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A = (aij)m×n

�
B = (bij)s×t

%&)LMNO$P,9Q,%&)
RS:TUV%&)W

m = s, n = t,
S

aij = bij , 1 ≤ i ≤ m, 1 ≤ j ≤ n.

X1FG�YZ
[

A = (aij)m×n, B = (bij)m×n,
'(

A
�

B
$*+\

A+B := (aij +bij)m×n.

]
1 (

1 2 3
0 −1 1

)

+

(
3 −1 0
1 0 4

)

=

(
4 1 3
1 −1 8

)

.

"#$*+56^
(1) _`0^ A + B = B + A;

(2) ab0^ (A + B) + C = A + (B + C);

(3) cde"#^ 0 + A = A + 0 = A;

(4) cdf"#^:gh A, cd B, ij A + B = 0.

kl)
(4) m$ B nopq'$)W B = (−aij). r B = −A. stu'("#$v+

A − B := A + (−B).

w1FG�xy
[

A = (aij)m×n, c npK,)'( c
�

A
$,-\

cA := (caij)m×n.

"#$,-56^
(5) c(A + B) = cA + cB;
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(6) (c + d)A = cA + dA;

(7) (cd)A = c(dA);

(8) 1A = A;

z
0A = 0.

{1FG�yZ
[

A = (aij)m×k, B = (bij)k×n,
'(

A
9

B
$-+\

C = AB := (cij)m×n,|m cij = ai1b1j + ai2b2j + · · ·+ aikbkj .z
A
$Q,&}

B
$P,~t�-+)�� AB

$P,&}
A
$P,)

AB$Q,&}
B
$Q,)

cij n A
$�

i
P�

B
$�

j
Q:TUV-���1��

L�����)��
AB
-+�'(1

]
2

(
1 0 1
2 1 0

)




1 0 1 1
1 1 2 −1
−1 0 −1 0



 =

(
0 0 0 1
3 1 4 1

)

.

]
3
[

A =
(

1 0 4
)
, B =





1
1
0



. � AB = 1, BA =





1 0 4
1 0 4
0 0 0



.

]
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[

A =

(
0 0
0 1

)

, B =

(
0 1
0 0

)

. � AB =

(
0 0
0 0

)

, BA =

(
0 1
0 0

)

.

z "#-+$_`0���1
]
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a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

· · · · · ·

am1x1 + am2x2 + · · ·+ amnxn = bm

r

A =







a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·

am1 am2 · · · amn







, X =








x1

x2

...
xn








, β =







b1

b2

· · ·

bm
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AX = β.

"#-+56^
(1) ab0 (AB)C = A(BC);

(2) ��0 A(B + C) = AB + AC, (A + B)C = AC + BC;

(3) a(AB) = (aA)B = A(aB);

(4) ImAm×n = A = Am×nIn.

��
(1)
[

A = (aij)m×n, B = (bij)n×p, C = (cij)p×q. � (AB)
$�

i
P\

( ∑n

r=1
airbr1,

∑n

r=1
airbr2, · · · ,

∑n

r=1
airbrp

)
, C
$�

j
Q\







c1j

c2j

· · ·

cpj







.

�u (AB)C
$�

(i, j)
KUV\

(
n∑

r=1

airbr1)c1j + (
n∑

r=1

airbr2)c2j + · · ·+ (
n∑

r=1

airbrp)cpj

=

p
∑

k=1

(
n∑

r=1

airbrk)ckj =
n∑

r=1

p
∑

k=1

airbrkckj.

��)
(BC)

$�
j
Q\







∑p

k=1
b1kckj∑p

k=1
b2kckj

· · ·
∑p

k=1
bnkckj







,

A
$�

i
P

(
ai1, ai2, · · · , ain

)
.

�u A(BC)
$�

(i, j)
KUV\

ai1(

p∑

k=1

b1kckj) + ai2(

p∑

k=1

b2kckj) + · · · + ain(

p∑

k=1

bnkckj)
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=
n∑

r=1

air(

p
∑

k=1

brkckj) =
n∑

r=1

p
∑

k=1

airbrkckj.

s A(BC) = (AB)C.

