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1. eÝ
�§


1 1 1 1

−1 0 1 2

0 1 2 3

X =


1 3

b 2

1 a

k), Ka+ b = . (2012c�®ó��Æ)

2. �Ý
A =


1 2 1 2

0 1 t t

1 t 0 1

, àg�5�§|Ax = 0�)�m��ê�2, Kt = . (2015c�®

ó��Æ)

3. en�Ý
A��1���Ú�", �R(A) = n − 1, Kàg�5�§|Ax = 0���Ä:)X

� . (2016c�®ó��Æ)

4. ®��5�§| 
−x1 − x2 + 3x3 = 1 + λ

−2x1 + x2 + 2x3 = 1

x1 + x2 + λx3 = λ

Ã), Kλ = . (2016 c�®ó��Æ)

5. �|àg�5�§| 
1 2 1

2 3 a+ 2

1 a −2



x1

x2

x3

 =


1

3

0


Ã), Ka = . (2009 c�®�Ï�Æ)

6. �A´5�Ý
,A∗´A���Ý
,eη1, η2´�§|AX = 0�ü��5Ã'�),@o�r(A∗) = .

(2016 c�®�Ï�Æ)

7. ®��§|


a 1 1

1 a 1

1 1 a



x1

x2

x3

 =


1

1

−2

kÃ¡), Ka = . (2011c�®�E�Æ)
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8. �3�Ý
A��©¬Ý
�1A = (α1, α2, α1 + α2), eα1, α2 �5Ã', �β = 2α1 + α2, K�5�§

|AX = β �Ï)� . (2015 c�ënó�Æ)

9. Ý
�§


1 1 0

0 1 1

0 0 1

X =


2 1 1

1 −1 1

1 1 1

 �)� . (2010 cH®�Æ)

10. � n ?�
 A �z�1�Ú�0 � A ���u n − 1, Kàg�5�§| AX = 0 �Ï)

� . (2011cH®�Æ)

11. ®� n ��
 A �� r(A) = n − 2, α1 = [1, 2, 3]T , α2 = [1, 1, 1]T , α3 = [2, 3, 2]T ��àg�5�§

| AX = b �), K AX = b �Ï)� . (2010cþ°�Æ)

12. � A ´ m× 4 Ý
,� A¥k�n��þ�5Ã',XJ�5�§| AX = bk) α = [1, 2, 3, 4]T ,

β = [1, 1, 1, 1]T , K AX = b �Ï)´ . (2011 cþ°�Æ)

13. � A � n ���_Ý
, � A∗ �1���þ� α 6= 0, XJ�5�§| Ax = b k) β, K�5�

§| Ax = b �Ï)� . (2012cþ°�Æ)

14. � A ´ m×4 Ý
,� A ¥k�n��þ�5Ã',XJ�5�§| AX = bk) α = [1, 2, 3, 4]T ,

β = [1, 1, 1, 1]T , K AX = b �Ï)´ . (2012cþ°�Æ)

�. ÀJK

1. XJn��
A��R(A) = s, ��þX = (x1, x2, · · · , xn)
′
, β = (b1, b2, · · · , bn)

′
, àg�5�§

|AX = 0 �β
′
X = 1kú�), K( ). (2009c�®ó��Æ)

(A)s > n (B)s < n

(C)s = n (D)Ã(½(Ø

2. PA∗�n�¢�
A���Ý
. XJàg�5�§|A∗X = 0�)�m��ê´n− 1,KAX = 0�

)�m��ê7,( ). (2009 c�®ó��Æ)

(A)�u1 (B)�un− 1

(C)Ø(½ (D)cn�À�ÑØ�(

3. PA∗�n�¢�
A���Ý
. XJàg�5�§|A∗X = 0�)�m��ê´1, KAX = 0�)

�m��ê7,( ). (2009c�®ó��Æ)

(A)�u1 (B)�un− 1

(C)Ø(½ (D)cn�À�ÑØ�(
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4.

∣∣∣∣∣∣∣∣∣∣
a11 · · · a1n b1

· · · · · · · · · · · ·
an1 · · · ann bn

an+1,1 · · · an+1,n bn+1

∣∣∣∣∣∣∣∣∣∣
= 0´÷v^�

∣∣∣∣∣∣∣∣
a11 · · · a1n
· · · · · · · · ·
an1 · · · ann

∣∣∣∣∣∣∣∣ = 0��§|


a11x1 + · · ·+ a1nxn = b1

· · · · · · · · ·
an1x1 + · · ·+ annxn = bn

an+1,1x1 + · · ·+ an+1,1xn = bn+1

k)�( ). (2010c�®ó��Æ)

(A)7�^� (B)¿©^�

(C)¿©7�^� (D)±þn�À�ÑØ�(

5. e¢Xê�§|


a1x+ b1y = c1

a2x+ b2y = c2

a3x+ b3y = c3

k), PD =

∣∣∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣∣∣. K( ). (2011c�®ó��Æ)

(A)D > 0 (B)D < 0

(C)D = 0 (D)D�±´?Û¢ê

6. e3���þ|{α1, α2, α3}, {β1, β2}����þ/¤�Ý
A = (alpha1, α2, α3), B = (β1, β2)÷vA =

B

(
1 −5 7

2 6 8

)
, Kàg�5�§|AX = 0�)��¹´( ). (2012c�®ó��Æ)

(A)k��) (B)Ã)

(C)kÃ¡õ) (D)Ø(½, �6α1, α2, α3 �äN�¹

7. �A´n��
, Ke�À�¥�(�´( ). (2017c�®ó��Æ)

(A)�àg�5�§|Ax = 0k��)�, |A| = 0.(B)�àg�5�§|Ax = 0kÃ¡õ)�, |A| = 0.

(C)�|A| = 0�, �5�§|Ax = bÃ) (D)�|A| = 0�, �5�§|Ax = bkÃ¡õ)

8. a = 1´àg�§| 
x1 + x2 + x3 = 0

x1 + 2x2 + ax3 = 0

x1 + 4x2 + a2x3 = 0

k�")�( ). (2016c�®�Ï�Æ)

(A)¿©7�^� (B)¿©�7�^�

(C)7��¿©^� (D)Q�¿©q�7�^�
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9. �A�n�Ý
, α�n���þ, e�

(
A α

αT 0

)
=�A, K�5�§|( ). (2017 c�®�Ï�Æ)

(A)AX = α7kÃ¡õ); (B)AX = αk��);

(C)

(
A α

αT 0

)(
X

Y

)
=k"); (D)

(
A α

αT 0

)(
X

Y

)
7k�").

