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§9.3 �{��P�g��A R ��'�+�`s 9.3.1 � f(x1, x2, · · · , xn) = XTAX ��'�+�

(1) �9$�: X = (a1, a2, · · · , an)T 6= 0, !>
f(a1, a2, · · · , an) = XTAX > 0,E A � u`ft, 1'�+� u`a_q;

(2) �9$�: X = (a1, a2, · · · , an)T 6= 0, !>
f(a1, a2, · · · , an) = XTAX ≥ 0;x�D X0 = (b1, b2, · · · , bn)T 6= 0, 	� XT

0 AX0 = 0, E A � ℄u`ft, 1'�+� ℄u`a_q;

(3) �9$�: X = (a1, a2, · · · , an)T 6= 0, !>
f(a1, a2, · · · , an) = XTAX < 0,E A � `ft, 1'�+� `a_q;

(4) �9$�: X = (a1, a2, · · · , an)T 6= 0, !>
f(a1, a2, · · · , an) = XTAX ≤ 0;x�D X0 = (b1, b2, · · · , bn)T 6= 0, 	� XT

0 AX0 = 0, E A � ℄`ft, 1'�+� ℄`a_q;

(5) ��D X1 = (a1, a2, · · · , an)T 6= 0, 	� XT
1 AX1 > 0, ���D X2 = (b1, b2, · · · , bn)T 6= 0,	� XT

2
AX2 < 0, E A � ^`ft, 1'�+� ^`q.h 1

(1) f(x1, x2 · · · , xn) = x2

1
+ 2x2

2
+ · · ·+ nx2

n �K '�+�
(2) f(x1, x2, · · · , xn) = x2

1 + x2

2 + · · ·+ x2

r, uS r ≤ n, ��K '�+�
(3) f(x1, x2, · · · , xn) = −x2

1 − x2
2 − · · · − x2

n �0 '�+�
(4) f(x1, x2, · · · , xn) = −x2

1 − x2
2 − · · · − x2

r , uS r ≤ n, ��0 '�+�
(5) f(x1, x2) = x2

1 − x2
2 �� '�+�=�[8Y���'�+�
V,C7*,�9t#'�+�K .�kn 9.3.1 [r'.�B�2	'�+�K .�
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vj �'�+ f(x1, x2, · · · , xn) = XTAX T:[r'.�B X = CY A� f(x1, x2, · · · , xn) =

XTAX = Y T (CTAC)Y . <� C [r��8 X 6= 0 �xS� Y 6= 0. H3�'�+ XTAX <'�+
Y T (CTAC)Y ��+ (K �C�K �C0 �C�0 �C� ) �'�+� 2`g 9.3.1 �'�+ f(x1, x2, · · · , xn) = XTAX K ��-�4�K� p = n;�'�+ f(x1, x2, · · · , xn) = XTAX �K ��-�4�K� p = r < n;�'�+ f(x1, x2, · · · , xn) = XTAX 0 ��-�4�K� q = n;�'�+ f(x1, x2, · · · , xn) = XTAX �0 ��-�4�K� q = r < n;�'�+ f(x1, x2, · · · , xn) = XTAX � ��-�4�K� p > 0 x q > 0.oi 9.3.1 � A � n O�$VI�E$bo��I�

(1) A �K I�
(2) A ��JO|�?�
(3) A >�? n O�!I E;

(4) �D n O[rI C, 	� A = CTC.vj A K ��-�4�K� p = n, & p = n Q�� A D>�$�
V,� E. A >�? E U��D n O[rI C, 	� A = CTEC = CTC. d6+l�Zf A DKL(�$�
V,� A ��JO|�?��-�4�K� p = n. 2`s 9.3.2 � A � n OVI� A � k OW

A

[

i1 i2 · · · ik
i1 i2 · · · ik

]

=

∣

∣

∣

∣

∣

∣

∣

∣

ai1i1 ai1i2 · · · ai1ik
ai2i1 ai2i2 · · · ai2ik
...

...
...

aiki1 aiki2 · · · aikik

∣

∣

∣

∣

∣

∣

∣

∣� A �64 k dwxl.

A � k OTW

A

[

1 2 · · · k

1 2 · · · k

]

=

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1k
a21 a22 · · · a2k
...

