö.(2015cu¥�E�Æ)

48. �

A =

[
1 4

−1 2

]
, B =

[
2 3

0 6

]
3�m P 2×2 ¥½ÂC� A (X) = AXB . y²: A (X) ��5C�, ¿¦ A (X) �A�õ�ª.

(2017cu¥�E�Æ)

49. e Rm×m �m�Ý
�m§C� σ � Rm×m �m¥��5C�§ A , B � Rm×m �m¥�

Ý
, ^½Ây²: � m 6= n �, σ Ø�_.(2019cu¥�E�Æ)

50. ®��5�m V , Ù¥ σ, τ � V ��5C��

σ2 = τ2 = id, στ + τσ = 0

Ù¥ id L«ð�C�, Áy²: �3�|Ä¦� σ, τ 3ù|Äe¡�Ý
©O�

(
E

−E

)
,(

E

E

)
.(2019 cu¥�E�Æ)

51. � F ´ê�, V L«ê� F þ¤kgê�u n �õ�ª\þ"õ�ª�¤��5�m. -

A : V → V, f(x) 7→ f(x+ 1)− f(x).

(1) y²: A ´ V þ��5C�.

(2) y²:

γ0 = 1, γ1 =
x

1
, γ2 =

x(x− 1)

2!
, · · · , γn−1 =

x(x− 1) · · · (x− n+ 2)

(n− 1)!

´ V �Ä..

(3) ¦ A 3þãÄ.e�Ý
.

(4) y²: A 3þãÄ.eéA�Ý
ØU�qé�z.(2011cu¥���Æ)

15

厦
门
大
学
《
高
等
代
数
》



52. � v1, v2, · · · , vp ´ p �pØ�Ó� n ���þ. � M ´ n ×m EÝ
 (p 6 m) ,§�c l1 �

��þþ� v1, §� l1 + 1 �� l2 ���þþ� v2, §��� lp ���þþ� vp. = M =

(v1, · · · , v1, v2, · · · , v2, · · · , vp, · · · , vp) � M U��þ©¬. Cm,Cn ©OL« m �Ú n �E��

þ�m. d M ½Â
���5N�

A : Cm → Cn, α→Mα.

- U(M) ´Xe m ���þ�¤�8Ü, Ù¥

U(M) =
{

(u1, u2, · · · , um)
T ∈ Cm|u1 + · · ·+ ul1 = u(l1+1) + · · ·+ ul2 = · · · = u(lp−1+1) + · · ·+ um = 0

}
.

(1) y²: U(M) ´ Cm ���f�m¿¦ù�f�m��êÚ�|Ä..

(2)y²: U(M)´ A �Ø�m ker(A )�f�m,¿�Ñ U(M) = ker(A )�¿©7�^�. (2013c

u¥���Æ)

53. � A ´l F−�þ�m V � U ��5N�,eé V �?¿)¤| ΩÑk A (Ω) = {A (ω)|ω ∈ Ω}´

U �)¤|. y² A �½´÷��5N�. (2016cu¥���Æ)

54. � V,U ´ê� F þ�k���þ�m, � V ��ê´ n. � α1, · · · , αn ´ V ��|Ä., 

γ1, · · · , γn ´ U ¥?¿ n ��þ. y²:�3���l V � U ��5N� A ÷v

A (αi) = γi, i = 1, · · · , n.

(2017cu¥���Æ)

55. � σ ´ n ��5�m V þ��5C�, σ(V ) ��|Ä� β1, · · · , βn , αi ´ βi ���, =

σ (αi) = βi, i = 1, 2, · · · , s,W = L (α1, · · · , αs) . y²:

(1) V = W ⊕ σ−1(0) ;

(2) σ ��+ σ �"Ý = n . (2009c=²�Æ)

56. � σ ´ n ��5�m V þ��5C�. y²: r
(
σ2
)

= r(σ) �¿©7�^��

V = σ(V )⊕ σ−1(0).