10. �n��àg�5�§|Ax = b�ü�)�α = (1, 0, 2)
′
, β = (1,−1, 3)

′
, �XêÝ
A ���2, K

é�?¿~êk, k1, k2, �§�Ï)�( ). (2011 c�®�E�Æ)

(A)k1(1, 0, 2)
′
+ k2(1,−1, 3)

′
(B)(1, 0, 2)

′
+ k(1,−1, 3)

′

(C)(1, 0, 2)
′
+ k(2,−1, 5)

′
(D)(1, 0, 2)

′
+ k(0, 1,−1)

′

11. � A � n ��
, e�(Ø�(�k ( )

A. A �1�þ|�5�'�¿©7�^�´ |A| = 0 ;

B. �5�§| AX = b kÃ¡õ|)�¿©7�^�´ |A| = 0 ;

C. |A∗| = 0 �¿©7�^�´ |A| = 0 ;

D. ±þ(ØÑ�(.

n.O�K

1. )�§| 
x+ y + z = 2

(x− y)2 + (y − z)2 + (z − x)2 = 14

x2y2z + x2yz2 + xy2z2 = 2

(2009c�®�Æ)

2. ëêt�Û�ê�, �5�§| 
2x1 + x2 + 4x3 + 3x4 = 1

x1 + 3x2 + 2x3 − x4 = 3t

x1 + x2 + 2x3 + x4 = t2

k)? �Ñ�A�¹e�§|���). (2012c�®ó��Æ)

3. ®��5�§| 
x1 + x2 + x3 = 1

2x1 + (a+ 2)x2 + (a+ 1)x3 = a+ 3

x1 + 2x2 + ax3 = 3
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kÃ¡õ); �A´n�Ý
, α1 = (1, a, 0)
′
, α2 = (−a, 1, 0)

′
, α3 = (0, 0, a)

′
©O�A�áuA�

�λ1 = 1, λ2 = −2, λ3 = −1�A��þ.

(1)¦¤��5�§|�Ï);

(2)¦Ý
A;

(3)¦1�ª|A∗ + 3E|��. (2014c�®ó��Æ)

4. ��5�§|AX = b�4��àg�5�§|, �(A) = 3. ®�α1, α2, α3´�§�n�)�þ,

�α1 + α2 = (1, 2, 0, 4)
′
, α2 + α3 = (1, 0, 0, 1)

′

(1)¦T�§|�A�Ñ|AX = 0���Ä:)X.

(2)¦AX = b�Ï). (2015c�®ó��Æ)

5. ¯~êa, b��Û���, �5�§|
x1 + x2 + x3 + x4 = 1

x2 − x3 + 2x4 = 1

2x1 + 3x2 + (a+ 2)x3 + 4x4 = b+ 3

3x1 + 5x2 + x3 + (a+ 8)x4 = 5

Ã), k��), ½kÃ¡õ), ¿3Ã¡õ)��ÑÙ��). (2010c�®�Ï�Æ)

6. ¯~êa, b��Û���, ±e�§|k)? ¿¦Ù). (2011c�®�Ï�Æ)
x1 + x2 + x3 + x4 + x5 = 1

3x1 + 2x2 + x3 + x4 − 3x5 = a

x2 + 2x3 + 2x4 + 6x5 = 3

5x1 + 4x2 + 3x3 + 3x4 − x5 = b

7. λ�Û�� 
λx1 + x2 + x3 = λ− 3

x1 + λx2 + x3 = −2

x1 + x2 + λx3 = −2

k)? ¿¦Ù). (2013c�®�Ï�Æ)

8. ¯~êa, b��Û��, �5�§|
x1 + x2 + x3 + x4 = 0

x2 + 2x3 + 2x4 = 1

−x2 + (a− 3)x3 − 2x4 = b

3x1 + 2x2 + x3 + ax4 = −1

Ã), k��), ½kÃ¡õ), ¿3Ã¡õ)��ÑÙ��). (2014c�®�Ï�Æ)

9. ®��5�§|
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x1 + x2 + x3 + x4 = −1

4x1 + 3x2 + 5x3 − x4 = −1

ax1 + x2 + 3x3 + bx4 = 1

k3��5Ã'�), ¦a, b��9�§|�Ï). (2016 c�®�Ï�Æ)

10. ��Ñ�§| 
x1 + a1x2 + a21x3 = a31

x1 + a2x2 + a22x3 = a32

x1 + a3x2 + a23x3 = a33

x1 + a4x2 + a24x3 = a34

Ã)���¿�^�,¿��: β1 = (−1, 1, 1)T , β2 = (1, 1,−1)T �)�,¦�Ü). (2017c�®�Ï

�Æ)

11. ®��§| 
x1 + x2 − x3 = 1

2x1 + (a+ 2)x2 − (b+ 2)x3 = 3

−3ax2 + (a+ 2b)x3 = −3

¯: �a, b��o��, �§|Ã)? k��)? kÃ¡õ)? ¿3Ã¡õ)�, �Ñù��§|�Ï

). (2009c�®�E�Æ)

12. ïÄk�Û��, �5�§| 
kx1 + x2 + x3 = 5

3x1 + 2x2 + kx3 = 18− 5k

x2 + 2x3 = 2

(1)k��);

(2)kÃ¡õ);

(3)Ã). (2012c�®�E�Æ)

13. ¦�§| 
x1 + x2 + x3 + x4 + x5 = 1

3x1 + 2x2 + x3 + x4 − 3x5 = a

x2 + 2x3 + 2x4 + 6x5 = 3

5x1 + 4x2 + 3x3 + 3x4 − x5 = b

¯~êa, b��Û���, ±e�§|k)? ¿¦Ù). (2016c�®�E�Æ)
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14. �A =


1 1 0 0

0 1 1 s

1 2 1 −1

, β =


1

0

t

, γ1 =


0

0

1

1

, γ1 =


0

0

1

1

.

(1)®�ê�Pþ��5�§|Ax = βk), ¦s ÚtI�÷v�^�;

(2)�s = 0�, ¦Pþ�àg�5�§|AX =


0

0

0

�Ä:)X;

(3)�s = 0, t = 1�, �ÑAx = β�ü��5Ã'�);

(4)®�,àg�5�§|�Ï)�k1γ1 + k2γ2, k1, k2 ∈ P , ¦ù�àg�5�§|�(2)¥�§|�

¤kú�). (2011 c�ënó�Æ)

15. k�Û��, �5�§| 
kx+ y + z = −2

x+ ky + z = k

x+ +y + kz = k2

(1)k��);

(2)kÃ¡õ);

(3)Ã). (2012c�ënó�Æ)

16. ®�ü�àg�5�§|:
x1 + 2x2 + 3x3 = 0

2x1 + 3x2 + 5x3 = 0

x1 + x2 + ax3 = 0

�

{
x1 + bx2 + cx3 = 0

2x1 + b2x2 + (c+ 1)x3 = 0

Ó), ¦a, b, c. (2015c�ënó�Æ)

17. �4�àg�5�§|(I)� {
2x1 + 3x2 − x3 = 0

x1 + 2x2 + x3 − x4 = 0

®�,��4�àg�5�§|(II)�Ä:)X�α1 = (2,−1, a+ 2, 1)
′
, α2 = (−1, 2, 4, a+ 8)

′
.

