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§6.1 .mrL.mFq������� j:.mr`.mFq�.m{j[�.m2E�&���j:>$a�&dliTD(_��_dl�[\_-x8/�j:	/LW*.mrL.mFq&85�yVdl`CK�R&0[bx�yV.mr&��`$a^H�R�.mr`.mFq�� 1 � ϕ � n 6CKj[ V &CK�R���e λ ∈ K, 0 6= α ∈ V , �

ϕ(α) = λα, f� λ 5CK�R ϕ &RC.mr� α �5 ϕ H_.mr λ &.mFq�! 1 � α � ϕ &"_.mr λ &.mFq�f α �� ϕ &"_tRC.mr µ &.mFq�=f λα = ϕ(α) = µα. +T (λ− µ)α = 0, λ 6= µ, +T α = 0 z1��� 1 � ϕ � n 6CKj[ V &CK�R� λ � ϕ &.mr�f
Vλ = {α ∈ V | ϕ(α) = λα}� V &{j[��� ϕ- ��{j[��5 ϕ &"_.mr λ &.m{j[� � Vλ ℄ ϕ&H_ λ&+^.mFqLsFq}��Uop Vλ 0_Y5L$�<	�Z3� V &{j[�0_�V& α ∈ Vλ, ϕ(α) ∈ V � ϕ(ϕ(α)) = ϕ(λα) =

λϕ(α). +T ϕ(α) ∈ Vλ, G Vλ � ϕ- ��{j[� 2! 2 � α � ϕ &H_ λ &.mFq� β � ϕ &H_ µ &.mFq� λ 6= µ,f α + β �� ϕ &.mFq� (v�&h/).e2FVW?�9}^
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�� 2 � A ∈ Kn×n, ��e 0 6= X ∈ Kn×1 , λ ∈ K, �% AX = λX, f� λ5 A &RC.mr� X �5 A H_.mr λ &.mFq��� 3 � A ∈ Kn×n, λ 5 A &RC.mr� Vλ = {X ∈ Kn×1 | AX = λX}�5 A &"_.mr λ &.m{j[�! 3 � ϕ ∈ L(V ), ϕ e V &R}S ξ1, ξ2, · · · , ξn ?dl5 A, α ∈ V , α e
ξ1, ξ2, · · · , ξn ?&�Fq5 X. f^

λα = λ(ξ1, ξ2, · · · , ξn)X = (ξ1, ξ2, · · · , ξn)λX,

ϕ(α) = ϕ((ξ1, ξ2, · · · , ξn)X) = ϕ(ξ1, ξ2, · · · , ξn)X = (ξ1, ξ2, · · · , ξn)AX,+T ϕ(α) = λα⇔ AX = λX.4�.m2E��� 4 � A ∈ Kn×n, �
|λI − A | =

∣

∣

∣

∣

∣

∣

∣

∣

λ− a11 −a12 · · · −a1n

−a21 λ− a22 · · · −a2n

· · · · · · · · · · · ·
−an1 −an2 · · · λ− ann

∣

∣

∣

∣

∣

∣

∣

∣5 A &.m2E��X5 fA(λ).! 4 � λ � A &.mr�f�e 0 6= X ∈ Kn×1, � AX = λX, +T (λI −
A)X = 0. G |λI −A| = 0, V λ � fA(λ) &E�7q�� λ � fA(λ) &E� λ ∈ K,f℄ (λI − A)X = 0 ip (λI − A)X = 0 ^:s�V�e 0 6= X ∈ Kn×1, �
AX = λX. +T fA(λ) &e K �&E� A &.mr��� 2 fA(λ) = fA

′ (λ). � |λI −A| = |λI − A′|. 2�� 3 � A,B ∈ Kn×n,A D(_ B, f fA(λ) = fB(λ). +T A L B ^D2&.mr� � Z5 A ` B D(�G�ei�l P ∈ Kn×n, � B = P−1AP . +T
fB(λ) = |λI − B| = |λP−1P − P−1AP | = |P−1(λI −A)P | = |λI − A| = fA(λ). 2
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! 5 D(dl^D2&.mr�7q7
�� 1 � A =

(

1 0
0 1

)

, B =

(

1 1
0 1

)

, f A ` B ^D2&.mr�",}�D(������ A D(_ B, f�ei�l P =

(

a b

c d

)

, �% PBP−1 = A. G^
1

△

(

a b

c d

) (

1 1
0 1

) (

d −b
−c a

)