(2015c=²�Æ)

57. � A ´k���5�m V ��5C�,y²: V = A V ⊕A −1(0)¿�^�´ A 2V = A V . (2009c

H®���Æ)

58. � n ��5�mþ��5C� A �A�õ�ª�

f(λ) = (λ− λ1)
n1 (λ− λ2)

n2 , λ1 6= λ2,
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¿�k
A α1 = λ1α1, (A − λ1ε)α2 = α1, · · · , (A − λ1ε)αn1

= αn1−1,

A β1 = λ2β1, (A − λ2ε)β2 = β1, · · · , (A − λ2ε)βn2 = βn2−1,

y²: α1, α2, · · · , αn1
, β1, β2, · · · , βn2

�¤���5�m��|Ä, ¿�Ñ A 3ù|Äe�Ý
.

(2009cH®���Æ)

59. � σ ´ n ��5�m V ��5C�, y²: σ(V ) ��|Ä���9 σ−1(0) ��|ÄÜå5Ò´

V ��|Ä. (2012 cH®���Æ)

60. y²: n � (n > 2) ¢�5�m V ����5C� σ 7k��½��ØCf�m. (2014cH®�

��Æ)

61. � σ Ú τ ´ n ��5�m V �ü��5C�, ÷v σ + τ = ε( ð�C�), � στ = 0. y²:

V = σ(V )⊕ τ(V ).

(2015cH®���Æ)

62. y²: e�5C� A , B ÷v

A 2 = A ,B2 = B,A B = BA = 0

K (A + B)V = A V ⊕BV . (2017 cH®���Æ)

63. � P �ê�, T� Pn×n þ��5C�, ÷v^�: é?Û�½� A,B ∈ Pn×n,T(AB) = T(A)T(B)

ÚT(AB) = T(B)T(A) ��k��¤á. y²: ½öé¤k� A,B ∈ Pn×n¤á T(AB) = T(A)T(B)

½öé¤k� A,B ∈ Pn×n ¤á T(AB) = T(B)T(A) .

64. � V � n �E�5�m, End V � V þ¤k�5C��¤��5�m§q A,B �End V �f�

m, � A ⊆ B. -:

M = {x ∈ EndV |xy − yx ∈ A,∀y ∈ B}

b½ x0 ∈M ÷v^� tr (x0y) = 0,∀y ∈M. y²: x0 7��"�5C�. (2010cHm�Æ)

65. � V �Eê�þ� 4n ��5�m, y²: �3 V þ��5C� T ¦� T 4 = −id, Ù¥ id �ð�

C�, ¿�÷vþã^���5C�7,3,|Äe�Ý
�é�Ý
. (2011 cHm�Æ)

66. (20 ©) A �n ��5�mV þ��5C�, A�õ�ª�

f(λ) = (λ− λ1)
r1 (λ− λ2)

r2 · · · (λ− λs)rs

λ1, λ2, · · · , λs �Ø�Ó, �r1 + r2 + · · ·+ rs = n, - fi(λ) = f(λ)
(λ−λi)

ri , y²:

V = V1 ⊕ V2 ⊕ · · · ⊕ Vs

Ù¥ Vi = Im fi(A ) . (2016cHm�Æ)
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67. � V �Eê�þ� n ��5�m, σ, τ � V ¥�ü��5C�, XJ στ = τσ, y² σ, τ ��k�

�ú��A��þ. (2017cHm�Æ)

68. � A , B þ´�5�m V þ��5C�, �. Ker A ⊂ KerB, y²: �3�5C� T , ¦�

A = T B .

69. � V � n �î¼�m, A ,B � V � V �N�, k ��½�"¢ê, � ∀α, β ∈ V k

(A α, β) = k(α,Bβ)

(1) ¦y A ,B � V þ�5C�;

(2) XJ A = B, � A ��"N�, ¦y k = 1 ½ö k = −1 . (2010cþ°�Æ)

70. (15 ©) �V ´�N¢2×2 Ý
¤�¤�¢�5�m, A =

[
a b

c d

]
∈ V, ½ÂV �C�A x = Ax, ∀x ∈

V.

(1) y²: C� A ´�5�.