(1)�àg�5�§|(I)���Ä:)X;

(2)�a�Û��, àg�5�§|(I) Ú(II)k�"ú�)? ¿¦Ñ�Ü��"ú�)(��Ñ7��

O�Ú½). (2013c�H�Æ)

18. λ�Û��, �5�§| 
(2λ+ 1)x1 − λx2 + (λ+ 1)x3 = λ− 1

(λ− 2)x1 + (λ− 1)x2 + (λ− 2)x3 = λ

(2λ− 1)x1 + (λ− 1)x2 + (2λ− 1)x3 = λ
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k��), Ã), Ã¡õ)? ¿3Ã¡õ)��ÑÙ��). (2014c�H�Æ)

19. e�§ 
λx1 + x2 + x3 = b1

x1 + λx2 + x3 = b2

x1 + x2 + λx3 = b3

é?¿�êb1, b2, b3Ñk), ¦λ ��. (2009c�H���Æ)

20. �Ý
A = (α1, α2, α3, α4),Ù¥α1, α2, α3, α4 þ�n���þ,�α1, α2, α4�5Ã', α1−3α2+2α3 =

α4. XJβ = α1 + 2α2 + 3α3 + 4α4, Á¦�5�§|AX = β�Ï). (2010c�H�Æ)

21. �V1, V2©O�àg�5�§|

x1 + x2 − x3 − x4 = 0

Ú {
x1 − x2 + x3 = 0

x1 + x2 + x3 − x4 = 0

�)�m(��R4�f�m).

(1)©O¦ÑV1ÚV2��|Ä;

(2)¦ÑV1 ∩ V2��|Ä;

(3)¦ÑV1 + V2��ê. (2015c�H�Æ)

22. )e��5�§| 
4x1 + 3x2 + 2x3 + x4 = 17

3x1 + 2x2 + x3 + 4x4 = 17

2x1 + x2 + 4x3 + 3x4 = 17

x1 + 4x2 + 3x3 + 2x4 = 17

. (2009cuÀ���Æ)

23. �α1 = (1, 2,−1, 0, 4), α2 = (−1, 3, 2, 4, 1), α3 = (2, 9,−1, 4, 13), W = L(α1, α2, α3) ´dùn��þ)

¤�ê�Kþ��5�mK5�f�m. (1)¦±W��)�m�àg�5�§|;

(2)¦±W
′

= {η + α|α ∈ W}�Ù)8��àg�5�§|, Ù¥η = (1, 2, 1, 2, 1). (2011cuÀ��

�Æ)

24. �K´ê�,W ∈ Kn´Kþ��5�§|AX = B���)8,Ù¥A ∈Mm×n(K), X = (x1, x2, · · · , xn)T ,

B ∈Mm×1(K). y²:

(1)�3T�§|�A)γ09Kn�f�mV , ¦W = γ0 + V = {γ0 + η|η ∈ V };

(2)e�γ0 = (2, 0, 1, 2)T , V´d(2, 1, 0, 0)T , (4, 0,−1, 0)T , (1, 0, 0, 1)T , (3, 0,−1,−1)T )¤�Kn�f�

m. Á¦��5�§|, ¦Ù)8�uγ0 + V . (2012cuÀ���Æ)
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25. �¢êλ�Û��, �§| 
(λ− 2)x1 − x2 − x3 = −2

4x1 + (λ− 1)x2 + 4x3 = 7

x1 + x2 + x3 = 2

k��), Ã), kÃ¡õ); k)�, �¦Ñ�Ü). (2017cuÀ���Æ)

26. ¯¢êa, d�Û��,e��§Ã)!k��)!kÃ¡õ)? k)�,�¦Ñ¤k). (2018cuÀ�

��Æ) 
−x2 − 2x3 − 2x4 − 6x5 = a− 3

x1 − x3 − x4 + (d− 5)x5 = −4

2x1 + 2x2 + 2x3 + 2x4 + (d+ 2)x5 = −a
2x2 + 4x3 + 4x4 + 12a5 = −a+ 6

27. �¢êλ�Û��, e��§Ã)!k��)!kÃ¡õ)? k)�, �¦Ñ¤k). (2019 cuÀ�

��Æ) 
λx1 + x2 + x3 = 1

(λ2 + 1)x1 + 2λx2 + (λ+ 1)x3 = λ+ 1

x1 + x2 + λx3 = 1

2x1 + (λ+ 1)x2 + (λ+ 1)x3 = 2

28. �a, b�Û��,e��5�§|Ã)?k��)?kÃ¡õ)? ��§k)�,�ÑÙ�Ü). (2010c

uHnó�Æ) 
x+ y − z = 0

2x+ (a+ 3)y − 3z = 3

−2x+ (a− 1)y + bz = −1

29. éλ�ØÓ���äe��§|´Äk), k)�¦ÑÙ�Ü): (2012 cuHnó�Æ)
λx1 + x2 + x3 = λ+ 1

x1 + λx2 + x3 = 2

x1 + x2 + λx3 = 2

30. ?Øëêa, b��Û��, �5�§|
x1 + x2 − 2x3 + 3x4 = 0

2x1 + x2 − 6x3 + 4x4 = −1

3x1 + 2x2 + ax3 + 7x4 = −1

x1 − x2 − 6x3 − x4 = b

k)? Ã)? ¿3k)��¹, ¦Ñ��). (2013 cuHnó�Æ)

31. ®�àg�5�§|
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(a1 + b)x1 + a2x2 + · · ·+ anxn = 0

a1x1 + (a2 + b)x2 + · · ·+ anxn = 0

· · · · · · · · ·
a1x1 + a2x2 + · · ·+ (an + b)xn = 0

Ù¥
n∑

i=1

ai 6= 0. Á?Øa1, a2, · · · , an, b÷v�o'X�,

(1)�§|=k")?

