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§1 λ− V>OYUM℄ZV =�/�}V> (λ− V>) $,*(F?V>/�}$;��\T�% λ− >$,*�=� λ− V>$�'58���_=�Ym λ− V>$�#�M�\T λ− V>$�4�2����IV>��5�-�?V>$�'$^��&� λ− V>$,*?8�N[ 1 x K �&9�6��s

A(λ) =









a11(λ) a12(λ) · · · a1n(λ)
a21(λ) a22(λ) · · · a2n(λ)
· · · · · · · · · · · ·

am1(λ) am2(λ) · · · amn(λ)









,$ m×n V>�nG aij(λ) ∈ K[λ], ��/�}V>�D λ− V>�$H� A(λ) =

(aij(λ))m×n./�}V> A(λ) Y�~�
A(λ) = Mlλ

l + Ml−1λ
l−1 + · · ·+ M1λ + M0,nG Mi � m× n R�IV>� 1 ≤ i ≤ l. w}�� l �V>/�}�+��&9/�}V>Y(������IV>$/�}�3C�&9����IV>$/�}$Y(���}V>�R 1

A(λ) =

(

λ2 − 1 λ + 3
1 λ3 + 2λ

)

=

(

0 0
0 1

)

λ3 +

(

1 0
0 0

)

λ2 +

(

0 1
0 2

)

λ +

(

−1 3
1 0

)

.R 2 A =

(

1 2
3 4

)

, ; λI − A =

(

λ − 1 −2
−3 λ − 4

)

.
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x A ∈ Kn×n, �/�}V> λI − A �V> A $ W_P^.,*`9 m× n R λ− V> A(λ) ? B(λ) �%� aij(λ) = bij(λ), 1 ≤ i ≤ m,

1 ≤ j ≤ n; ,*I2� A(λ) + B(λ) = (aij(λ) + bij(λ))m×n; ,*��� cA(λ) =

(caij(λ))m×n, c ∈ K; ,* m× n R λ− V> A(λ) ? n × s R λ− V> B(λ) $�2� A(λ)m×nB(λ)n×s = (Σn
k=1(aikλ)bkj(λ))m×s. ,* n R λ− V>$�a}5�IV>$�a}$,*��,* n R λ− V>$�	V>5�IV>$�a}$,*��a 1 x A(λ) � s �V>/�}�! |A(λ)| Yl� 0 D���R 3

∣

∣

∣

∣

1 0
−λs 0

∣

∣

∣

∣

= 0,

∣

∣

∣

∣

λ − 1 λ

λ λ + 1

∣

∣

∣

∣

= −1.a 2 A(λ), B(λ) 6� s, t �V>/�}�! A(λ)B(λ) Yl� 0.R 4
(

λ 1
0 0

) (

1 −λ

−λ λ2

)

= 0.1� λ− V>$�%�CN[ 2 . λ− V> A(λ) z�$�avH�C�� λ− V>$��%�C�
(1) BC�C�N A(λ) V>`�BC�
(2) ���C�N A(λ) $* i ��(5b�� c(*1[);

(3) �r�C�N A(λ) $* i ��( f(λ) AI"* j �wr (*v[).�-(�0a$�%�C$,*��avHV>���% λ− V>�
(1) BCV> Pij: N In V>BC* i, j �#"�
(2) ��V> Pi(c): N In $* i ��(5b�� c #"�
(3) �rV> Pij(f(λ)): N In $* i ��( f(λ) AI"* j �#"�
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Pij =

































1
· · ·

1
0 · · · 1
· ·

1 · · · 0
1

· · ·
1

































,

Pi(c) =





















1
· · ·

1
c

1
· · ·

1





















,

Tij(f(λ)) =

























1
. . .

1
. . .

f(λ) 1
. . .

1

























.

)L� |Pij| = −1, |Pi(c)| = c, |Tij(f(λ))| = 1.NQ 1 . A(λ) z�� (a) $�%�C%3.nK (1) ��-$�% λ− V>�`S �IV>$Ah&"� 2N[ 3 u A(λ) ? B(λ) -� λ− V>�o A(λ) U=�%�CAY�� B(λ),;� λ− V> A(λ) ? B(λ) �'�HL A(λ) ∼= B(λ).�';��&H%K;��GfJ (1) 3y�� A(λ) ∼= A(λ); (2) .���
A(λ) ∼= B(λ), ; B(λ) ∼= A(λ); (3) �+�� A(λ) ∼= B(λ), B(λ) ∼= C(λ), ;
A(λ) ∼= C(λ).\Q 1x λ−V> A(λ)�'3.O λ−V> diag{d1(λ), d2(λ), · · · , dn(λ)}, λ−
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V> B(λ)�'3.O λ−V> diag{d′

1(λ), d′

2(λ), · · · , d′

n(λ)},o d′

1(λ), d′

2(λ), · · · , d′

n(λ)� d1(λ), d2(λ), · · · , dn(λ) $&9FC�; A(λ) �'3 B(λ).v�Ym λ− V>N[ 4 u A(λ),B(λ) -� n R λ− V>�o
A(λ)B(λ) = In, B(λ)A(λ) = In,;� A(λ) �Ym λ− V>� B(λ) � A(λ) $m λ− V>�H� A−1(λ).�% λ−V>�Ym>��{w�Pij Pij = In; Pi(c)Pi(c