(2) � A =

[
1 2

−2 −4

]
�, ¦ A �ØÚ�¢9§���|Ä. (2014 cþ°�Æ)

71. � A1, · · · ,As �ê� F þ n ��5�m V þ�üüØÓ��5C�. y²: �3 v ∈ V, ÷v

Aiv 6= Ajv é?¿ i 6= j . (2010 cþ°�Ï�Æ)

72. V ��ê4� F þ� n ��5�m, A � V þ��5C�. y²: �3��� V þ��5C�

B Ú C ,÷v A = B + C , B ´�é�z�, C ´�"�, � B � C ���. (2011cþ°�Ï

�Æ)

73. � A ∈ Pn×n, ½Âd Pn×n �g��N� T �: é?¿ X ∈ Pn×n, k T (X) = XA .

(1) {�y² T ´�5C�;

(2) Á¯ T ´Ä�_º��o?

(3)®� A =

(
α β

γ δ

)
, n = 2, ¦ T 3Ä {E11, E12, E21, E22}e�Ý
. Ù¥: Eij , i = 1, 2; j = 1, 2�

(i, j) �´ 1, Ù{�´0�����. (2014cþ°�Ï�Æ)

74. � A ∈ Cm×n, À A � Cn → Cm ��5N�, y²:

N(A) ⊥ R
(
AH
)
�Cn = N(A)⊕R

(
AH
)
Ù¥: C �Eê�, N(A) �A �"�m(=Ø

)
, R(A)�A�

��m(=��). (2015cþ°�Ï�Æ)

75. � A ,B � n ��5�m V þ��5C�, ¦� (BA )2 = ε( Ù¥ε ´V þ�ð�Cm), (

C = ε−A B, y²:

ker(C ) = Im(C − 2ε)

(2013cÄÑ���Æ)
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76. �V´Fþ��5�m§ε1, ε2, · · · , εn ´V���Ä.�Vþ����5C�A ÷vA(ε1, ε2, · · · , εn) =

(ε1, ε2, · · · , εn)A §�A2 = A y²µkerA + ImA ´�Ú§ùp§kerA ÚImA ©O´A �ØÚ

�.(2010coA�Æ)

77. �V´ê�Fþ�n��5�m§End(V ) L«Vþ��N�5C�|¤��5�m.

£1¤¦dimEnd(V ) ¿�ÑEnd(V ) ��|Ä.

£2¤�A ∈ End(V ) §�A �A�õ�ª�f(x) .y²µXJV�±©)��²��A ØCf�m�

�Ú§@o§f(x) 3Fþ��.¯µd(Ø�_·K´Ä¤áº̀ ²nd.(2011coA�Æ)

78. �A§B´ê�Fþ�m× n .Ý
§Mm×n(F ),Mn×m(F ) ©O´Fþ�¤km× n .Ý
§n×m .

Ý
|¤��5�m.y²µ�m 6= n �§d

f(X) = ABX,X ∈Mn×m

�Ñ�lMn×m(F ) �Mm×n(F ) ��5N�f Ø´�_�.(2012coA�Æ)

79. �T : V →W ´ê�Fþ��5�m�m��5N�.

£1¤y²µT´ü���=�é?¿÷vTS = 0 ��5N�S : U → V §ÑkS = 0 ¶T´÷���

=�é?¿÷vRT = 0 ��5N�R : W → X §ÑkR = 0 .

£2¤�dimV <∞, dimW <∞ .�W1 ´W�f�m.y²µ

dimT−1(W1) ≥ dimV − dimW + dimW1.

(2012coA�Æ)

80. �V´Eê�Cþ�k���5�m§H´dVþ�üü�����é�z��5C�|¤��5�

m.y²µ�3eZ�5¼êαi : H → C ¦�kXe�f�m�Ú©)µ

V =

m⊕
i=1

Vi.

Ù¥Vi = {v ∈ V |h(v) = αi(h)v,∀h ∈ H} .(2012coA�Æ)

81. �A´¢ê�þ�m× n .Ý
.�f : Fn → Fm ´N�X 7→ AX .y²µf ´ü���=�A���

þ�5Ã'¶f ´÷���=�A�1�þ�5Ã'.(2013coA�Æ)

82. �A´ê�Fþ�n��
§A�A�õ�ª3FþØ��.�Mn(C)´¤kn�E�
|¤��5�m.

£1¤y²µA´�_Ý
.

£2¤�σA ´Mn(C) þ�Xe�5C�µ

σA(X) = A−1X −XA−1, X ∈Mn(C).

