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§6.2 #E9Q`YOdaZ <�J> (�!�:) M#E9�!-�QI5>��?D���I�5=6I��<�M#E9���d�gj"(0J>�-M#E9�9M#E9zDk#E9�(�M#E9!-P y ϕ ��6 K w� n ��!NA V ��!�:�u�9 V �(M;�|� ϕ 9.;��	~J>�#E>�: ϕ �M#E9��P’ y A ��6 K w n G*>�u�9Mh> P ∈ Kn×n, |� P−1AP �#E>�: A �M#E9J>�g 1 u ϕ 9eM;��	~J>�#E>�:#E89
L[iW�#ÆC���(r!��	`l� fϕ(λ) ��3�?D�g 2 u A �M#E9J>�<�9Mh> P ∈ Kn×n, |� P−1AP �#E>�: P �W Vl� A ��? V�g 3 y A 9 C
n×n wM#E9�: A ��9 Kn×n wM#E9�/�
Mg9 K w^3 n 0�?D�S A =

(

0 1
−1 0

) 9 C w�?D� i,−i, �^3{�?D�'��?LNA�C5X\ y λ1, λ2 · · · , λk ��6 K w n ��!NA V w�!�: ϕ �
��?D� Vλi
� ϕ �4�?D λi ��?LNA�:

Vλ1
+ Vλ2

+ · · ·+ Vλk
= Vλ1

⊕ Vλ2
⊕ · · · ⊕ Vλk

.fW # k 1�$4f(�u k = 1, :H\�sÆT��yH\# k − 1 0�?D λ1, λ2, · · · , λk−1, 
`�0��?LNA Vλ1
, Vλ2

, · · ·+ Vλk−1
B5�C5�'� Vλ1

+ Vλ2
+ · · · + Vλk

�C5�F"�b Vλk
∩ (Vλ1

+ Vλ2
+ · · · + Vλk−1

) = 0 <
1



M�y v ∈ Vλk
∩ (Vλ1

+ Vλ2
+ · · · + Vλk−1

), :
v = v1 + v2 + · · ·+ vk−1, vi ∈ Vλi

, 1 ≤ i ≤ k − 1 (1)Dw}U�N1 ϕ, �
ϕ(v) = ϕ(v1) + ϕ(v2) + · · ·+ ϕ(vk−1),

λkv = λ1v1 + λ2v2 + · · · + λk−1vk−1,

(1) U���* λk, Bpw}��
0 = (λk − λ1)v1 + (λk − λ2)v2 + · · ·+ (λk − λk−1)vk−1.24f?y� Vλ1

+ Vλ2
+ · · ·+ Vλk−1

�C5�/� (λk − λi)vi = 0, & λk − λi 6= 0,�* vi = 0 , 1 ≤ i ≤ k − 1, �t (1) }� v = 0. 2d��� 2X\’ A ∈ Kn×n,λ1, λ2, · · · , λk ∈ K � A �8.�?D� Vλi
��0�?LNA�: Vλ1

+ Vλ2
+ · · ·+ Vλk

= Vλ1
⊕ Vλ2

⊕ · · · ⊕ Vλk
.^V 1 �!�: ϕ �4
��?D��? V��!�3�^V 1’ J> A �4
��?D��? V��!�3�^V 2 �!�: ϕ 3 n 0
��?D�:��9 V �e0;�| ϕ 9.;��	~J>�#E> (ϕ �M#E9), )B���^V 2’ J> A 9 K w3 n 0
��?D�:��9MhJ> P , | P−1AP�#E> (A �M#E9), )B���v��!�:���I�5=6I�X\ y ϕ � n ��!NA V ��!�:� λ0 � ϕ ��?D�y λ0 � ϕ ��?%�}� m I1� λ0 ��?LNA Vλ0

���� t, : t ≤ m.fW y ξ1, ξ2, · · · , ξt � Vλ0
�(M;�2!-A ϕ(ξi) = λ0ξi, 1 ≤ i ≤ t. D