=
1

△

(

△− ac a2

−c2 △ + ac

)

=

(

1 0
0 1

)

,km △ = ad− bc 6= 0. U\ a = c = 0, △ = 0. z1�! 6 � A D(_�_l U , f U &0_V5 A &.mr�! 7 � ϕ � n 6j[ V &CK�R�e�R}S?&dl5 A, ,W ϕ &.m2E�5 A &.m2E��X fϕ(λ). V fϕ(λ) = fA(λ). Z5 ϕ e�2S?&dl�D(&�D(&dl^D2&.m2E��+TkO&,W�Nl&�! 8 � A = (aij)n×n, fA(λ) = |λI − A| = λn + a1λ
n−1 + · · ·+ an−1λ+ anhw |λI −A| &gg��i%$

a1 = −(a11 + a22 + · · ·+ ann) = −tr(A), an = (−1)n|A|.� fA(λ) = (λ− λ1)(λ− λ2) · · · (λ− λn), ℄4�,lp
a1 = −(λ1 + λ2 + · · ·+ λn), an = (−1)nλ1λ2 · · ·λn.Z3
tr(A) = λ1 + λ2 + · · · + λn, |A| = λ1λ2 · · ·λn.R�)�^�?,l��� � A = (aij)n×n,A &.m2E�

fA(λ) = |λI −A| = λn + b1λ
n−1 + · · ·+ bn−1λ+ bn,f

bk = (−1)k
∑

1≤i1<i2<···<ik≤n

∣

∣

∣

∣

∣

∣

∣

∣

ai1i1 ai1i2 · · · ai1ik

ai2i1 ai2i2 · · · ai2ik

· · · · · · · · · · · ·
aiki1 aiki2 · · · aikik

∣

∣

∣

∣

∣

∣

∣

∣
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v 1 ≤ k ≤ n, LK ∑

1≤i1<i2<···<ik≤n

Æ�0y| i1 < i2 < · · · < ik &+^i�& 1t n v&n$ i1, i2, · · · , ik �L�.�)
b1 = −

n
∑

i=1

aii, bn = (−1)n|A|. � v~ ” 0h=/ ”, Qi�d^H�h!� 2��.mr`.mFq&W*+R��� fA(λ) = |λI − A|;+4��� fA(λ) &+^E�
ve K �&E5.mr�+���0{C.mr λ0, � (λ0I − A)X = 0 &S�> X1, X2, · · · , Xs, f
k1X1 + k2X2 + · · · + ksXs, 
v ki �Æ5 0, 5+�0[ λ0 &.mFq�� 2 � 



1 0 0
0 a b

0 0 d



 &.mr`.mFq� 1, a, d ppPY� b 6= 0.�
fA(λ) =

∣

∣

∣

∣

∣

∣

λ− 1
λ− a −b

λ− d

∣

∣

∣

∣

∣

∣

= (λ− 1)(λ− a)(λ− d).# λ1 = 1 �� λ1I − A =





0 0 0
0 1 − a −b
0 0 1 − d



 , X1 =





k

0
0



 , k 6= 0.# λ2 = a �� λ2I − A =





a− 1 0 0
0 0 −b
0 0 a− d



 , X2 =





0
k

0



 , k 6= 0.# λ3 = d �� λ3I −A =





d− 1 0 0
0 d− a −b
0 0 0



 , X3 =





0
b

d−a
k

k



 , k 6= 0.� 3 � 



3 1 −1
2 2 −1
2 2 0



 &.mr`.mFq��
fA(λ) =

∣

∣

∣

∣

∣

∣

λ− 3 −1 1
−2 λ− 2 1
−2 −2 λ

∣

∣

∣

∣

∣

∣

= (λ− 1)(λ− 2)2.
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# λ1 = 1 ��
(λ1I − A) =





−2 −1 1
−2 −1 1
−2 −2 1



 →





−2 0 1
0 1 0
0 0 0



 ,+T"_.mr λ1 = 1 &.mFq� X1 = (k, 0, 2k)′, 0 6= k ∈ K.# λ2 = λ3 = 2 ��
(λ2I − A) =





−1 −1 1
−2 0 1
−2 −2 2



 →





1 −1 0
−2 0 1
0 0 0



 ,+T"_.mr λ2 = λ3 = 2 &.mFq� (k, k, 2k)′, 0 6= k ∈ K.� 4 e^l$a�� (

0 −1
1 0

) &.mr�� λ1,2 = ±i, ;^l.mr�'���_zHU
[\�� �R>8l
 (>) D(_R��_l� � �� (���).� A ∈ Cn×n, 0 n �I�5�# n = 1 ��bxB���0 n− 1 a�o�0
n a8l A, A t�^R.mr λ1 ∈ C, D[&RC.mFq5 X1 ∈ C

n×1, V
AX1 = λ1X1.^ X1 k5 C

n×1 &R}S X1, X2, · · · , Xn. u P1 = (X1, X2, · · · , Xn), f P1 �>i�l�� AP1 = P1

(

λ1 ∗
0 A1

)