(2)-(4)  ¡¢£¤¥¦1 �

z
1
-+$§¨0���1W

AB = AC ; B = C,

BA = CA ; B = C.

z
2
[

A
\

n ©C#)'( A
$ª\

Ar := AA · · ·A
︸ ︷︷ ︸

r

. «¬�

(1) ArAs = Ar+s;

(2) (Ar)s = Ars;

(3)  AB = BA, � (A + B)n = An + C1
nA

n−1B + C2
nAn−2B2 + · · · +

Cn−1
n ABn−1 + Bn.

z
3 0A = 0 = A0.

z
4
[

f(x) = a0 + a1x + a2x
2 + · · · + amxm.

:
An×n,

'(
f(A) := a0In +

a1A + · · ·+ amAm.

®1FG�¯°
'(

A = (aij)m×n

$34\
n × m

"#
A′,
|m A′

$�
k
Pn A

$�
kQ)

1 ≤ k ≤ n, A′
$�

r
Qn A

$�
r
P)

1 ≤ r ≤ m.

"#$3456^
(1) (A′)′ = A;

(2) (A + B)′ = A′ + B′;

(3) (aA)′ = aA′;

(4) (AB)′ = B′A′.
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(4)
[

A = (aij)m×n, B = (bij)n×p , � AB
$�

(i, j)
KUV\

cij =
∑n

r=1
airbrj .

�u (AB)′
$�

(j, i)
KUV\

cij =
∑n

r=1
airbrj , B′A′

$�
(j, i)

K
UV\

B′
$�

j
PUV9

A′
$�

i
QUV:T-���1±

B′
$�

j
PUV

\
B
$�

j
QUV)

A′
$�

i
QUV\

A
$�

i
PUV)NO:TUV-��

�²\
b1jai1 + b2jai2 + · · ·+ bnjain = cij.

�u (AB)′ = B′A′. �

 A′ = A,
W

aij = aji, 1 ≤ i, j ≤ n, �;C# A
\ ³´G

.  A′ = −A,
W

aij = −aji, 1 ≤ i, j ≤ n, �; A
\ µ³´G

.

]
1
:gh

n ©C# A, (A + A′) n:;# ; (A − A′) n<:;#1
]

2
:¶#n:;#·<:;#$:¶UV\ 0; e"# 0 ¸n:;#)¹n<:;#1

º1FG�»¼
½,

z = a + bi
$¾¿½,r\ z := a − bi.[

A = (aij)m×n n½"#)� A = (aij)m×n

;\
A
$¾¿"#1

"#$¾¿56^
(1) (A + B) = A + B;

(2) (cA) = cA;

(3) AB = A B;

(4) (A′) = (A)′.

À1ÁÂÃÄÅÆÇÈÉFG

e1 =








1
0
...
0








, e2 =








0
1
...
0








, · · · , en =








0
0
...
1








;\
nÊ=>Q?@·e′1 , e

′

2, · · · , e
′

n

;\
n Ê=>P?@1
ËÌ

(1) e′iej = δij,
|m δij n Kronecker ÍÎ) δij =

{
1 i = j

0 i 6= j
.

(2) Am×nei n A
$�

i
Q)

eiAm×n n A
$�

i
P1
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(3) e′iAm×nej = aij .

m Ê=>ÏÐQ?@ ei

�
n ÊÏÐP?@ e′j

$-�
eie

′

j

;\
n ©AB"#)r\ Eij.

AB"#
Eij

$�
(i, j) �@n 1,

|N�@Ñn 0.

ËÌ
(1) EijEkl = δjkEil;

(2)
[

A = (aij)n×n, � A =
∑m

i=1

∑n

j=1
aijEij ;

(3) EijA Ò A
�

j
PÓ\�

i
P)|ÔUV\

0; AEij Ò A
�

i
QÓ\�

jQ)|ÔUV\
0.

(4) EijAEkl = ajkEil.

Õ1ÖG�×
[

A n n ©"#)� a11 + a22 + · · ·+ ann

;\C#
A
$D)r\ tr(A).

ËÌ
(1) tr(A + B) = tr(A) + tr(B);

(2) tr(kA) = ktr(A);

(3) tr(A′) = tr(A);

(4) tr(AB) = tr(BA);

(5) tr(A−1BA) = tr(B).

�� ¢£ØÙ1
�Ú^
ÛÜ^ ¡C#$D$78 tr(AB) = tr(BA),

|m A, B
�\

n ©C#1
P53 1(1), 2(1), 4(2); P54 9, 10, 12(2), 14(1)(2).
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