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§9.1 ��"� %��!��&#w� 9.1.1 �M F " n N,���*1�

f(x1, x2, · · · , xn)
= a11x

2
1 + 2a12x1x2 + · · ·+ 2a1nx1xn

+a22x
2

2
+ · · ·+ 2a2nx2xn

+ · · ·+ · · ·+ · · ·
+annx

2

n

(1)Æ'�M F " n N,�4�RÆ yt�.l	� x2

1
+ 2x1x2 + x2 + 3 D 2x3

1
+ 3x2

1
x2 + x1x2x3 ��,�4� 2x2

1
+
√
2x1x3 � R I C",�4��� Q ,�4�Q�M F " n N,�4L F " n X)ÆbX℄Q�Qi??)E>+��.�),�4 (1), *wT�62'bX"5�

f(x1, x2, · · · , xn)
= a11x

2

1
+ a12x1x2 + · · ·+ a1nx1xn

+a21x1x2 + a22x
2

2 + · · ·+ a2nx2xn

+ · · ·+ · · ·+ · · ·
+an1x1xn + · · ·+ annx

2
n

= x1

∑n

j=1
a1jxj + x2

∑n

j=1
a2jxj + · · ·+ xn

∑n

j=1
anjxj

= (x1, x2, · · · , xn)











∑n

j=1
a1jxj

∑n

j=1
a2jxj

...
∑n

j=1
anjxj











= (x1, x2, · · · , xn)









a11 a12 · · · a1n
a21 a22 · · · a2n
· · · · · · · · · · · ·
an1 an2 · · · ann



















x1

x2

...
xn









N'
f(x1, x2, · · · , xn) = XTAX, (2)�d

A =









a11 a12 · · · a1n
a21 a22 · · · a2n
· · · · · · · · · · · ·
an1 an2 · · · ann









, X =











x1

x2

...
xn











.
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WjbX A �)ÆbX�G�f\�:(?9 F ",�4�*wa!�n?9 F ")ÆbX A, Æ'5 yt�u��. .Bh��:(�M F "?9)ÆbX A, SG (2) ��*wf�!�?9 F ,�4�Æ' xr�� A uyt�. GK,�4L)ÆbX"??)E>+�*wTbX"(B'5,�4"�. �FF (2) �
�,�4j` A �)ÆX�� 1 �,o,�4"bX�
(1) f(x1, x2, x3) = 2x2

1
+ 3x1x2 + x1x3;

(2) f(x1, x2, x3) = 2x2

1
+ 3x2

2
+ ix2

3
.� (1) A =





2 3/2 1/2
3/2 0 0
1/2 0 0



 ;

(2) A =





2
3

i



 .� 2 �,obX",�4�
(1)





1 3 0
3 0 2
0 2 1



;

(2)





0 1 −1
1 0 2
−1 2 0



;

(3)





2
3

0



.� (1) f(x1, x2, x3) = x2

1
+ 6x1x2 + 4x2x3 + x2

3
;

(2) f(x1, x2, x3) = 2x1x2 − 2x1x3 + 4x2x3;

(3) f(x1, x2, x3) = 2x2
1 + 3x2

2.'n),�4n^?";`�8=D^/7"H"7}�w� 9.1.2 >+�














x1 = c11y1 + c12y2 + · · ·+ c1nyn
x2 = c21y1 + c22y2 + · · ·+ c2nyn
· · · · · ·
xn = cn1y1 + cn2y2 + · · ·+ cnnyn

(3)Æ'G�m x1, x2, · · · , xn ��m y1, y2, · · · , yn " ����.N
C =









c11 c12 · · · c1n
c21 c22 · · · c2n
· · · · · · · · · · · ·
cn1 cn2 · · · cnn









, X =











x1

x2

...
xn











, Y =











y1
y2
...
yn











.S (3) �f
�'
X = CY.