.Z5 A1 � C � n − 1 a8l�℄I�Z���e n − 1 a>i�l P2 �
P−1

2 A1P2 5��_l L, u P = P1

(

1 0
0 P2

)

, f P �>i�l��
P−1AP =

(

λ1 ∗
0 L

)

.�� (���	
�). A^
�6X�5CK�R�#I��0 n �I�5�# n = 1 �� A �� ϕ : V → V (
v dimV = 1) e V &R}S?&Æ�dl�
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bx�o��# A 5 n − 1 adl�bx�o�0 n adl A, A 5 ϕ : V →
V (dimV = n, V 5 C �CKj[) e V &R}S?&Æ�dl�0? ϕ, λ1 5
ϕ &.mr� α1 5
0[&.mFq�^ α1 k5 V &R}S α1, α2, · · · , αn, u
V1 = span{α1}, V2 = span{α2, α3, · · · , αn}, f V = V1 ⊕ V2. ϕ(α1, α2, · · · , αn) =

(α1, α2, · · · , αn)

(

λ1 β

0 A2

)

. e V2 v,W ψ, �%
ψ(α2, α3, · · · , αn) = (α2, α3, · · · , αn)A2.�� dimV2 = n− 1. ℄I�Z��e V2 v�eS β2, β3, · · · , βn, �%
ψ(β2, β3, · · · , βn) = (β2, β3, · · · , βn)U,
v U 5��_l� P1 5� α2, α3, · · · , αn $ β2, β3, · · · , βn &J.dl�V
(β2, β3, · · · , βn) = (α2, α3, · · · , αn)P1,f ψ e β2, β3, · · · , βn ?&Æ�dl U `
e α2, α3, · · · , αn ?&Æ�dlD(�V

U = P−1

1 A2P1. u P =

(

1 0
0 P1

)

,f P i��� (α1, β2, · · · , βn) = (α1, α2, · · · , αn)P ,�3 α1, β2, · · · , βn � V &R}S�
ϕ(α1, β2, · · · , βn) = ϕ(α1, α2, · · · , αn)P = (α1, α2, · · · , αn)AP = (α1, β2, · · · , βn)P−1AP,�3

P−1AP =

(

1 0
0 P1

) (

λ β

0 A2

) (

1 0
0 P

)

=

(

λ βP

0 U

)

. 2! 9 $a K �&dl7
-D(_ K ��_l�� A =

(

0 −1
2 0

)

∈ R2×2.� P =

(

a b

c d

) � R �4ai�dl�� PAP−1 = B. f B = PAP−1 =

1

ad−bc

(

a b

c d

) (

0 −1
2 0

) (

d −b
−c a

)

=

(

ac+ 2bd −2b2 − a2

2d2 + c2 −2bd − ac

)

,+T c = d =

0, G B =

(

⋆ ⋆

0 0

)

. kO B ^.mr 0, ` A &.mr�2�z1� 2! 10 �$a K �& n a8l+^ n C.mrÆe K v�f
�e K � nai�l P , � P−1AP 5��_l�
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! 11 e2FVW?�,l5�� � ϕ � C � n 6j[ V &CK�R�f�e V &R}S��% ϕ ek}S?&dl���_l�k�x0_C�)� ϕ &+^.mr�� 5 � A ∈ Kn×n, g(x) ∈ K[x],

(1) � λ � A &.mr�f g(λ) � g(A) &.mr�
(2) � λ1, λ2, · · · , λn � A &Æ�.mr�f g(λ1), g(λ2), · · · , g(λn) � g(A) &Æ�.mr� � (1) Z AX = λX, f A2X = λ2X, �3 AkX = λkX, � (sAi + tAj)X =