(2)�§|k�")? 3k�")�, ¦d�§|���Ä:)X. (2014cuHnó�Æ)

32. éλ�ØÓ���äe��§|´Äk)? �k)�¦ÑÙ�Ü): (2016cuHnó�Æ)
(3− λ)x1 + (2− λ)x2 + x3 = λ

(2− λ)x1 + (2− λ)x2 + x3 = 1

x1 + x2 + (2− λ)x3 = 1

33. �n��àg�5�§|AX = b�XêÝ
��r(A) = 1, ùpA�n��
, X = (x1, x2, x3)
′
,

b = (b1, b2, b3)
′ 6= 0. ®�η1, η2, η3´AX = b�n�)�þ, η1 + η2 = (1, 2, 3)

′
, η2 + η3 = (0,−1, 1)

′
,

η3 + η1 = (1, 0,−1)
′
, ¦T�§|�Ä:)X. (2017cuHnó�Æ)

item��5�§| {
x1 + x3 = 0

2x2 + x4 = 0

�)�m�W , ¦: �þα = (2, 3, 4, 5)3W þ�S�K±9α�W�ål.

(5: d©)ªV = V1 ⊕ V ⊥1 , é?¿α ∈ Vkα = α1 + α2, α1 ∈ V, α2 ∈ V ⊥1 , ¡α1 ��þα3f�

mV1þ�S�K). (2019 cuHnó�Æ)

34. ¦àg�5�§|: 
x1 − x2 + x3 + x4 − x5 = 0

x1 + x2 + x4 + x5 = 0

x1 − 3x2 + 2x3 + x4 − 3x5 = 0

3x1 + x2 + x3 + 3x4 + x5 = 0

��|Ä:)X. (2011cu¥�E�Æ)

35. �àg�5�§| {
x1 − x2 = 0

x2 + x4 = 0
(i)

{
x1 + x2 + x3 = 0

x2 + x3 − x4 = 0
(ii)

(1) ©O�Ñ�§|(i) �(ii) ���Ä:)X;

(2) �Ñ(i) Ú(ii) ��Üú�). (2012cu¥�E�Æ)
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36. ¦e�àg�5�§| 
x2 + x3 + x4 + 7x5 = 0;

2x1 + x2 + 5x3 − x4 − x5 = 0;

x1 − x2 + x3 + 2x4 + x5 = 0.

���Ä:)X, ¿¦Tàg�5�§|�Ï). (2017cu¥�E�Æ)

37. � α, β Ñ´¢ê�þ� n ���þ,¿� α 6= 0. ��E�� n ?�
 A ¦� A ÷ve¡ü�^

�:

1. Aα = β ,

2. éu�§ α′X = 0 �?¿��) X Ñk AX = X . (2010cH®�Æ)

38. )�5�§| 
x1 + 2x2 + 3x3 + 3x4 + 7x5 = 4;

3x1 + 2x2 + x3 + x4 − 3x5 = 0;

x2 + 2x3 + 2x4 + 6x5 = 3;

5x1 + 4x2 + 3x3 + 3x4 − x5 = 2.

(2012cH®���Æ)

39. 3 P 4 ¥, ¦dàg�5�§| 
3x1 + 2x2 − 5x3 + 4x4 = 0;

3x1 − x2 + 3x3 − 3x4 = 0;

3x1 + 5x2 − 13x3 + 11x4 = 0.

(½�)�m�ÄÚ�ê. (2013cH®���Æ)

40. e�§| 
x1 + 2x2 + 3x3 = 0;

2x1 + 3x2 + 5x3 = 0;

x1 + x2 + ax3 = 0.

� {
x1 + bx2 + cx3 = 0;

2x1 + b2x2 + (c+ 1)x3 = 0.

Ó), ¦ a, b, c ��.£2015cH®���Æ¤

41. ?Øe¡àg�5�§|)��¹
ax1 + bx2 + · · ·+ bxn = 0;

bx1 + ax2 + · · ·+ bxn = 0;

· · · · · · · · ·
bx1 + bx2 + · · ·+ axn = 0.

. (2017cH®���Æ)
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42. ¦)Ý
�§

X


1 1 −2

0 1 3

1 0 0

 =


1 −1 1

0 1 0

1 0 2

 .

43. (20 ©)®�a1, a2, a3, a4 ∈ C, Á¦Ñ�5�§|
x1 + a1x2 + a21x3 = a31;

x1 + a2x2 + a22x3 = a32;

x1 + a3x2 + a23x3 = a33;

x1 + a4x2 + a24x3 = a34.

�3)�¿�^�, ¿3k)�¦ÑÙÏ). (2012cHm�Æ)

44. � a1, a2, · · · , an ´ n �pØ�Ó�ê, y²e��§|k��), ¿¦).
x1 + a1x2 + a21x3 + · · ·+ an−11 xn = −an1 ;

x1 + a2x2 + a22x3 + · · ·+ an−12 xn = −an2 ;

· · · · · ·
x1 + anx2 + a2nx3 + · · ·+ an−1n xn = −ann.

. (2017cHm�Æ)

45. ®��§| 
ax1 + bx2 + bx3 = 1;

bx1 + ax2 + bx3 = 1;

bx1 + bx2 + ax3 = 1.

¦ a, b ÷v�o^��,�§|Ã)ºa, b ÷v�o^��,�§|k)? ¿3k)��¹�e¦�

Ü). (2018cHm�Æ)

46. ®�

A =



0 2 0 0 0

1 −2 0 0 0

0 0 −2 2 3

0 0 1 0 4

0 0 2 4 4


� AX = −3X + I, ¦ X .

47. a, b �Û��,e��§| 
ax1 + x2 + x3 = 1

2x1 + x2 + bx3 = 3

2x1 + x2 + 3bx3 = 1

Ã), k��), kÃ¡õ)º¿3kÃ¡õ)��Ñ�§|�Ï). (2010cþ°�Ï�Æ)
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48. λ �Û�,e��§| 
(λ+ 1)x1 + 2x2 + 3x3 = 1

x1 + (λ+ 2)x2 + 3x3 = 1

x1 + 2x2 + (λ+ 3)x3 = 1

Ã)§k��), kÃ¡õ)º¿3k)��Ñ�§�). (2011cþ°�Ï�Æ)

49. ?Ø�5�§| Ax = b ��)5,Ù

A =


1 1 1 1

2 1 3 −3

3 2 c −2

4 3 5 a

 .b =


1

−1

0

1


3kÃ¡õ)�¦Ï)(�¦^�þ/ªL«). (2013cþ°�Ï�Æ)

50. λ, µ �Û��, �§| 
λx1 + x2 + x3 = 4

x1 + µx2 + x3 = 3

x1 + 2µx2 + x3 = 4

k��)ºÃ)ºkÃ¡)ºÃ¡)�¿¦Ù�Ü). (2015 cþ°�Ï�Æ)

51. A = (aij)n×n ´�� n ��_Ý
, Aij � aij ��ê{fª, P B = (Aij)r×n (r ≤ n), ¦

BX = 0 �Ä:)X. (2018cþ°�Ï�Æ)