PσA �Ø�kerσA, σA ���ImσA .¦kerσA
⋂
ImσA ��ê. (2013coA�Æ)
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83. �V´ê�Fþ�n��5�m§End(V ) ´V�¤k�5C�|¤�8Ü.

£1¤y²µé?¿0 6= α ∈ V ÑkV = {Aα|A ∈ End(V )} .

£2¤Ø^Hamilton-Caylay½n��y²µé?¿A ∈ End(V ) Ñ�3Fþ�õ�ªf(x) ¦�f(A) = 0

£3¤þãü�(ØéÃ¡��5�m´Ä¤áº{�`²nd. (2014coA�Æ)

84. �V´ê�Fþ��5�m§V ∗ ´V�éó�m§T´Vþ��5C�.

£1¤é?¿f ∈ V ∗ §½ÂVþ�¼êf∗ : V → F �µf∗(α) = f(T (α)), α ∈ V .y²µN�T ∗ : f 7→ f∗

´V ∗ þ��5C�.

£2¤�α1, α1, · · · , αn´V��|Ä§�T3ù�Äe�Ý
�A.¦1¥��5C�T ∗3éóÄα∗1, α
∗
1, · · · , α∗n

e�Ý
.

£3¤�dimV = n .y²µT´Vþ��_�5C���=�T ∗ ´V ∗ þ��_�5C�. (2015coA

�Æ)

85. �V´ê�Fþ�n��5�m§T´Vþ��5C�§λ1, λ1, · · · , λn ∈ F pØ�Ó§�ÑØ´T�A

��¶I´Vþ�ð�C�.

£1¤y²µéz�1 ≤ i ≤ n, T − λiI Ñ´V��_�5C�.

£2¤y²µ�3a1, a1, · · · , an ∈ F ¦�

n∑
k=1

ak(T − λkI)−1 = I.

(2015coA�Æ)

86. �A ´ê�Fþ�k���5�mVþ��5C�.

£1¤�λ1, λ2, · · · , λk ∈ F ´A �pØ�Ó�A��§α1, α2, · · · , αk ©O´A �áuλ1, λ2, · · · , λk �

A��þ.y²µXJA ���ØCf�m÷vα1 + α2 + · · ·+ αk ∈W §KdimW ≥ k .

£2¤�Ñ���"�!QØ´ü��Ø´÷��A �~f.

£3¤�C(A) ´V�¤k�A �����5C�|¤�8Ü.¦A ¦�dimC(A) ��.

£4¤�F´Eê��A �_.y²µ�3Vþ��5C�B ¦�B2 = A . (2016coA�Æ)

87. �V´n��5�m§V1, V2, · · · , Vs(s > 1) ´V�f�m§�

V = V1
⊕

V2
⊕
· · ·
⊕

Vs.

y²µ�3Vþ��5C�§¦�

1.σ2
i = σi(1 ≤ i ≤ s);

2.σiσj = 0(1 ≤ i, j ≤ s�i 6= j);

3.σ1 + σ2 + · · ·+ σs = ε´ð�C�;

4.σi(V ) = Vi(1 ≤ i ≤ s).(2011cÉÇ�Æ)

20

厦
门
大
学
《
高
等
代
数
》



88. �σ1, σ2 Ñ´n��5�mV��5C�§y²µker(σ1) ⊂ ker(σ2) �¿�^�´�3V����5

C�σ §¦�σ2 = σσ1 .(2013cÉÇ�Æ)

89. �λ1, λ2, · · · , λn´n�¢é¡Ý
A��ÜA��§�−λi(i = 1, 2, · · · , n)Ø´A�A��§½ÂRn×n

��5C�

σ(X) = ATX +XA, ∀X ∈ Rn×n.

y²µ

1.σ ´�_�5C�;

2.é?¿¢é¡Ý
C§7�3���¢é¡Ý
B§¦�ATB +BA = C .(2013cÉÇ�Æ)

90. �ê�Kþ�n��5�mV�m��5�mV ′ þ�¤k�5N�|¤�mHomk(V, V ′) §y²µ

£1¤Homk(V, V ′) ´�5�m;

£2¤Homk(V, V ′) ��ê�mn .(2014cÉÇ�Æ)

91. ®�α1, α2, α3, α4, α5, α6 ´�5�mV¥��|Ä§ϕ ´�5�mVþ��5C�§�

ϕ(α1) = α1, ϕ(α2) = α1 + α2, ϕ(α3) = α2 + α3, ϕ(α3) = α3 + 2α4, ϕ(α5) = 2α5, ϕ(α6) = α5 + 3α6.