2



� C �f|X��/7"HÆ' ������, IÆ' |~����.)K,�4 f(x1, x2, · · · , xn) = XTAX nf|/7"H X = CY , S
f(x1, x2, · · · , xn) = XTAX = (CY )TA(CY ) = Y TBY,�d B = CTAC. C' A �)ÆX��� B >�)ÆX�= Y TBY (Bn,�4�N'

g(y1, y2, · · · , yn) = Y TBY.w� 9.1.1 ,�4 f(x1, x2, · · · , xn) = XTAX _Bf|/7"HX = CY G' g(y1, y2, · · · , yn) =
Y TBY "�3�=#S� CTAC = B.w� 9.1.3 � A,B ��M F " n XbX���Q n Xf|X C, � B = CTAC, SÆ B L
A}�, N' A ∼ B.�
 9.1.1 Fn×n E$>+tk (1) .�7�M A ∼ A; (2) )Æ7�M	A A ∼ B, S B ∼ A;

(3) �'7�M	A A ∼ B, B ∼ C, S A ∼ C.bX"E$��0$���E$"bXH0$"�E$"(B�uH=�)ÆX�fA��� A �)ÆbX� B L A E$�S B �)ÆbX�*we=>f�M F )ÆX"E$>+�,�4"J�)!�:V?9f|/7"H�G'?9aC�01",�4
g(y1, y2, · · · , yn) = d1y

2

1 + d2y
2

2 + · · ·+ dny
2

n.0E%�)K)ÆbX A, :Vf|bX C, �! CTAC �)VX��� 9.1.1 � A ��M F "2p)ÆbX�S��Qf|bX C, � CTAC "& (1, 1) N��#Kp��� � a11 = 0, + aii 6= 0, SF6�#�HT&?6L& i 6)H�PT&?oL& i o)H�!�"bX"& (1, 1) N��'p���#�HB�0�Km�?9 E(1, i), PI� E(1, i), !�bX
E(1, i)AE(1, i) = E(1, i)TAE(1, i), �E$K A.��H" aii = 0, 1 ≤ i ≤ n. � aji 6= 0, i 6= j, T A "& j 6O�& i 6��PT& j oO�& io�C' A �)ÆbX�aji = aij 6= 0, K�& (i, i) N�� 2aij ��'p���#�HB�0�Km��#bX E(i, j(1)), PI� E(j, i(1)), !�"3bX E(i, j(1))AE(i, j(1)) = E(j, i(1))TAE(i, j(1)),�E$K A. �Z'x�g� 2F�9�{-�*w\ F �A)ÆX�E$K)VbX�w� 9.1.2 � A ��M F ' r " n X)ÆbX�S��Q F " n Xf|X C, �!

CTAC = {d1, d2, · · · , dr, 0, · · · , 0}.�� GDi 9.1.1, �1� A = (aij) d a11 6= 0. � ai1 6= 0, SfT&?6�� −a−1

11
ai1 O�& i6�PT&?o�� −a−1

11
ai1 O�& i o�GK ai1 = a1i, =!�"bX"& (1, i) N�L& (i, 1)
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N�d#Kp� 2 ≤ i ≤ n. GK E(j, i(1))TAE(i, j(1)) E$K A, f\!�"bXL A �E$"��)Æ"�W<� A E$K,obX�












a11 0 0 · · · 0
0 b22 b23 · · · b2n
0 b32 b33 · · · b3n
· · · · · · · · · · · · · · ·
0 bn2 bn3 · · · bnn













.�I,V�?9 n− 1 X)ÆbX�N' A1, SxbXfN'
(

a11 0
0 A1

)

.M�Q n Xf|X C1, �!
CTAC =

(

a11 0
0 A1

)

.;�{P���Q n− 1 Xf|bX C2, � CT
2 A1C2 = D ')VX�N

C = C1

(

1 0
0 C2

)

,S C � n Xf|X��
CTAC =

(

1 0
0 C2

)T

CT
1
AC1

(

1 0
0 C2

)

=

(

1 0
0 C2

)T (

a11 0
0 A1

)(

1 0
0 C2

)

=

(

a11 0
0 D

)�?9)VX�C�� A E$K?)VX� 2w� 9.1.1’ ) F ' r " n N,�4 f(x1, x2, · · · , xn) = XTAX , jf�_Bf|/7"H
X = CY G'

g(y1, y2, · · · , yn) = d1y
2

1
+ d2y

2

2
+ · · ·+ dry

2

r , (4)� (4) Æ',�4 (1) " q��.�(i 9.1.1 "[y�*w!��L)ÆX A E$")VX" svp�{z. )K A, �Q n Xf|X C, � CTAC ')VX�� C = C1C2 · · ·Cs, �d Ci ��#bX� 1 ≤ i ≤ s. GK�#bX"gb'$4�#bX���
CTAC = CT

s (· · · (CT
2 (C

T
1 AC1)C2) · · ·)Cs.) A n?+oo"�#�H�Pn$<"6"�#�H�a!�L A E$")VbX�*w<RbX (

A
E

)

, ) A n?�6"�#�H�a) (

A
E

) n?�o"�#�H��bX A �')VX��bX E G'f|X C.