52. )�5�§| 

2x1 + x2 − 5x3 + x4 + 6x5 = 8

x1 − 3x2 − 6x4 + 4x5 = 9

2x2 − x3 + 2x4 − x5 = −5

x1 + 4x2 − 7x3 + 6x4 + 4x5 = 0

3x1 − 6x3 − 3x4 + 9x5 = 12

2x1 + 3x2 − 8x3 + 2x4 + 7x5 = 4

(2011cÄÑ���Æ)

53. ¦�§| {
4x+ y + 11z = −5

−x+ 8y + 10z = 5

�Ï). (2012cÄÑ���Æ)

54. ¦e�100 �C���§| 

x1 − x2 + x3 = 0

x2 − x3 + x4 = 0

x3 − x4 + x5 = 0
...

x98 − x99 + x100 = 0

x99 − x100 + 1 = 0
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�Ï). (2014cÄÑ���Æ)

55. ?Øe¡�5�§|k)�^�§¿�Ñ��).

x1 + x2 + x3 = a1

x2 + x3 + x4 = a2

x3 + x4 + x5 = a3

x4 + x5 + x6 = a4

x5 + x6 + x7 = a5

x6 + x7 + x8 = a6

x7 + x8 + x9 = a7

x8 + x9 + x10 = a8

x9 + x10 + x2 = a9

(2017cÄÑ���Æ)

56. ��5�§| AX = b(b 6= 0) �)�þ¥k�|4��5Ã'�þ α1, α2, · · · , αs. - V �

α1, α2, · · · , αs )¤��þ�m,�Ñ V ¥�þ´ AX = b �)�¿�^�. (2017cÄÑ���Æ)

57. ®��àg�5�§|

(I) :



x1 + x2 + x3 + x4 = −1;

3x1 + 2x2 + 4x3 − x4 = 0;

5x1 + 3x2 + 7x3 − 3x4 = 1;

ax1 + x2 + 5x3 + bx4 = 3.

kn��5Ã'�).

£1¤P�§|(I) �XêÝ
�A§y²µr(A) = 2 ;

£2¤¦a§b��;

£3¤¦�§|(I) �Ï). (2010cÉÇ�Æ)

58. �n��5�§|Ax = b §Ù¥

r


2a 1

a2 2a
. . .

. . .
. . . 1

a2 2a

 , x =


x1

x2
...

xn

 , b =


1

0
...

0

 .

1.y²1�ª|A| = (n+ 1)an ;

2.�a�Û��§T�§|k��)§¿¦x1 ;

3.�a�Û��§T�§|kÃ¡õ|)§¿¦Ï). (2011cÉÇ�Æ)
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59. ¦�§| 

2x1 − x2 + 3x3 + 4x4 = 5;

4x1 − 2x2 + 5x3 + 6x4 = 7;

6x1 − 3x2 + 7x3 + 8x4 = 9;

λx1 − 4x2 + 9x3 + 10x4 = 11.

�6ëêλ �Ï). (2012cÉÇ�Æ)

60. �α1, α2, α3 ´�5�§| 
x− 3y + z = 2;

2x+ y + tz = −1;

7x− 2z = −1.

�n�pØ�Ó�)�þ.

1.Á¦ëêt��;

2.y²µα1 − α2, α2 − α3 �5�'. (2013cÉÇ�Æ)

61. �Äàg�5�§|AX = 0 §Ù¥X = (x1, x2, · · · , xn)′, A = (aij)n×n, aii = a, aij = b(i 6= j), i, j =

1, 2, · · · , n, n ≥ 2§aÚbØÓ��0.Á?Ø�a§b�Û��§�§|=k")§kÃ¡õ|�")º¿

¦Ñ�Ü). (2011c���Æ)

62. �àg�5�§| 

(a+ b)x1 + bx2 + · · ·+ bxn = 0;

2bx1 + (a+ 2b)x2 + · · ·+ 2bxn = 0;

...

nbx1 + nbx2 + · · ·+ (a+ nb)xn = 0.

Á?Øa§b�Û��§�§|�k")§k�")º3k�")�§¦ÑÙÏ). (2012c���Æ)

63. �o�àg�§|(I) � 2x1 + 3x2 − x3 = 0;

x1 + 2x2 + x3 − x4 = 0.

¿®�,�|o�àg�5�§|(II) �Ä:)X�

η1 = (2,−1, y + 2, 1)′, η2 = (1, 2, 4, y + 8)′.

£1¤¦�§|(I) ��Ü).

£2¤¦y�Û��§ü��§|kú���"). (2018c���Æ)

64. ®��5�§| 

x1 + x2 + 2x3 + 3x4 = 1

x1 + 3x2 + 6x3 + x4 = 3

3x1 − x2 − ax3 + 15x4 = 3

x1 − 5x2 − 10x3 + 12x4 = b
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¯a, b �Û��§�§|Ã)ºk��)ºkÃ¡õ)º3�§|kÃ¡õ)�§¦ÙÏ). (2010c

�H�Æ)

65. ��5�§| 
a2x1 + x2 + x3 = 1

x1 + ax2 + x3 = a

x1 + x2 + x3 = a2

k)§¦¢êa�����. (2012c¥��)

66. Ý
A = (aij)n−1×n �n − 1 �fªØ��",�Ñàg�§|Ax = 0 ��|),¿¦Ñ�§�¤k

). (2016cI��)

o.y²K

1. A,B´n�Ý
, �÷vA = (B − 1
110E)

′
(B + 1

110E), y²: é?¿�n���þξ, �§|

A
′
(A2 +A)X = A

′
ξ

7k�"). (2010c�®�Æ)

2. �A = (aij)m×n´¢m × nÝ
, β´¢m���þ. y²: �5�§|(A
′
A)X = A

′
βo´k¢ê)

�. (2009c�®ó��Æ)

3. �n��5�§|AX = b, Ù¥

A =


2a a2

1 2a
. . .

. . . a2

1 2a


n×n

, X =


x1

x2
...

xn

 , b =


1

0
...

0


(1)y²: |A| = (n+ 1)an;

(2)�âa��?Ø�§|)��¹; ek), ¦Ñ¤k)X; eÃ), �`²nd. (2013 c�®ó�

�Æ)

4. �m× nÝ
A���r, �Ä�5�§|Ax = b(b 6= 0).

(1)�Ax = bkA)α0, §��Ñ|Ax = b��|Ä:)X�η1, η2, · · · , ηn−r, y²: α0, α0 + η1, α0 +

η2, · · · , , α0 + ηn−r �5Ã';

(2)�α0, α1, α2, · · · , αn−r ´Ax = b�n−r+1��5Ã'�)�þ,y²: α1−α0, α2−α0, · · · , αn−r−

α0 ´�Ñ|Ax = b��|Ä:)X. (2016c�®ó��Æ)

5. �
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A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
...

an−1,1 an−1,2 · · · an−1,n


��5�§| 

a11x1 + a12x2 + · · ·+ a1nxn = 0

a21x1 + a22x2 + · · ·+ a2nxn = 0

· · · · · · · · ·
an−1,1x1 + an−1,2x2 + · · ·+ an−1,nxn = 0

�XêÝ
. �Mj(j = 1, 2, · · · , n)´òA�K1j�¤��n− 1�fª.