(sλi + tλj)X, G g(A)X = g(λ)X, V X � g(A) 0[_ g(λ) &.mFq� g(λ) 5
g(A) &.mr�

(2) Z5 A ^ n C.mr�GD(_��_l�V^ P ∈ Kn×n, �
P−1AP =









λ1 ∗ · · · ∗
0 λ2 · · · ∗
· · · · · · · · · · · ·
0 0 · · · λn







W*i%
(P−1AP )k = P−1AkP =









λk
1 ∗ · · · ∗
0 λk

2 · · · ∗
· · · · · · · · · · · ·
0 0 · · · λk

n







�3
P−1g(A)P = g(P−1AP ) =









g(λ1) ∗ · · · ∗
0 g(λ2) · · · ∗
· · · · · · · · · · · ·
0 0 · · · g(λn)







G g(A) &Æ�.mr� g(λ1), g(λ2), · · · , g(λn). 2� 6 � A ∈ Kn×n � |A| 6= 0, � A &.mr5 λ1, λ2, · · · , λn.

(1) λi 6= 0, 1 ≤ i ≤ n;

(2) λ−1

1 , λ−1

2 , · · · , λ−1
n � A−1 &Æ�.mr�

(3) |A|λ−1

1 , |A|λ−1

2 , · · · , |A|λ−1
n � A∗ &Æ�.mr� � (1) Z |A| = λ1λ2 · · ·λn V%�
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(2) ℄,l��ei�l P , �%
P−1AP =









λ1 ∗ ∗ ∗
0 λ2 ∗ ∗
· · · · · · · · · · · ·
0 0 · · · λn







G^
P−1A−1P =









λ1 ∗ ∗ ∗
0 λ2 ∗ ∗
· · · · · · · · · · · ·
0 0 · · · λn









−1

=









λ−1

1 ∗ ∗ ∗
0 λ−1

2 ∗ ∗
· · · · · · · · · · · ·
0 0 · · · λ−1

n







+T λ−1

1 , λ−1

2 , · · · , λ−1
n � A−1 &Æ�.mr�

(3) ℄ A∗ = |A|A−1 V%� 2<�n� 7 � n a8l A �N g(x), V g(A) = 0. f A &.mrQ�N g(x), V
g(λ) = 0. � � AX = λX, f g(λ)X = g(A)X = 0. 3 X 6= 0, +T g(λ) = 0. 2� 8 � A,B 5 n a8l��o fAB(λ) = fBA(λ). � (5R)u f(a11, a12, · · · , ann) = |A|, g(a11, a12, · · · , ann) = |λI − AB| − |λI − BA|. #
f(a11, a12, · · · , ann) 6= 0 � A i�� A−1ABA = BA, V AB D(_ BA, +T
g(a11, a12, · · · , ann) = 0. G g(a11, a12, · · · , ann) = 0, V fAB(λ) = fBA(λ).

(54) (1) # |A| 6= 0 �� A−1(AB)A = BA, G AB ` BA D(��/�o�
(2) # |A| = 0 �� |tI + A| t2^ n CE�G�e t0 ∈ R, �%�V t > t0��O^ |tI +A| 6= 0. ℄ (1) p0�VD,& B, (tI +A)B ` B(tI +A) D(�V

|λI − (tI + A)B| = |λI − B(tI + A)|.u g(t) = |λI − (tI + A)B| − |λI − B(tI + A)|, f degg(t) ≤ n,  n + 1 C�2&$ t1, t2, · · · , tn+1 > t0, f^ g(ti) = 0, 1 ≤ i ≤ n + 1, G g(t) = 0. .�) g(0) = 0,G |λI − AB| = |λI − BA|. 2
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(5�)
(

I −A
0 λI

) (

A λI

I B

)

=

(

0 λI − AB

λI λB

)

,

(

I 0
−B λI

) (

A λI

I B

)

=

(

A λI

λI − BA 0

)

,p�Jr�V%� 2
(5')

(

I A

B λI

) (

λI −A
0 I

)

=

(

λI 0
λB λI − BA

)

(

I A

B λI

) (

λI 0
−B I

)

=

(

λI −AB A

0 λI

)p�Jr�V%� 2
(5<) � r(A) = r, f�ei�l P,Q, � A = P

(

Ir 0
0 0

)

Q. u QBP =
(

C D

F G

)

, f
P−1(λI − AB)P = λI − P−1AQ−1QBP = λI −

(

Ir 0
0 0

)(

C D

F G

)

= λI −
(

C D

0 0

)

=

(

λI − C −D
0 λI

)

