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§7.3 ^\dg� Frobenius ℄f
%uR�g4�r� λ− -1%Æ!('N λ− U1����s;℄5 n Q λ− U1�+yÆ��-�gÆ!�,5�s;�g+y����z0
�Æ!�����!T�`y <�3l�BS 7.3.1 v A(λ) z n Q λ− U1�'(r�� k(1 ≤ k ≤ n), s; A(λ) ��& k Q<y�>�7 y� (a�-�{�	}z 1 �>�7 y� A(λ) � k CRILT[, H� Dk(λ).�L�t r(A(λ)) = r, - A(λ) & r 5�`y <�H 1 U1





(λ− 1)
(λ+ 1)

(λ− 1)



��`y <� 1, λ− 1, (λ− 1)2(λ+ 1);





1
(λ− 1)

(λ− 1)(λ+ 1)



��`y <� 1, λ− 1, (λ− 1)2(λ+ 1);





1
(λ+ 1)

(λ− 1)2



��`y <� 1, 1, (λ− 1)2(λ+ 1).H 2 n Q λ− U1�+y
diag(d1(λ), d2(λ), · · · , dr(λ), 0, · · · , 0),-m�`y <�

D1(λ) = d1(λ),

D2(λ) = d1(λ)d2(λ),

· · · · · · · · ·

Dr(λ) = d1(λ)d2(λ) · · · dr(λ).UG 7.3.1 v r(A(λ)) = r, D1(λ),D2(λ),· · ·, Dr(λ) z A(λ) ��`y <�-
Di(λ)|Di+1(λ) (i = 1, 2, · · · , r − 1).
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XK v Ai+1(λ) z A(λ) �r� i+1Q<y��#��.W�-me�.W�%z�5)�y) A(λ)�5 i Q<y��D�%( Di(λ) z�& i Q<y�7 y�- Di(λ)|Ai+1(λ).  � Di(λ)|Di+1(λ). 2BS 7.3.2 v D1(λ), D2(λ), · · ·, Dr(λ) z A(λ) ��`y <�-
g1(λ) = D1(λ), gi(λ) =

Di(λ)

Di−1(λ)
, i = 2, 3, · · · , r.�� A(λ) � A?T[.
q� λ− U1��`y <>�� <�Æ��p$�\ 1 :�� </
� 1, λ − 1, (λ +

1)(λ − 1); 1, λ − 1, (λ + 1)(λ − 1); 1, 1, (λ + 1)(λ − 1)2. \ 2 : n Q λ− U1�+y��� <� d1(λ), d2(λ), · · · , dr(λ).�_3i�`y <��� <%z λ− U1+Æ!:	
���^��3is
S
�BG 7.3.1 Æ!� λ− U1&Æ���`y <�XK 9�3i�`y <+r� λ− U1�� �B
����FX��B�B�MB A(λ) �℄��� B(λ), - A(λ) > B(λ) � s Q<y>)2��51=� ��`y <{�	}� 1, �������	+�B� A(λ) �k����.a�}�� B(λ), - A(λ) > B(λ) � s Q<y)�B?� i Q<y>)��5.a�}� ��`y <{�	}� 1, ��������+�B� A(λ) �# j ��� f(λ) I�# i ��� B(λ). s; B(λ) � s Q<y�<# i ��C�w<# i �># j ��� ( A(λ) �Æ"��5 s Q<y�s; B(λ) � s Q<y<# i ���<# j ��� ( A(λ) �Æ"��5 s Q<yIK f(λ) �� A(λ) �b�5 s Q<y����#��&
s Q<y�>�7 y� 2Y λ− U1�+y���BG 7.3.2 '( n Q λ− U1 A(λ) > B(λ), 
`�|z J��

(1) A(λ) ≃ B(λ);

(2) A(λ) > B(λ) &Æ���`y <�
(3) A(λ) > B(λ) &Æ���� <�
(4) A(λ) > B(λ) &Æ��+y�XK v A(λ) ≃ B(λ), 6V$Z 7.3.1, A(λ) > B(λ) &Æ���`y <� *&Æ���� <� �+y%�� <��p$��� A(λ) > B(λ) &Æ��+y�*℄5+yÆ�� λ− U1zÆ!�� 2v A z}* F u n Q-1�)�yU1 λE −A ��U1 A � MWEV. λE − A ��`y <>�� </
�� A � RILT[ > A?T[.OJ 7.3.1 '( n Q-1 A > B, 
`�|z J��
(1) A Æ~( B;

(2) A > B &Æ���`y <�
(3) A > B &Æ���� <�[$�� <��gX�8, n Q-1� Frobenius �;��
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UG 7.3.2 
` r QU1














0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
...

...
0 0 · · · 1 −ar−1















r��`y <z 1, · · · , 1, (r − 151), f(λ), m:
f(λ) = λr + ar−1λ

r−1 + · · ·+ a1λ+ a0.m�� <�z 1, · · · , 1(r − 151), f(λ).XK 'r�� k(k < r), uhU1��2U1=&�5 k Q<y�7� (−1)k, 9 Dk(λ) = 1,

1 ≤ k ≤ r − 1. *m r Q�`y <z
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 0 · · · 0 a0
−1 λ · · · 0 a1
0 −1 · · · 0 a2
...

...
...

...
0 0 · · · −1 λ− ar−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= λr + ar−1λ
r−1 + · · ·+ a1λ+ a0.