¦y:

(1)(M1,−M2, · · · , (−1)n−1Mn)´�5�§|���);

(2)eA���n−1,@o�§|�)Ñ´(M1,−M2, · · · , (−1)n−1Mn)��ê. (2017c�®�Ï�Æ)

6. �η∗´�àg�5�§|Ax = b���), ξ1, · · · , ξn−r´éA�àg�5�§|Ax = 0 ���Ä:

)X, y²:

(1)η∗, ξ1, · · · , ξn−r�5Ã';

(2)η∗, η∗ + ξ1, · · · , η∗ + ξn−r ´�5�§|Ax = b�n− r + 1 ��5Ã'�). (2014 c�®�E�

Æ)

7. y²:®�A = (aij)m×n, Ax = βk)�¿©7�^�´éu�§|A
′
y = 0�z�|)cÑkβ

′
c = 0.

(2009c�ënó�Æ)

8. y²:
n∑

i=1

aixi = 0�
n∑

i=1

bixi = 0Ó)�¿©7�^�´XêéA¤'~. (2009c�ënó�Æ)

9. ®�ê�Pþ��àg�5�§|Ax = βk), Ù¥A, β©O´m × n Úm × n1.Ý
, ¦y: z�

)�þ�1k�©þÑ�u"�¿©7�^�´òO2Ý
(A, β)�1k�y������Ý
��

'(A, β) ���. (2011c�ënó�Æ)

10. )�η0,�àg�5�§|���A), η1, · · · , ηt´Ù�Ñ|���Ä:)X,y²�þ|η0, η1, · · · , ηt

�5Ã'. (2015c�ënó�Æ)

11. �A ∈ Rs×n, y²:

(1)r(A
′
A) = r(A);

(2)é?¿�β ∈ Rs×1, �5�§|A
′
AX = A

′
β k). (2018c�ënó�Æ)

12. �A,Bþ�n��
, y²:

(1)Ý
AB���uÝ
B���¿�^�´�§|ABx = 0ÚBx = 0Ó);

(2)r(An) = r(An+1). (2009c�Hó�Æ)
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13. �A´m× n�¢Ý
, r(A)�Ý
A ��, y²:

(1)r(A) = r(A
′
A);

(2)é?¿�m�¢�þb, �5�§|A
′
Ax = A

′
b7k). (2012 c�H�Æ)

14. y²:�5�§|:

AX = β

(A�n��
)é?¿n���þβÑk)�¿�^�´A�_; (2009c�H���Æ)

15. �β0´�5�§|AX = b���)�þ, Ù¥b 6= 0, α1, α2, · · · , αn−r ´AX = 0���Ä:)X,

y²:

(1)

β0, β1 = β0 + α1, β2 = β0 + α2, · · · , βn−r = β0 + αn−r

´�§AX = b�n− r + 1��5Ã'�)�þ;

(2)AX = b�?¿)�þβ�L«�:

β = k0β0 + k1β1 + · · ·+ kn−rβn−r,

Ù¥
n−r∑
i=0

ki = 1. (2010c�H���Æ)

16. (15©)�S´ê�Kþ,n���àg�5�§|(∗)���)8, �(∗) �O2Ý
���r. y²:

(1)XJr0, r1, · · · , rn−r´S��|�5Ã'��þ, Ks ≤ n− r;

(2) S¥�3�5Ã'��þ|r0, r1, · · · , rn−r;

(3)b�r0, r1, · · · , rn−r´S¥?¿�|�5Ã'��þ, K∀γ ∈ S, �3r0, r1, · · · , rn−r,�
n−r∑
i=0

ki = 1,

¦γ =
n−r∑
i=0

kiγi. (2009cuÀ���Æ)

17. �Ý
A = (aij) ∈ Mm×n(R), B = (b1, · · · , bm)T ∈ Mm×1(R). y²: �5�§|ATAX = ATB�½

k). (2014cuÀ���Æ)

18. �A,B´ê�Pþ�n��
, X = (x1, x2, · · · , x
′

n), ®�àg�5�§|AX = 0ÚBX = 0©O

kl,m��5Ã'�)�þ, ùpl ≥ 0,m ≥ 0. y²:

(l)�§|(AB)X = 0��kmax{l,m}��5Ã'�)�þ;

(2)el +m > n, K(A+B)X = 07k�");

(3)XJAX = 0ÚBX = 0Ãú���")�þ, �l + m = n, KPn¥?��þαÑ���/L«

¤α = β + γùpβ, γ©O´AX = 0ÚBX = 0�)�þ. (2011 cuHnó�Æ)
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19. ®� α1, · · · , αk ´àg�5�§| AX = 0 ���Ä:)X, �þ β1, · · · , βk Ñ´ AX = 0 �).

-Ý


S = (α1, · · · , αk) , T = (β1, · · · , βk)

y²Xe(Ø:

(1) �3 k ��
 C ,¦� T = SC .

(2) β1, · · · , βk �´ AX = 0 �Ä:)X�¿©7�^�´ C �_. (2009cu¥�E�Æ)

20. � α1, α2, · · · , αn ��|Ä,y² ∀b1, b2, · · · , bn �3��� β1, β2, · · · , βn, ¦�

(βi, αi) = bi

(2016cu¥�E�Æ)

21. ®� A ´�� m× n �Ý
, Áy² r(A) = r �¿©7�^�´

A = α1β1 + α2β2 + · · ·+ αrβr

Ù¥ α1, α2, · · · , αr ´ r � m ���5Ã'��þ, β1, β2, · · · , βr ´ r � m ���5Ã'�¯þ.

(2019cu¥�E�Æ)

22. � A ´�� r � m × n �Ý
, B ´�"� m × 1 �Ý
. �Ä�5�§| AX = B , Ù¥

X ´C� x1, · · · , xn ���þ. y²:

(1) �5�§| AX = B �?¿k��)�þ X1, · · · , Xk ��þ|�� 6 n− r + 1 .

(2) e�5�§| AX = B k), K§k n− r + 1 �)�þ´�5Ã'�. (2009cu¥���Æ)

23. � α1, α2, · · · , αr � β1, β2, · · · , βs ´ü��þ|. y²: XJ

(1)�þ| α1, α2, · · · , αr �±d β1, β2, · · · , βs �5L«,

(2) r > s @o�þ| α1, α2, · · · , αr 7�5�'.£2011c=²�Æ¤

24. � n �àg�5�§| Ax = 0k�"). y²:§kÄ:)X,¿�Ä:)X¹)��ê�u n−rÙ

¥ r L«XêÝ
 A ��.£2014c=²�Æ¤

25. � α1, α2, · · · , αm ´ n �îª�m V ¥��|�þ,

∆ =


(α1, α1) (α1, α2) · · · (α1, αm)

(α2, α1) (α2, α2) · · · (α2, αm)
...