...
...

ak1 ak2 · · · akk

∣

∣

∣

∣

∣

∣

∣

∣� A � k dmrwxl.`g 9.3.2 n O�$I A �K I��-�4�K��� n 4�1TW
|�?�vj �4.�$?5 � k, 1 ≤ k ≤ n, G
A =

(

Ak B1

BT
1

B2

)

.&~ k O�1TW
 Ak � k O$I�$?�: X1 6= 0 ∈ R
k, e X =

(

X1

0

)

∈ R
n, E X 6= 0.<� A K ��& 0 < XTAX = (XT

1 , 0)

(

Ak B1

BT
1 B2

)(

X1

0

)

= XT
1 AkX1. = X1 ��:.�M

Ak �K I��8�D k O[rI C, 	� Ak = CTC, 6 detAk = (detC)2 > 0.�-.�$ n \�28p(�� n = 1 ��Qg&~Æ^�
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�Qg$? n− 1 Æ^�Zf n O$I A.G
A =

(

An−1 α

αT ann

)

,uS An−1 � A �� n− 1 4�1TW
� α ∈ R
n−1. <� A ��1TW
�?��8 An−1 ��>�1TW
5�?�=8pH�� An−1 �K I��8 An−1 >�? En−1, F&�D n− 1 O[rI C1, 	 CT

1
An−1C1 = En−1. e

C2 =

(

C1 O

O 1

)

,E
CT

2
AC2 =

(

CT
1

O

O 1

)(

An−1 α

αT ann

)(

C1 O

O 1

)

=

(

En−1 CT
1
α

αTC1 ann

)

,Ce
C3 =

(

En−1 −CT
1
α

O 1

)E
CT

3
CT

2
AC2C3 = CT

3

(

En−1 CT
1
α

αTC1 ann

)

C3

=

(

En−1 O

−αTC1 1

)(

En−1 CT
1
α

αTC1 ann

)(

En−1 −CT
1
α

O 1

)

=

(

En−1 O

O ann − αTC1C
T
1
α

)

.<� detA > 0, �8 ann − αTC1C
T
1 α > 0. 6 A �K I� 2h 2 y a �zO*��	

f(x1, x2, x3, x4) = ax2

1
+ ax2

2
+ ax2

3
+ x2

4
+ 2x1x2 + x1x3 − 2x2x3�K '�+�e =1'�+�VI�

A









a 1 1

2
0

1 a −1 0
1

2
−1 a 0

0 0 0 1









.4	 A �K I� A ��1TW
X/�?�Zf detA1 = a > 0, detA2 = a2 − 1 > 0, detA3 =

a3 − 3a− 2 > 0, detA = a3 − 3a− 2 > 0. R� a > 2.�8� a > 2 ��1'�+�K '�+�U:$?�$I A, ��>�1TW
 ≥ 0, E A  ���K �℄� A =

(

0 0
0 −1

)

.h 3 � A � R � n O$I�Lm�� a �-��� aE +A K �
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vj $?�$I A, �DKLI Q, 	� A = Q−1diag{λ1, λ2, · · · , λn}Q, uS λi, 1 ≤ i ≤ n,� A ��JO�e a = maxi|λi|+ 1, &~ (aE +A)T = aE +A, x
aE +A = Q−1{a+ λ1, a+ λ2, · · · , a+ λn}Q,<� a+ λi > 0, 1 ≤ i ≤ n, �8 aE +A �K I�h 4 ��'�+ f(x1, x2, x3) = XTAX T:KL�B X = QY ?A�
V, f = y2

1
+ y2

2
, x Q���b� (

√
2

2
, 0,

√
2

2
)T .

(1) y A;

(2) Lm A+ E �K I�e (1) <�
Q−1AQ =





1 0 0
0 1 0
0 0 0



 ,�8 A ��JO� λ1 = λ2 = 1, λ3 = 0. Q ���b� (
√
2

2
, 0,

√
2

2
)T , �8 A �? λ3 ��JO�

α3 = (
√
2

2
, 0,

√
2

2
)T . <��$I�?���JO��J*`�KL��R'.+�Z

√
2

2
x1 +

√
2

2
x2 = 0��

α1 = (0, 1, 0)T , α2 = (−1, 0, 1)T ,�k�KL��x�?�JO λ1 = λ2 = 1 ��J*`�=
A(α1, α2, α3) = (α1, α2, 0),��

A = (α1, α2, 0)(α1, α2, α3)
−1 =





1

2
0 − 1

2

0 1 0
− 1

2
0 1

2



 .