−1) = In; (3) Tij(f(λ))Tij(−f(λ)) =

In. TX 1 λ− V>$m λ− V>u�:�	�&�`S B(λ), C(λ)W� A(λ)$m λ−V>�; B(λ) = B(λ)In = B(λ)A(λ)C(λ) =

InC(λ) = C(λ). 2TX 2Ym λ−V>$�E$�Ym λ−V>�o (A(λ)B(λ))−1 = B−1(λ)A−1(λ).`S 5�IV>&"Ah� 2NQ 2 &9 n × n R λ− V> A(λ) Ym$�6	#�M� |A(λ)| �&5b���̀S �6��x d = |A(λ)| 6= 0, ;V> 1
d
A⋆(λ) $�&9 λ− V>�0

A(λ)1
d
A⋆(λ) = 1

d
A(λ)A⋆(λ) = In = 1

d
A⋆(λ)A(λ).	#�� |A(λ)||B(λ)| = |In| = 1, |A(λ)|, |B(λ)| -� λ $/�}�
(

|A(λ)|, |B(λ)| �b�/�}�:El�5b��� 2�� λ− V>$�4�2\Q 2 x M(λ), N(λ) � n R λ− V>�o-��b�2x B � n R�IV>�;	�: λ− V> Q(λ) F S(λ) ?�IV> R F T , |�}�℄
M(λ) = (λI − B)Q(λ) + R; (1)

N(λ) = S(λ)(λI − B) + T. (2)
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`S N M(λ) ��
M(λ) = Mmλm + Mm−1λ

m−1 + · · ·+ M1λ + M0,nG Mm 6= 0, . m .<j2�u m = 0, q Q(λ) = 0, '��#p�Jx.�3
m �$V>/�} (1) }�℄�d Q1(λ) = Mmλm−1, ;

M(λ) − (λI − B)Q1(λ) = (BMm + Mm−1)λ
m−1 + · · ·+ M0�&9���3 m $V>/�}�/<jJx�#

M(λ) − (λI − B)Q1(λ) = (λI − B)Q2(λ) + R.
( M(λ) = (λI − B)(Q1(λ) + Q2(λ)) + R.d Q(λ) = Q1(λ) + Q2(λ) G#�\YA (2) }�℄� 2���IV>$��5�?V>$�'NQ 3 x A, B ��6 K w$V>�; A 5 B ��$�6	#�M� λ− V> λI − A 5 λI − B �'�`S 	#��u A 5 B ���;�: K wYmV> P , | B = P−1AP .

P−1(λI − A)P = λI − P−1AP = λI − B� P X��&�� λ− V>�w}�h λI − A 5 λI − B �'��6��u λI − A 5 λI − B �'�;�: M(λ) F N(λ), |
M(λ)(λI − A)N(λ) = λI − B,nG M(λ), N(λ) �0�9�%V>CE��YmV>�YNw}7��

M(λ)(λI − A) = (λI − B)N−1(λ),/,\Yx M(λ) = (λI − B)Q(λ) + R, �tw}��\#
R(λI − A) = (λ − B)[N−1(λ) − Q(λ)(λI − A)].
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w}K
�&�/�}�:}GGZ>�6	 �b�$�G��IV>�x�
P , G

R(λI − A) = (λI − B)P =⇒ (R − P )λ = RA − BP.9�Q��# R = P, RA = BP . E A P �Ym>GY�/x
P = N−1(λ) − Q(λ)(λI − A)

PN(λ) + Q(λ)(λI − A)N(λ) = I0 (λI − A)N(λ) = M−1(λ)(λI − B), 
( PN(λ) + Q(λ)M−1(λI − B) = I./,\�Yx N(λ) = S(λ)(λI − B) + T , �tw}�\A�#
[PS(λ) + Q(λ)M−1(λ)](λI − B) + PT = I.�Q���GB4Z>kV>	 �b�: PT = I, G P 5b� 2a 3 /Ah=�YB�u0 P, Q, | λI − A = P (λI − B)Q, ; A, B ���R 5 x f(λ), g(λ) �B�$/�}�Ah�a λ− V>�'�

(

f(λ) 0
0 g(λ)

)

,

(

g(λ) 0
0 f(λ)

)

,

(

1 0
0 f(λ)g(λ)

)

.`S /Jx��:/�} u(λ), v(λ), | f(λ)u(λ) + g(λ)v(λ) = 1, 
(
(

f(λ) 0
0 g(λ)

)

−→

(

f(λ) 0
f(λ)u(λ) g(λ)

)

−→

(

f(λ) 0
f(λ)u(λ) + g(λ)v(λ) g(λ)

)

=

(

f(λ) 0
1 g(λ)

)

−→

(

f(λ) −f(λ)g(λ)
0 0

)

−→

(

0 −f(λ)g(λ)
1 0

)

−→

(

0 f(λ)g(λ)
1 0

)

−→

(

1 0
0 f(λ)g(λ)

)

.\Y#&Se�L%� P235 1. 2.Æ� 1: u f(λ), g(λ) B��Ah (

g(λ) 0
0 f(λ)

) �'3 (

1 0
0 f(λ)g(λ)

)

.Æ� 2: u A(λ) �'3 C(λ), B(λ) �'3 D(λ), Ah� (

A(λ) 0
0 B(λ)

) �'3 (

C(λ) 0
0 D(λ)

)

.
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