...
...

(αm, α1) (αm, α2) · · · (αm, αm)


y²: α1, α2 αm �5Ã'��=� |∆| 6= 0 .
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26. � n ?�
 A = (α1, α2, · · · , αn) �c n − 1 ���þ�5�', � n − 1 ���þ�5Ã',

β = α1 + α2 + · · ·+ αn .

1. y²: �§| AX = β 7kÃ¡õ).

2. ¦�§| AX = β �Ï).

27. � n ?1�ª Dn = |aij | 6= 0, Aij � Dn ¥�� aij ��ê{fª,y²: � r < n �,�5�§|
a11x1 + a12x2 + · · ·+ a1nxn = 0;

a21x1 + a22x2 + · · ·+ a2nxn = 0;

· · · · · · · · ·
ar1x1 + ar2x2 + · · ·+ arnxn = 0.

k��Ä:)X�: (Aj1, Aj2, · · · , Ajn) , j = r + 1, r + 2, · · · , n .£2010 cH®���Æ¤

28. y²ê� P þ��5�§| Ax = b k)�¿�^�´{
A′y = 0

b′y = 1

Ã), Ù¥ A ∈ Pm×n, b ∈ Pm, A′ Ú b′ ©OL« A Ú b �=�, x ∈ Pn Ú y ∈ Pm ´��þ.

£2016 cH®���Æ¤

29. � A1, A2, · · · , Am � n ��
,� r (A1A2 · · ·Am) = r (Am) ,y²: é?¿� 1 ≤ i, k ≤ m, �§|

AiAi+1 · · ·AmX = 0 ��§| AkAk+1 · · ·AmX = 0 Ó).

30. � A = (ai,j)n×n, B = (bij)n×n � Pn×n þ� n ?Ý
, ÷v^� bij = bi−jaij , Ù¥ b ���"

~ê, �5�§|(I): AX = C 9 (II) : BX = D. y²: �§| (I) é?Û C ∈ Pn×1 k)��=�

�§|(II) é?Û D ∈ Pn×1 k). (2009cHm�Æ)

31. F þàg�§| X1×nAn×m = O1×m(∗), - C =
(
An×m In

)
, é C ��X��Ð�C�z�((

Dr

0

)
P

)
, Ù¥ Dr ��1÷�, r = r(A), P � n ��_�
. y²: P ��� n− r 1=�

�§|(*) ���Ä:)X.

32. � A =

(
A1

A2

)
�ê� F þ n �Ý
, A1, A2 ©O� k × n, (n− k)× n Ý
, A1X = 0 �)�m

� V1 , A2X = 0 �)�m V2, y²

Fn = V1 ⊕ V2 ⇔ r(A) = r (A1) + r (A2)

.

33. F þàg�§| X1×nAn×m = O1×m(∗), - C =
(
An×m In

)
, é C ��X��Ð�C�z�((

Dr

0

)
P

)
, Ù¥ Dr ��1÷�, r = r(A), P � n ��_�
. y²: P ��� n − r 1=

��§|(*)���Ä:)X. (2009cþ°�Æ)
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34. � A 6= 0 ´ m × n Ý
, β = (b1, b2, · · · , bm)
′
, y²�5�§| AX = β k)�¿�^�´µà

g�5�§| A′Y = 0 �z��) v = (v1, v2, · · · , vm)
′ Ñ÷v v′β = 0, = β � A′Y = 0 �)�

m��. (2013 cþ°�Ï�Æ)

35. � n ?�
 A = (α1, α2, · · · , αn) �c n − 1 ���þ�5�', � n − 1 ��þ�5Ã', β =

α1 + α2 + · · ·+ αn .

(1) y²: �§| AX = β 7kÃ¡õ).

(2) ¦�§| AX = β �Ï). (2014cþ°�Ï�Æ)

36. � m < n ±9 α1, α2, · · · , αm � m ��5Ã'� n ��þ. y²: �3�� n �àg�5�§

|, ¦ α1, α2, · · · , αm ´§���Ä:)X. (2019cþ°�Ï�Æ)

37. � A,B ´ê� P þ� n ��
, X = (x1, x2, · · · , xn)
′
. eàg�5�§| AX = 0 Ú BX = 0

©Ok l,m ��5Ã'�)�þ. y²:

1. ABX = 0 ��k max{l,m} ��5Ã'�)�þ.

2. e l +m > n, K (A+B)X = 0 k�"). (2019cþ°�Ï�Æ)

38. y²µ�5�§| 
a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + . . .+ amnxn = bm

k)�¿�^�´�§|�XêÝ
�O2Ý
äk�Ó��. (2009cÄÑ���Æ)

39. � A � m× n Ý
, β ´ m ���þ, y²: �§| AX = β k)��=��§| A′Y = 0 �

)Ñ´�§ β′Y = 0 �) (A′ �A �=�Ý
) . (2012 cÄÑ���Æ)

40. �AX = β ´ê�F þ���n��5�§|§ÙXêÝ
A��r(A) = r .�S�§�)8.

£1¤�Ñ/S´Fn �f�m0�¿©7�^�§¿y²\�(Ø.

£2¤b�SØ´�8�Ø´Fn �f�m.¦S��§¿�Ñ§���4�Ã'|. (2010coA�Æ)

41. �A´ê�Fþ�m× n .Ý
.

£1¤̄ µAAT÷v�o^�§¦�é?¿β ∈ Fm §�5�§|AX = β Ñk)º̀ ²nd.

£2¤�F = R ´¢ê�. y²µé?¿m�¢�þβ §�5�§|A′AX = A′β Ñk)§Ù¥§A′ L

«A�=�. (2012coA�Æ)

42. �A´n�E�
.�αi ´A�1i���þ¶Ai ´Ay�1i����Ý
(1 ≤ i ≤ n) .y²µAØ�_

��=��3j¦��§|AjX = αj k).(2014coA�Æ)
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43. �A§B´ê�Fþ�m× n .Ý
.

£1¤y²µàg�5�§|AX = 0 �BX = 0 Ó)�¿©7�^�´A�1�þ|�B�1�þ|

�d§=A�z�1�þÑ�dB�1�þ|�5LÑ§�B�z�1�þÑ�dA�1�þ|�5

LÑ.

£2¤Þ~`²µ�A���þ|�B���þ|�d�§àg�5�§|AX = 0 �BX = 0 �±Ø

Ó).