1.¦Ñ¤k���ϕ �ØCf�m§¿`²nd;

2.y²ϕ Ø´Ì�C�§=∀α ∈ V, α, ϕ(α), ϕ2(α), · · · , ϕ5(α) Ø�¤�|Ä. (2015cÉÇ�Æ)

92. �V´ê�Fþ�n��5�m§σ ´Vþ��5C�.�α1, α2, · · · , αn ´V���Ä§�5C�σ 3

ù�Äe�Ý
�A§PEndV ´Vþ�N�5C��¤��5�m§�EndV �Mn(F ) �N�f :

f(σ) = A .y²µN�f ´EndV �Mn(F ) ���Ó�N�. (2017cÉÇ�Æ)

93. �V´ê�Fþ�n��5�m§α1, α2, · · · , αn ´V��|Ä§β1, β2, · · · , βn ´V?¿n��þ.y²µ

�3���5C�σ §¦�σ(αi) = βi, i = 1, 2, · · · , n .(2018cÉÇ�Æ)

94. �σ ´ê�Fþ�þ�mVþ���5C�§�÷vσ2 = σ §y²µ

1.kerσ = {ξ − σ(ξ)|ξ ∈ V } ;

2.V = kerσ
⊕
Imσ ;

3.XJτ ´Vþ�,���5C�§Kkerτ ÚImσ Ñ3τ �eØC�¿�^�´τσ = στ .(2018cÉ

Ç�Æ)

95. �P´ê�§8Ü

W =

{(
a 0

b c

)
|a, b, c ∈ P

}
.

£1¤y²µWéuÝ
\{Úêþ¦{�¤���5�m.

£2¤-A =

(
1 0

1 1

)
§C�A : W →W ½Â�A(X) = AX(∀X ∈W ) .y²µA ´W��5C�.
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£3¤�ÑW��|Ä9�ê§¦A 3ù|Äe�Ý
.

£4¤¦ÑA �A��9�A��ÜA��þ. (2011c���Æ)

96. �A ´k���5�mV��_�5N�§W´V¥A �ØCf�m.y²µW�´V¥A−1 �ØC

f�m. (2011c���Æ)

97. �P´�ê�§8Ü

V =

{(
a b

c d

)
|a, b, c, d ∈ P, a+ b = 0

}
.

£1¤y²µVéuÝ
�\{Úêþ¦{�¤�5�m.

£2¤-A =

(
1 0

1 1

)
§C�A : V → V ½Â�A(X) = AX,∀X ∈ V .y²µA ´V��5C�.

£3¤�ÑV��|Ä§¿¦A 3ù�|Äe�Ý
.

£4¤¦ÑA �A��9Ù�ÜA��þ. (2012c���Æ)

98. -A �k���5�mV��5C�§y²µA2 ���uA ����=�V = AV
⊕
A−1(0) Ù

¥AV L«A ���§A−1(0) L«A �Ø. (2014c���Æ)

99. -Mn(R) �¢ê�þ¤kn�Ý
�¤��5�m§C�A : Mn(R)→Mn(R) ½Â�µ

A(X) = AX +XA, ∀X ∈Mn(R),

Ù¥A ∈Mn(R �¢é¡Ý
.

£1¤�ÑMn(R) ��êÚ�|Ä.

£2¤y²µA ��5C�.

£3¤y²µA �é�z§=A 3Mn(R) �,�|Äe�Ý
�é�
. (2015c���Æ)

100. -V�Eê�þ�n��5�m§�5C�A 3V��|Äα1, α2, · · · , αn e�Ý
�en�e�¬§

y²µ

£1¤Vi = L(αi, αi+1, · · · , αn) �A ØCf�m.

£2¤V¥?¿�"�A ØCf�mÑ�¹kαn .(2015c���Æ)

101. -P [x]n �ê�Pþgê�un�õ�ª¤�¤��5�m§½ÂP [x]n þ�C��

A(f(x)) = (n− 1)f(x)− xf ′(x),∀f(x) ∈ P [x]n,

Ù¥f ′(x) �f(x) ��û.y²µ

£1¤A ´P [x]n þ��5C�.