(

A
E

)

→
(

CT
s (· · · (CT

2
(CT

1
AC1)C2) · · ·)Cs

C1C2 · · ·Cs

)

.
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� 3 F�#�H-G,�4
f(x1, x2, x3) = x1x2 + x1x3 + x2x3'	h4��2��F"f|�HbX��

















0 1

2

1

2
1

2
0 1

2
1

2

1

2
0

1 0 0
0 1 0
0 0 1

















→

















1

2

1

2
1

1

2
0 1

2
1

2

1

2
0

1 0 0
0 1 0
0 0 1

















→

















1 1

2
1

1

2
0 1

2

1 1

2
0

1 0 0
1 1 0
0 0 1

















→

















1 1

2
1

0 − 1

4
0

1 1

2
0

1 0 0
1 1 0
0 0 1

















→

















1 0 1
0 − 1

4
0

1 0 0
1 − 1

2
0

1 1

2
0

0 0 1

















→

















1 0 0
0 − 1

4
0

0 0 −1
1 − 1

2
0

1 1

2
0

0 0 1

















→

















1 0 0
0 − 1

4
0

0 0 −1
1 − 1

2
−1

1 1

2
−1

0 0 1















��!	h5
f(x1, x2, x3) = g(y1, y2, y3) = y21 −

1

4
y22 − y23 ,�Ff|/7"H' X = CY , �d

C =





1 − 1

2
−1

1 1

2
−1

0 0 1



 .,x\Æ 	{z.� 4 G,�4 f(x1, x2, x3) = x2
1 + 2x1x2 + 2x1x3 +2x2

2 + 8x2x3 + 5x2
3 '	h4��2��o"/7"H�� .TCH x1 "1~0�

f(x1, x2, x3) = x2

1
+ 2x1(x2 + x3) + (x2 + x3)

2 − (x2 + x3)
2 + 2x2

2
+ 8x2x3 + 5x2

3

= (x1 + x2 + x3)
2 + x2

2 + 6x2x3 + 4x2

3P)F�1dCH x2 "1~0�S
f(x1, x2, x3) = (x1 + x2 + x3)

2 + x2

2 + 6x2x3 + 9x2

3 − 5x2

3 = (x1 + x2 + x3)
2 + (x2 + 3x3)

2 − 5x2

3q






y1 = x1 + x2 + x3

y2 = x2 + 3x3

y3 = x3M Y = BX , �d
B =





1 1 1
0 1 3
0 0 1
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'f|X�= X = B−1Y . M






x1 = y1 − y2 + 2y3
x2 = y2 − 3y3
x3 = y3fTO,�4G'	h5
y2
1
+ y2

2
− 5y2

3
.� 5 G,�4 f(x1, x2, x3) = x1x2 + x1x3 + x2x3 '	h4��2��F"f|"HbX�� C,�4d�C�01�.nf|/7"H��!CH�01�q







x1 = y1 + y2
x2 = y1 − y2
x3 = y3SH

f(x1, x2, x3) = y2
1
− y2

2
+ (y1 + y2)y3 + (y1 − y2)y3 = y2

1
+ 2y1y3 − y2

2
= (y1 + y3)

2 − y2
2
− y2

3Pq






z1 = y1 + y3
z2 = y2
z3 = y3M







y1 = z1 − z3
y2 = z2
y3 = z3!	h5

f(x1, x2, x3) = z2
1
− z2

2
− z2

3
.�FbX'

C =





1 1 0
1 −1 0
0 0 1









1 0 −1
0 1 0
0 0 1



 =





1 1 −1
1 −1 −1
0 0 1



 .C' R ",�4"bX��)ÆX�;Y"Zs��)ÆbX�fZU0�K)VX�M�QZUX T , �! T TAT ')VX D, � D ")VN�� A " Y^�)K�,�4nf|/7"H X = TY ,� T �ZUbX�SÆ�/7"H' ������.w� 9.1.2 ) R  n N,�4 f(x1, x2, · · · , xn) = XTAX , jf�_BZU/7"H X = TY G'
g(y1, y2, · · · , yn) = λ1y