ξ1, ξ2, · · · , ξt O� V �(M; ξ1, ξ2, · · · , ξt, ξt+1, · · · , ξn, : ϕ 9.;��	~J>�
A =

(

λ0It A12

0 A22

)

n×n

,

2



�& fϕ(λ) = (λ − λ0)
tg(λ), < λ0 Gx� fϕ(λ) � t I1�< t ≤ m. 2P y ϕ ��6 K w n ��!NA V w��!�:� λ0 � fϕ(λ) � m I1� V0 � ϕ ��4 λ0 ��?LNA�: m � λ0 ���I�� t = dimV0 � λ0 �=6I����M#E9��,�'ÆCPT y ϕ ��6 K w n ��!NA V ��!�:�:�Wd���

(1) ϕ M#E9�
(2) ϕ 3 n 0�!�3��? V�
(3) V = Vλ1

⊕ Vλ2
⊕ · · · ⊕ Vλs

, =R λ1, λ2 · · · , λs � ϕ �q�8.�?D�
(4)

s
∑

i=1

dim Vλi
= n, =R λ1, λ2 · · · , λs � ϕ �q��?D�

(5) ϕ ��?%�}��31q�9 K w�m�?D���I��4=6I��fW (1) ⇒ (2) y ϕ M#E9�: ϕ 9 V �eM; ξ1, ξ2, · · · , ξn ��	~J>�#E>�<
ϕ(ξ1, ξ2, · · · , ξn) = (ξ1, ξ2, · · · , ξn)









λ1

λ2

. . .

λn









,< ϕ(ξi) = λiξi, 1 ≤ i ≤ n. �* ξ1, ξ2, · · · , ξn <� ϕ ��? Vm�!�3�
(2) ⇒ (3) 2wa�dA Vλ1

+ Vλ2
+ · · ·+ Vλs

= Vλ1
⊕ Vλ2

⊕ · · · ⊕ Vλs
. /�

(2) ÆT�2 dim(Vλ1
⊕ Vλ2

⊕ · · · ⊕ Vλs
) = n, 2 V = Vλ1

⊕ Vλ2
⊕ · · · ⊕ Vλs

.

(3) ⇒ (4) �s�
(4) ⇒ (5) ()�() y mi � λi ���I�� ti � λi �=6I��: mi ≥

ti, 1 ≤ i ≤ s. fϕ(λ) = (λ − λ1)
m1(λ − λ2)

m2 · · · (λ − λs)
msg(λ), =R g(λi) 6= 0,

1 ≤ i ≤ s. 1KÆC3 s
∑

i=1

mi ≤ n =

s
∑

i=1

dim Vλi
=

s
∑

i=1

ti ≤

s
∑

i=1

mi, �* ti = mim s
∑

i=1

mi = n. =& fϕ(x) = (λ− λ1)
m1(λ− λ2)

m2 · · · (λ− λs)
ms, < ϕ ��?%�}��31q�9 K w�m�?D���I��4=6I��
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(5) ⇒ (1) / n =
s

∑

i=1

mi =
s

∑

i=1

ti,2wa�dA V = Vλ1
⊕Vλ2

⊕· · ·⊕Vλs
. o

Vλi
�(M; αi1, αi2, · · · , αimi

,1 ≤ i ≤ s,: α11, · · · , α1m1
, α21, · · · , α2m2

, · · · , αs1, · · ·,

αsms
l� V �(M;�

ϕ(α11, · · · , α1m1
, α21, · · · , α2m2

, · · · , αs1, · · · , αsms
)

= (α11, · · · , α1m1
, α21, · · · , α2m2

, · · · , αs1, · · · , αsms
)











λ1Im1

λ2Im2

. . .