£2¤¦�5C�A ���AP [x]n �ØA−1(0) .

£3¤y²µ

P [x]n = AP [x]n
⊕
A−1(0).

.(2016c���Æ)
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102. -n�Ý
A�"A����ê�s§ÙA�f�mV = {X|AX = 0} ��ê�k.y²µr(A) = r(A2)

��=�s = k .(2017c���Æ)

103. -λ = α+ iβ �n�¢Ý
A�A���β 6= 0 §9�AA��þ�v = x+ iy §Ù¥i =
√
−1 .y²µ

£1¤L(x, y) ´A�2�ØCf�m.

£2¤�3�_Ý
X¦�X−1AX =

(
A11 A12

0 A22

)
§Ù¥A11 =

(
α β

−β α

)
.(2017c���Æ)

104. -A �k���5�mV��5C�§�A2 = A y²µ

£1¤A−1(0) = {α−Aα|α ∈ V } .

£2¤V = AV
⊕
A−1(0). (2018c���Æ)

105. �V´Eê�þ�n��5�m§A,B ´Vþ��5C�§�AB = BA §y²µ

£1¤A,B ��k��ú��A��þ.

£2¤3V¥�3�|Ä§¦�A,B 3ù|Äe�Ý
Ó��é�
. (2018c���Æ)

106. �A´�5�mV��5C�§α´V¥��"�þ§m´�u1���ê§XJ�þ|α,A(α), · · · ,Am−1(α)

�5Ã'§�þ|α,A(α), · · · ,Am−1(α),Am(α) �5�'.

£1¤y²µdα,A(α), · · · ,Am−1(α) )¤�f�mW´A �ØCf�m;

£2¤¦W��|Ä§¿¦A 3ù|Äe�Ý
. (2014c�H�Æ)

107. �Φ,Ψ´,ê�þn��5�mþ�ü��5C�§÷vΦ◦Ψ = Ψ◦Φ§��3��êN¦�ΦN = 0

�"�5C�§y²Φ + Ψ ��_�5C��¿�^�´Ψ ��_�5C�. (2010cúô�Æ)

108. �A´n��5�mV��5C�§λ1, · · · , λm �A�ØÓA��§Vλi
�ÙA�f�m.y²µé?

¿V�f�mW§k

W = (W ∩ Vλ1
)⊕ · · · ⊕ (W ∩ Vλm

).

(2014cúô�Æ)

109. �f : v → w ��5÷N�.

£1¤∀α ∈ w, f−1(α) = β + ker(f)£β �vþ?¿���þ÷vf(β) = α ¤;

£2¤·�½Â¦{Úe¡½Â�\{µ

y²µv/ker(f) = {β + ker(f)|β ∈ v} �¤�m;

£3¤·�½ÂÓ�N�§y²v/ker(f) �Im(f) Ó�. (2015cúô�Æ)

110. �T ´Eê�þn��5�mV��5C�§÷vTk = idV £Vþ�ð��5C�¤§Ù¥1 ≤ k ≤ n

§y²T 7,�±é�z. (2016cúô�Æ)

item®�V´E�5�m§é?¿�A ∈ V §½ÂC�σ(A) = A§y²�V´¢ê�þ�E�5

�m�§σ ´Vþ��5C�§¿¦V��|Ä§¦�σ 3ù|Äe�Ý
�é�
§Ó�`²�V´

Eê�þ�E�5�m�§σ Ø´Vþ��5C�. (2017cúô�Æ)
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111. �A : U → V �ê�Fþ��5�mU�Vþ��5N�.y²µ

dimKerA+ dimImA = dimU.