(2) A+ E �$Ix�JO� 2, 2, 1, |�?��8 A+ E �K I�pn
1. t#$l'�+�.�K '�+�
(1) f(x1, x2) = x2

1
+ x2

2
− x1x2;

(2) f(x1, x2) = x2

1
+ x2

2
− 2x1x2;

(3) f(x1, x2) = x2

1
+ x2

2
− 3x1x2.

2. � a {=O��$l'�+�K '�+�
x2

1 + 4x2

2 + x2

3 − 2ax1x2 + 10x1x3 + 6x2x3

3. "� a1, a2, · · · , an hY�i�K��'�+
f(x1, x2, · · · , xn) = (x1 + a1x2)

2 + (x2 + a2x3)
2 + · · ·+ (xn−1 + an−1xn)

2 + (xn + anx1)
2

4



�K VI�
4. (1) � A,B � n OK I�E A+B �K I� ABA 5�K I�
(2) � A �K I� c > 0, E cA �K I�
(3) A K �E A−1, A∗ K �
5. A K �E A SW$O[�B�DT$M'��
6. � A � n OK I�yL |A+ E| > 0.bpn
1. Lm��'�+

f(x1, x2, · · · , xn) =

k
∑

i=1

(bi1x1 + bi2x2 + · · ·+ binxn)
2�R�?$lVI B �R�

B =









b11 b12 · · · b1n
b21 b22 · · · b2n
· · · · · · · · ·
bk1 bk2 · · · bkn









2. 64�'�+[-R�_4�#��6�v�%)
NE��-�4�K�CG'�+�R�? 1,CG'�+�R�? 2 x/;�� 0.

3. � A � n OK I�D R
n S� ;

(X,Y ) = XTAY,Lm (−,−) �64qE��& ;a64s�\J�
4. �$I A �K ��-�4�K� A ��>TW
�?�
5. � A � R � n O$I�E$b�K�I�
(1) A K �
(4) �D�!��MI B, 	 A = BTDB, uS D �K $MI�
(5) �DK$MB���MI C, 	� A = CTC.

6. � A ∈ R
m×n. yL$?�:� t > 0 ∈ R, tE +ATA �K VI�

7. �$I A = (aij) ∈ R
n×n �K ��Lm�DK I B, 	� A = B2.

8. � A � R � n O$I�E$b0Æ��I��
(1) A �� I�
(2) $�: a > 0, aE +A K �
(3) �DR� r � n O�VI B, r < n, 	 A = BTB;

(4) A ��>TW
 ≥ 0.

9. A,B �K I�x AB = BA, E AB K �
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10. �
A =













1 1 · · · 1
a1 a2 · · · as
a21 a22 · · · a2s
· · · · · · · · · · · ·
an−1

1
an−1

2
· · · an−1

s













,uS ai 6= aj , 1 ≤ i 6= j ≤ s. � B = ATA �K I�y s �O�
11. 7M'�+ f(x1, x2, x3) = (1− a)x2

1
+ (1− a)x2

2
+ 2x2

3
+ 2(1 + a)x1x2 �R� 2.

(1) y a �O�
(2) yKL�B X = QY , � f(x1, x2, x3) AÆ
V,�
(3) y+� f(x1, x2, x3) = 0 �R�
12. � A � n O)$VI�yL� A �>�? diag{S, . . . , S, 0, . . . , 0}, uS S =

(

0 1
−1 0

)x� r(A) = 2r, E> r 4 S.

11. �)$VI�-b
X�,0���
13. � A = (aij) � R � n OK I�yL�'�+

g(x1, x2, · · · , xn) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n x1

a21 a22 · · · a2n x2

...
...

...
...

an1 an2 · · · ann xn

x1 x2 · · · xn 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣�0 '�+�
14. �

A =

(

a11 αT

α B

)��$I�uS a11 < 0, B � n− 1 OK I�yL�
(1) B − a−1

11
ααT �K VI�

(2) A �/;�� n− 2.

15. z s�\J�64D α1, α2, · · · , αn, $ α =
∑n

i=1
xiαi, β =

∑n

i=1
yiαi, >

(α, β) =
(

x1, x2, · · · , xn

)

A









y1
y2
· · ·
yn









,

A = ((αi, αj))i,j �D α1, α2, · · · , αn �"`VI�
(1) Dz n �s�\J V �64D�w�$�qE�"`VI�(�6} �
(2) "`VI��$I�
(3) n �s�\J V ���D$�"`VI�>���
(4) �D α1, α2, · · · , αn �KLD��"`VI�$MI��D α1, α2, · · · , αn �
VKLD��"`VI��!I E.
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