Q(λI − BA)Q−1 = λI −QBPP−1AQ−1 = λI −
(

C D

F G

) (

Ir 0
0 0

)

= λI −
(

C 0
F 0

)

=

(

λI − C 0
−F λI

)p�Jr�V%� 2� 9 A ∈ Km×n,B ∈ Kn×m, � m ≥ n. �o�
(1) |λI −AB| = λm−n|λI − BA|;
(2) tr(AB) = tr(BA);

(3) � B1, B2, · · · , Bm � m C2adl A1, A2, · · · , Am &�MNQ�r�f
A1, A2, · · · , Am ` B1, B2, · · · , Bm ^D2.m2E��Z3^D2.mrLT� � (1)(5R)
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# m > n ��� λ 6= 0, f (

Im 0
−λ−1B In

) (

λIm − AB A

0 In

)(

Im 0
B In

)

=
(

λIm A

0 In − λ−1BA

)

, +T |λI − AB| = λm|I − λ−1BA| = λm−n|λI − BA|. �
λ = 0, Z5 r(AB) ≤ m < n, +T |AB| = 0 = 0m−n| − BA|.# m = n ��� λ 6= 0, V�~&n{�� λ = 0, f |0In − AB| = | − AB| =

| −BA| = |0I − BA|.
(54) u A1 = (A 0 )m×m, B1 =

(

B

0

)

m×m

, ℄�np |λI − A1B1| = |λI −

B1A1|, G |λI − A1B1| = |λI −AB|, 3
|λI −B1A1| = |λI −

(

BA 0
0 0

)

| = λm−n|λI − BA|;

(2) ℄dl.m2E�+4A�E>$5dlqT�V%�
(3) ℄ (1), (2) V%�
(5�)

(

Im −A
0 In

) (

λIm A

B In

)

=

(

λIm − AB 0
B In

)

,

(

Im 0
−B λIn

) (

λIm A

B In

)

=

(

λIm A

0 λIn −BA

)

,p�Jr�V%� 2� 10 � α = ( a1 a2 · · · an ) ∈ R1×n, � αα′ = 1, � In − 2α′α &.mr�� λ � A = In − 2α′α &.mr�f
|(λ− 1)In + 2α′α| = (λ− 1)n−1|(λ− 1) + 2αα′| = (λ− 1)n−1(λ+ 1),G 1 5 n− 1 w.mr� −1 5 1 w.mr� 2� 11 Sp n adl&u'_ n− 1, 
.mr5 λ1, λ2, · · ·λn.  � A∗ &Æ�.mr�� Z r(A) = n− 1, G A t�^RC.mr5 0, �9� λn = 0. 0 A, �ei�dl P , �% P−1AP =











λ1 ∗ · · · ∗
λ2 · · · ∗

. . .
...
λn











:= B, f B∗ = P ∗A∗(P ∗)−1 ` A∗D(��3` A∗ ^D2.mr�
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B∗ =











∏

i6=1
λi ∗ · · · ∗

∏

i6=2
λi · · · ∗

. . .
...

∏

i6=n λi











=











0 ∗ · · · ∗
0 · · · ∗

. . .
...

∏

i<n λi











.+T A∗ &.mr5 0(n− 1 w) U λ1λ2 · · ·λn−1. 2� 12 � A =

(

A1

A2

)

, f fA(λ) = fA1
(λ)fA2

(λ). � fA(λ) = |λI−A| =

∣

∣

∣

∣

λI − A1

λI − A2

∣

∣

∣

∣

= |λI−A1||λI−A2| = fA1
(λ)fA2

(λ).2 � 13 �dl In −A &.mr��-G_ 1, �o 0 < |A| < 2n. � Up λ � A &.mr&�;
P1℄� 1 − λ � I − A &.mr��
AX = λX, f |1 − λ| < 1. � λ 5�$�f 0 < λ < 2; � λ 5L$� λ Q�.mr�X λ = a + ib, f |1 − λ|2 = (1 − a)2 + b2 < 1, +T |1 − a| <

√
1 − b2, G

a < 1 +
√

1 − b2 < 2, �� 0 < a2 + b2 < 1 − 1 + 2a = 2a < 4. Ee |A| =

n
∏

j=1

λj, %
0 < |A| < 2n. 2#� P215 1.(3), 3, 4, 5, 6, 10.(1); P229 3, 11.�Æ� P215 7, 8; P228 1, 2, 10�"� P216 9(2); P228 4, 5
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