(2010c¥��)

112. �ê�Fþk���mVþ�5C�A,B ÷vAB = aBA(a ∈ F, a 6= 1) §�A ´�_�5C�§y

²µ

£1¤B ��"Ý
;

£2¤A ÚB k��ú�A��þ. (2010c¥��)

113. �A ´Ã���5�mV��5C�§B ´A 3ImA þ���C�.¦yµV = ImA ⊕KerA �¿

�^�´B �_. (2011c¥��)

114. �A´ê�Fþn��5�mVþ��5C�.®�A�A�õ�ªϕA(λ) = f(λ)g(λ)§Ù¥f(λ), g(λ)

´ê�Fþü�p��õ�ª.¦yµ

£1¤Imf(A) = Kerg(A) ;

£2¤V = Imf(A)⊕ Img(A) .(2012c¥��)

115. �A ´ê�Fþ�k���5�mVþ��5C�§¦yµ

dim(ImA ∩KerA) = rankA− rankA2.

(2013c¥��)

116. �A ´ê�Fþ��5�mVþ��5C�§f1(x) Úf2(x) ´Fþ�õ�ª§g(x) ´f1(x) Úf2(x) �

��ú�ª§h(x) ´f1(x) Úf2(x) ���ú�ª.¦yµKerh(A) = Kerf1(A)⊕Kerf2(A) �¿�^

�´g(A) �_. (2013c¥��)

117. �A´�5�mVþ��5C�.¦yµ�3V�f�mW�ImAÓ�§¿�V = W ⊕KerA .(2014c

¥��)

118. �A´n�¢�5�mV��5C�,n ≥ 1 .¦y:A���3����½ö���ØCf�m. (2010c

I��)

119. �Mn(C)´Eê�þ¤kn��
|¤��5�m,T : Mn(C)→ C´�5N�,÷vT (AB) = T (BA)

,¦y:∀A ∈Mn(C) ,o�3λ ∈ C ¦�T (A) = λtr(A) .(2010cI��)

120. �T1, T2, · · · , Tn ´ê�Fþ�5�mV��"�5C�,Áy²�3�þα ∈ V ,¦�Ti(α) 6= 0, i =

1, 2, · · · , n .(2012cI��)
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121. �V´ê�Fþ�k���þ�m,φ´Vþ��5C�.y²:VU
©)�ü�f�m��ÚV = U⊕

W .Ù¥U,W ÷v:é?¿�u ∈ U ,�3��êk¦�φk(u) = 0 ;é?¿�w ∈ W ,�3vm ∈ V ,¦

�w = φm(vm) é¤k���êm¤á. (2013cI��)

122. �V´¢ê�þ�n��þ�m,φ ´Vþ��5C�,÷vφ3 = −ε (ε´Vþ�ð�C�).

(1)y²n´óê.

(2)eψ ´Vþ��5C�,÷vψφ = φψ ,y²det(ψ) ≥ 0. (2013cI��)

123. �5�mV�ü��5C�f, g ÷vKerf ⊆ Kerg ,y²

(1)�3�5C�h ,¦�g = hf .

(2)eKerf = Kerg ,K�3�5C�g ,¦�g = hf .(2015cI��)

124. �V�ê�Pþ��5�m,A�V��5C�,f(x), g(x) ∈ P [x], h(x) = f(x)g(x) .y²:e(f(x), g(x)) =

1 ,K

kerh(A) = kerf(A)⊕ kerg(A).

(2010c¥H�Æ)

125. �V´ê�Fþ��k���þ�m,A : V → V ´���5C�.�v ∈ V, v 6= 0 ,�Vd{v,Av, · · · ,Ajv, · · · }

)¤.

(1)y²:�3����êk ≥ 1 ¦�v,Av, · · · ,Ak−1v ´�5Ã'�,�

Akv = α0v + α1Av + · · ·+ αk−1Ak−1v,

ùpα0, · · · , αk−1 ∈ F .

(2)y²:{v,Av, · · · ,Ak−1v} ´V��|Ä.

(3)y²:A ���õ�ª�uA�õ�ª.

(4)y²:XJ

A =


1 1 0 1

0 1 0 1

0 0 1 1

0 0 0 1

 ,

@oØ�3��þv ∈ R4 ,¦�R4 d{v,Av, · · · , Ajv, · · · } )¤. (2011c¥H�Æ)

126. �A,B ´Eê�þn(n > 0) ��5�mV�ü��5C�.÷vAB − BA = A .XJλ0 ´A ��

�A��,η ´A �áuλ0 ���A��þ,m´¦η,Bη, · · · ,Bmη �5�'�����ê,Wm ´

dη,Bη, · · · ,Bm−1η ¤)¤��5f�m.