2!Z 7.3.2 :U1��:( f(λ) = λr+ar−1λ
r−1+ · · ·+a1λ+a0 � Frobenius F, H� F (f(λ)).BG 7.3.3

F (f(λ)) =















0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
...

...
0 0 · · · 1 −ar−1













��2)�y>E�)�y%z
f(λ) = λr + ar−1λ

r−1 + · · ·+ a1λ+ a0.XK H F (f(λ)) � F .  � F ��2)�yz# r 5�`y <���z f(λ). �� f(λ) z F �aA)�y��g&� F �E�)�y�z f(λ). t�q�& g(λ), x g(F ) = 0, n degg(λ) < degf(λ).v
g(λ) = λs + ls−1λ

s−1 + · · ·+ liλ+ l0, s < r,- g(F ) = F s+ ls−1F
s−1+ · · ·+ l1F + l0E = 0. �* g(F )ε1 = 0. 6PG�4 Fε1 = ε2, F

2ε1 = ε3,

· · ·, F sε1 = εs+1. �� g(F )ε1 = εs+1 + ls−1εs + · · ·+ l1ε2 + l0ε1 = 0. 0� li = 0, (1 ≤ i ≤ s). )
g(λ) 6= 0 d(� 2BG 7.3.4 v A z}* F u� n Q-1� A ��� <�

1, · · · , 1(n− k51), d1(λ), · · · , dk(λ)

3



m: degdi(λ) = mi, - A Æ~(
`/Y'N1
F =











F (d1(λ))
F (d2(λ))

. . .

F (dk(λ))











.XK λE −A �+y�
diag(1, · · · , 1(n− k51), d1(λ), d2(λ), · · · , dk(λ)). � m1 +m2 + · · ·+mk = n. 6V §7.1 �\ 2, 4

λE−A ≃ diag(1, · · · , 1(m1−151), d1(λ), 1, · · · , 1(m2−151), d2(λ), · · · , 1, · · · , 1(mk−151), dk(λ)).6V!Z 7.3.1,

diag(1, · · · , 1(mi − 151), di(λ)) ≃ λE − F (di(λ)), 1 ≤ i ≤ k.��
λE −A ≃ λE − F.9 A Æ~( F . 2$Z 7.3.4 :� F �� A � Frobenius �ZQ.H 3 v-1 A ��� <z

1, 1, 1, (λ+ 1), (λ+ 1)2, (λ+ 1)3,�� A � Frobenius �;��D �� <X��
1, 1, 1, (λ+ 1), (λ2 + 2λ+ 1), (λ3 + 3λ2 + 3λ+ 1).9 A � Frobenius �;��

















−1
0 −1
1 −2

0 −1
1 0 −3

1 −3

















.H 4 o
`U1� Frobenius �;�
A =





1 3 3
3 1 3
−3 −3 −5



 .
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D
λE −A =





λ− 1 −3 −3
−3 λ− 1 −3
3 3 λ+ 5



 .- D1(λ) = 1. G��� D2(λ) = λ+ 2. G� det(λE −A), �� D3(λ) = (λ− 1)(λ+ 2)2. 9 A �. 1 ��� <� d1(λ) = λ+ 2, d2(λ) = (λ− 1)(λ+ 2). 0�� A ��� <�
1, λ+ 2, λ2 + λ− 2,9 A � Frobenius �;��




−2
0 2
1 −1



 .BG 7.3.5 v}* F u n QU1 A ��� <�
1, · · · , 1, d1(λ), · · · , dk(λ),- A �E�)�y mA(λ) = dk(λ).XK v A � Frobenius �;��

F =











F (d1(λ))
F (d2(λ))

. . .

F (dk(λ))











, Æ~U1&Æ��E�)�y�99�3i F �E�)�yz dk(λ) FX� � F �/Y'N1�%$Z 6.3.3 4
mF (λ) = [mF (d1(λ)),mF (d2(λ)), · · · ,mF (dk(λ))] = [d1(λ), d2(λ), · · · , dk(λ)].' � di(λ)|di+1(λ), 1 ≤ i ≤ k − 1, 9

mA(λ) = mF (λ) = dk(λ).

2PN
1. '(r� n Q-1 A, o3� A Æ~( AT .

2. o
`U1��`y <>�� <�Æ�� Frobenius �;��
(1)





4 5 −2
−2 −2 1
−1 −1 1



;

(2)









−2 2 −1 −1
2 −2 −1 −1
−1 −1 −2 2
−1 −1 2 −2









.
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3. �
`U1z0Æ~�
(1)

(

1 0
0 −1

)

,

(

0 1
1 0

)

;

(2)

(

1 0
0 1

)

,

(

1 1
0 1

)

;

(3)

(

1 0
0 −1

)

,

(

2 0
0 − 1

2

)

.

4. �� A � Frobenius �;�
(1) A =









0 −1 2 0
1 0 −2 0
0 0 1 0
1 1 −2 1









;

(2) A =

















0 1 1 0 0 0
1 0 1 0 0 0
1 1 0 0 0 0
0 0 0 2 −1 1
0 0 0 2 2 −1
0 0 0 1 2 −1

















.

5. v&Z}* Q u� 10 Q-1 A ��� <�
1, · · · , 1, (λ− 2)2(λ2 + 2), (λ− 2)2(λ2 + 2)2.�� A � Frobenius �;��

6. v n Q-1 A & n 5����27�o3 A��2)�y)E�)�yÆ �Æo A � Frobenius�;��
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