£3¤�B 6= 0 �Ý
�§AY = B k)§Ù)8P�W.y²µ�3Fþ�n��
Y1, Y2, · · · , Ys ¦�

é?¿Y ∈W ÑkY =
s∑

i=1

aiYi �
s∑

i=1

ai = 1 .(2016coA�Æ)

44. �AX = β ´4��5�§|§A���2.®�AX = β ko�)α1, α2, α3, α4 §�÷vµ
α1 + α2 = (1, 5, 4,−15)′;

α2 + α3 = (1, 4, 3,−13)′;

2α3 − α4 = (2, 3, 0,−3)′.

Ù¥§(a, b, c, d)′L«1�þ�=�.¦AX = β �Ï). (2017coA�Æ)

45. �ê�Fþ�m × n .Ý
MÚp × q .Ý
N��©O�n§p.y²µÝ
�§MYN = 0 �k"

)Y = 0 .(2017coA�Æ)

46. �AX = β ´ê�Fþ��àg�5�§|.

£1¤�AX = β kÃ¡õ�)§y²µ�3§�)r1, r2, · · · , rs §¦�§�?¿)Ñ´r1, r2, · · · , rs �

�5|Ü.

£2¤�AX = β kÃ¡õ�)§�§�?¿)Ñ�±d�þ|(1,−1, 0, 4)′, (0, 3, 7, 2)′, (3, 0, 7, 14)′ �

5LÑ.¦Ý
A��r(A) .

£3¤�Ý
A���r(A) = 3 §®�α1, α2, α3 ´AX = β �üüØÓ�)�÷vµ

α1 + α2 + α3 = (3, 0, 0, 0)′, 2α1 + 3α2 = (5, 2, 2, 0)′.

¦AX = β �Ï). (2018coA�Æ)

47. �A´ê�Fþ�s×n.¢Ý
.�F = R´¢ê�§y²µr(A′A) = r(A)§¿ddy²µé∀β ∈ Rn

§�5�§|A′AX = A′β Ñk). (2019coA�Æ)

48. �b 6= 0, r(A) = r(A, b) = r,Ax = b �¤k)8Ü�S§y²µ

1.S¥�¹n− r + 1 ��5Ã'��þη1, η2, · · · , ηn−r+1 ;

2.ξ ´S¥���¿�^�´�3ki, (i = 1, 2, · · · , n−r+1),
n−r+1∑
i=1

ki = 1§¦�ξ =
n−r+1∑
i=1

kiηi .(2015c

ÉÇ�Æ)
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49. �A´m × n Ý
§r(A) = m §àg�5�§|Ax = 0 ���Ä:)X�β1, β2, · · · , βn−m §Ù

¥βi = (b1i, b2i, · · · , bni)′, (i = 1, 2, · · · , n−m) .¦àg�5�§|
n∑

j−1
bjiyj = 0, i = 1, c, · · · , n−m �

��Ä:)X. (2017cÉÇ�Æ)

50. �àg�5�§|x1 + 2x2 + · · ·+ nxn = 0 �x1 = x2 = · · · = xn �)�m©O�V1 ÚV2 .y²µ

Cn = V1
⊕

V2.

(2013c���Æ)

51. -�þαi = (ai1, ai2, · · · , ain), i = 1, 2, · · · , s 9β = (b1, b2, · · · , bn) §y²µ�5�§|

a11x1 + a12x2 + · · ·+ a1nxn = 0;

a21x1 + a22x2 + · · ·+ a2nxn = 0;

...

as1x1 + as2x2 + · · ·+ asnxn = 0.

�)�´�§b1x1 + b2x2 + · · · + bnxn = 0 �)��=�β �dα1, α2, · · · , αs �5L«. (2014c�

��Æ)

52. �§| 
x1 − x2 = a1;

x2 − x3 = a2 · · ·

xn − x1 = an.

k)�¿�^�´�oº¿)�§|£^�Ñ|Ä:)X5L«¤. (2017c�H�Æ)

53. ��η1, η2, η3 �Ä:)X§A�315�¢Ý
.¦yµ�3R5 ��|Ä§Ù�¹η1 + η2 + η3, η1 − η2 +

η3, η1 + 2η2 + 4η3 .(2014cúô�Æ)

54. Ý
A§Bþ�m × n Ý
§AX = 0 �BX = 0 Ó)§¦yA,B �d.eA§B�d§́ ÄkAX = 0

�BX = 0 Ó)ºy²½Þ�~Ä½. (2014cúô�Æ)

55. ∃b 6= 0, Ax = b §y²µA∗x = b k)�¿�^��

r(A) = n− 1.

(2015cúô�Æ)

56. ®�A,B �m× n Ý
§R(A), R(B) ©O�A,B �1�þ)¤��5�m§�r(A) = r, r(B) = s §

àg�5�§|AX = 0 ÚBX = 0 �ú�)�m�W§y²

£1¤er + s < n §KWk�"�.

£2¤edimW = n− r − s §KR(A) ∩R(B) = {0} .(2017cúô�Æ)
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57. �ê�Kþ�n��
A÷vA2 = A ,V1, V2 ©O´àg�5�§|Ax = 0 Ú(A − In)x = 0 3Kn

¥�)�m,y²:Kn = V1 ⊕ V2 ,Ù¥In �Ln�ü Ý
. (2012cI��)

58. �A,B ´ü�m× n Ý
,�AX = 0 �BX = 0 Ó).y²A�B�1�þ|�d. (2012c¥H�Æ)

59. �A,B ©O´m× n Ún×m Ý
,÷vABA = A ,b´��m���þ.y²:�§AX = b k)�¿

�^�´

ABb = b,

�3k)�,Ï)�

X = Bb+ (En −BA)Y,

Ù¥En �n�ü Ý
,Y�?¿n���þ. (2013c¥H�Æ)

60. ®�A�n��
,A(i, j) = ai − bj .

(1)¦|A| .

(2)ea1 6= a2, b1 6= b2 ,¦AX = 0 �Ï). (2017c¥H�Æ)

61. ®�A�n��
,r(A) = r ,y²:�àg�5�§|

AX = β

kn− r + 1 ��5Ã'�). (2017c¥H�Æ)

62. �A ∈ Fm×n .eé?¿n��þb ∈ Fn ,�5�§|AX = b k).y²:

r(A) = m.

(2013c¥ì�Æ)

63. �

A =


0 a b c

−a 0 h −g
−b −h 0 f

−c g −f 0

 ∈M4(R).

(1)O�A�1�ª�;

(2)�λ ∈ R ,y²:�5�§|(λI +A)X = 0 k)�¿�^�´λ = af + bg + ch = 0 .(2016c¥ì�

Æ)
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