(1)y²Wm ´A �ØCf�m.

(2)¦A|Wm �,,Ù¥A|Wm ´A 3|Wm þ���. (2012c¥H�Æ)
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127. �A ´Eê�þn��5�mV����"�Ø�_�5C�,y²:�3A �ØCf�mV1 ÚV2 ,¦

�

V = V1 ⊕ V2,

�A|V1 ��_C�,A|V2 ��"C�. (2014c¥H�Æ)

128. �A ´ê�Pþ�n��5�mV����5C�.ekerAk = kerAk+1 ,Ù¥k�,���ê,y²:

V = kerAk ⊕ ImAk.

(2015c¥H�Æ)

129. �A �Eê�þn��5�mVþ����5C�,�

tr(Ak) = 0(k = 1, 2, · · · , n).

y²:A ´�"C�. (2016c¥H�Æ)

130. �A ´¢ê�þn(n ≥ 1) ��5�mVþ����5C�.y²:A ��k���ê´1½2�ØCf

�m. (2016c¥H�Æ)

131. 3ê�Fþ,�5�mVþ����5C�A ÷vA3 = I ,I�ð�C�,y²:

V = ker(A− I)⊕ ker(A2 +A+ I).

(2017c¥H�Æ)

132. �A ∈ Rn×n, f(A) ´Rn×n → R ����5N�.

(1)y²:é?¿�A,Ñk���C ∈ Rn×n ,¦�

f(A) = tr(AC).

(2)é∀A,B ∈ Rn×n ,ekf(AB) = f(BA) ,y²:

f(A) = λf(E), λ = tr(A).

(2017c¥H�Æ)

133. �f(x), g(x) ´ê�Fþ�õ�ª,m(x) = [f, g] ´§��Ä���ú�ª,σ ´Fþ�5�mV���

�5C�.y²:

kerf(σ) + kerg(σ) = kerm(σ).

(2010c¥ì�Æ)
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134. �σ ´E�5�mV����5C�.y²:σ �qué�Ý
��=�é?¿σ f�mUÑkσ f�

mU ′ ¦�V = U ⊕ U ′ .(2010c¥ì�Æ)

135. �A,B´n�¢é¡Ý
,�B´�½Ý
.y²:�3¢�_Ý
C¦�CTAC ÚCTBC Ñ´¢é�Ý


. (2010c¥ì�Æ)

136. �V´ê�Fþ��5�m,SÚT´V�f�m,f ´Vþ��5C�.V ∗ L«V�éó�m,S0 L«S�

"zf,=S0 = {f ∈ V ∗ : f(S) = 0} ,f∗ L«f �=�,=f∗ : V ∗ → V ∗, g 7→ gf,∀g ∈ V ∗ .y²:

(1)(S ∩ T )0 = S0 + T 0 ;

(2)Imf∗ = (kerf)0 .(2011c¥ì�Æ)

137. �f ´Fþ��5�mMn(F ) �F��5N�,f(I) = n �é?¿�Ý
A,B ∈ Mn(F ) kf(AB) =

f(BA) .y²:f = tr. (2013c¥ì�Æ)

138. �V´ê�Fþ�n��5�m,σ, τ Ñ´Vþ��5C�,V´σ Ì�f�m,�στ = τσ .y²:�3,

�õ�ªf(x) ¦�τ = f(σ). (2014c¥ì�Æ)

139. �σ, τ �n��5�mVþ��5C�,idV ´Vþ�ð�C�.y²:eστ = idV ,Kτσ = idV . (2017c

¥ì�Æ)

140. �σ ´n�¢�þ�mVþ��5C�,¿�k��êm¦�σm ´Vþ�ð�C�.y²3V¥�3�

|Ä¦�σ 3ù|Äe�Ý
���Ý
. (2018c¥ì�Æ)

Ê.¯�K

1. �A1, · · · ,A2012��5�mþ�2012�pØ�Ó��5C�, ¯´Ä�3�þα ∈ V¦�

A1α, · · · ,A2012α ÑØ��

. (2012c�®�Æ)

2. e�R2þ��5C�A´Ä�±é�z?

(1)A (x, y) = (x− 2y, x− y);

(2)A (x, y) = (x+ y, 2y). (2011c�H���Æ)
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