2

1
+ λ2y

2

2
+ · · ·+ λny

2

n,�d λi, 1 ≤ i ≤ n, ��)ÆX A "�H Y^�� 6 FZU/7"HT,�4 f(x1, x2, x3) = x2
1 + x2

3 + 4x1x2 + 8x1x3 + 4x2x3 G�	h5��2��n"ZU/7"H�
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� ,�4)E"bX�
A =





3 2 4
2 0 2
4 2 3



 .G?U\� A " Y^' λ1 = λ2 = −1, λ3 = 8.0� (−1E − A)X = 0 "J�[+' α1 = (−1, 2, 0)T , α2 = (−1, 0, 1)T . n Schmidt ZUG�!�
β1 = α1 = (−1, 2, 0)T , β2 = α2 −

αT
2 β1

βT
1
β1

β1 = (−4

5
,
2

5
, 1)T ,P�(G!

γ1 = (−
√
5

5
,
2
√
5

5
, 0)T , γ2 = (−4

√
5

15
,−2

√
5

15
,

√
5

3
)T .0� (8E −A)X = 0 "J�[+' α3 = (2, 1, 2)T . an�(G�!

γ3 = (
2
√
5

5
,

√
5

5
,
2
√
5

5
)T .q

P = (γ1, γ2, γ3) =







−
√
5

5
− 4

√
5

15

2
√
5

5

2
√
5

5
− 2

√
5

15

√
5

5

0
√
5

3

2
√
5

5






,S

PTAP = P−1AP =





−1 0 0
0 −1 0
0 0 8



 .���oZU/7"H x = Py, ,�4 f(x1, x2, x3) G'	h5
−y2

1
− y2

2
+ 8y2

3
.� 7 � f(x1, x2, x2, · · · , xn) = XTAX ��,�4�� detA < 0, [y���Q?l�� a1, a2,

. . ., an, � f(a1, a2, . . . , an) < 0.�� � C 'f|X� CTAC ')VX B, GK detA < 0, S detB < 0. �1� B "e)VN�� r 9'4�S r '���� α = (1, . . . , 1, 0, . . . , 0)T , �dH r 9 1, Jq (a1, a2, . . . , an)
T = Cα, S

f(a1, a2, . . . , an) = (Cα)TA(Cα) = αTBα < 0.fA�D)ÆbXE$")VX�&?�'n�
�s)!�,YTer?/5�Æ

1. 2�,o,�4"bX���,�4"�
(1) f(x1, x2, x3) = 2x2

1
− x2

2
+ 4x1x3 − 2x2x3;

(2) f(x1, x2, x3) = 2x1x2 + 2x1x3 + 2x1x4 − x3x4.

2. �,obX",�4�
7



(1)





1 1

3
0

1

3
0 −5

0 −5 3





(2)





−1 −2 4
−2 2 2
4 2 1





3. � f(x1, x2, x3) = x2

1
+ 4x2

2
+ 4x2

3
− 4x1x2 + 2ax1x3 + 2bx2x3 "' 1 �� a, b "^�

4. � f(x1, x2, x3) = (ax1 + bx2 + cx3)
2 "bXD�

5. F�#�H"0-T,�4G'	h5�
(1) f(x1, x2, x3) = x2

1
+ 2x2

2
+ 2x2

3
− 2x1x2 + 4x2x3;

(2) f(x1, x2, x3) = x2

1
− 3x2

2
+ x2

3
+ x1x3.

6. F~0-T,�4G'	h5�
(1) f(x1, x2, x3) = x1x2 + 2x1x3;

(2) f(x1, x2, x3) = 2x2
1 − 4x2

2 + 4x1x3 − 2x2x3.

7. FZU/7"H"0-T,�4G'	h5�
(1) f(x1, x2, x3) = x2

1
+ 4x2

2
+ x2

3
− 4x1x2 − 8x1x3 − 4x2x3;

(2) f(x1, x2, x3) = 2x2

1
+ 2x2

2
+ 2x2

3
− 2x1x2 − 2x1x3 − 2x2x3.

8. � A ∼ B, S A f|��℄� B f|�W� A−1 ∼ B−1.

9. � A ∼ B, C ∼ D S
(

A O
O C

)

∼
(

B O
O D

)

.

10. �,�4 f(x1, x2, x3) = ax2
1 + 2x2

2 − 2x2
3 + 2bx1x3, �d,�4"bX A " Y^℄D' 1, Y^℄K' −12.

(1) � a, b "^�
(2) kFZU�HT,�4 f G'	h4�2��F"ZU�H"ZUbX�
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