λsIms











,< ϕ M#E9� 2g # n G*> A, 3#0�H\���j! A �-M#E95nMh> P �*(�J 1. n fϕ(λ) �38.�?D λi, I� mi, 1 ≤ i ≤ s;�J 2. n Vλi
�(M; ξi1, · · · , ξiti, 1 ≤ i ≤ s;�J 3. u3e ti < mi, : A 
M#E9�u�3 ti = mi, : A M#E9��J 4. Z P = (ξi1, · · · , ξiti, · · · , ξs1, · · · , ξsts), :
P−1AP =









λ1It1

λ2It2
. . .

λsIts









.U 1 j" A �-��#E>�u��n�Mh> P , | P−1AP �#E>�
(1) A =





0 1 0
0 0 1
0 0 0



 (2) B =





1 0 0
−2 5 −2
−2 4 −1





R (1)/� fA(λ) =

∣

∣

∣

∣

∣

∣

λ −1 0
0 λ −1
0 0 λ

∣

∣

∣

∣

∣

∣

= λ3,�* λ1 = 0�vI1�& r





0 −1 0
0 0 −1
0 0 0



 =

2, �*�?D λ1 �=6I� (1) 
�4k��I� (3), 2 A 
M#E9�
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(2) fB(λ) =





λ − 1 0 0
2 λ − 5 2
2 −4 λ + 1



 = (λ − 1)2(λ − 3), 23 λ1 = 1 (2 I);

λ2 = 3 (1 I).I (λ1 − A)X = 0, < 



0 0 0
2 −4 2
2 −4 2



 X = 0, ��;�I� ξ11 =





2
1
0



,

ξ12 =





−1
0
1



.I (λ2 − A)X = 0, < 



2 0 0
2 −2 2
2 −4 4



X = 0, ��;�I� ξ21 =





0
1
1



.2 A M#E9�Z P = ( ξ11 ξ12 ξ21 ), : P−1AP =





1
1

3



.+MZ Q =





1 −1 0
1 0 1
1 1 1



, : Q−1AQ =





1
1

3



.U 2 >� A10, kH A =

(

1 0
1 −2

)

.R 1wS*(n��9Mh> P =

(

1 0
1 1

)

, |� P−1AP =

(

1 0
0 −2

)

, 2
A10 =

(

P

(

1 0
0 −2

)

P−1

)10

= P

(

1 0
0 −2

)10

P−1 =

(

1 0
1 − 210 210

)

.U 3y 3GJ> A��?D� 1,1,3,#0��? V)�� (2, 1, 0)′, (−1, 0, 1)′,

(0, 1, 1)′. nJ> A.R Z P =





2 −1 0
1 0 1
0 1 1



, B =





1
1

3



. : P−1AP = B. �& A =

PBP−1 =





1 0 0
−2 5 −2
−2 4 −1



.U 4 n��
(1) uJ> A �7 A2 = In, : A �M#E9�
(2) uJ> A �7 A2 = A, : A �M#E9�
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(3) u A �+XJ>m Ak = 0, : A �
g#E9�
(4) u{J> A �7 A2 + A + In = 0, : A 9{�6w
M#E9�fW (1) /� A2 = In, < (I + A)(I − A) = 0, �* r(I + A) + r(I − A) ≤ n.Y(*a� r(I −A) + r(I + A) ≥ r(2I) = n. /� r(I + A) + r(I −A) = n. K,� dimV1 = n − r(I − A), dimV−1 = n − r(I + A), 2 dimV1 + dimV−1 = n. �*

A M#E9�
(2) � (1) P��\�
(3) /� Ak = 0, �*u AX = λX, X 6= 0, : λ = 0. u A M#E9�: A��5 0, �& r(A) = 0, 5y A 6= 0 ℄$�
(4) / A �7 A2 + A + In = 0, u X 6= 0,AX = λX, : λ2 + λ + 1 = 0, &

λ2 + λ + 1 = 0 �{1�2 A �{1��&9{�6w
M#E9� 2ib P241 4, 5, 9, 10(2-4), 11, 12; P249 7, 8.[S\ P241 7, 8._h\ P251 17, 18.℄e\ P229 15.
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