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ST
1 U ϕ : V −→ U V����K

(1) W V ′ V V �<XY-Z ϕ(V ′) = {ϕ(α) | α ∈ V ′} V U �<XY/
(2) W U ′ V U �<XY-Z ϕ−1(U ′) = {α ∈ V |ϕ(α) ∈ U ′} V V �<XYK
[\

(1) ]^ ϕ(0) = 0 ∈ ϕ(V ′), _` ϕ(V ′) 6= ∅.

8) ϕ(α), ϕ(β) ∈ ϕ(V ′), aC α, β ∈ V ′, b α + β ∈ V ′, _` ϕ(α) + ϕ(β) =

ϕ(α + β) ∈ ϕ(V ′).

8) ϕ(α) ∈ ϕ(V ′), aC α ∈ V ′, Z8)cd� a ∈ K, aα ∈ V ′, aϕ(α) =

ϕ(aα) ∈ ϕ(V ′). _` ϕ(V ′) V U �<XYK
(2) ]^ 0 ∈ V, ϕ(0) = 0 ∈ U ′, _` ϕ−1(U ′) 6= ∅.

8) α, β ∈ ϕ−1(U ′), b ϕ(α), ϕ(β) ∈ U ′, _` ϕ(α + β) = ϕ(α) + ϕ(β) ∈ U ′,e
α + β ∈ ϕ−1(U ′).

8) α ∈ ϕ−1(U ′), Z ϕ(α) ∈ U ′. _`8)cd� a ∈ K, aϕ(α) ∈ U ′,
e

ϕ(aα) = aϕ(α) ∈ U ′. fg λα ∈ ϕ−1(U ′). _` ϕ−1(U ′) V V �<XYK 2

hi
1 U ϕ : V → U V����-j

Imϕ = {ϕ(α)|α ∈ V }, Kerϕ = {α ∈ V |ϕ(α) = 0},

klm^����� n 0 o. dimImϕ
m^

ϕ � p, dimKerϕ
m^

ϕ � qr.

hT
1 U ϕ : V → U V����-Z Imϕ V U �<XY- Kerϕ V V �<

XYK
[\ stL 1, Kerϕ = ϕ−1(0), Imϕ = ϕ(V ). 2

1



uv
1 wxyzV{|�}

(1) Kerϕ = V ;

(2) Imϕ = 0;

(3) ϕ = 0. 2

uv
2 (1) Kerϕ = 0 �~k��yzV ϕ V,�/

(2) Imϕ = U �~k��yzV ϕ V.�K 2

�
1 U���� ϕ : K1×2 −→ K1×2, (a1, a2) 7−→ (a2, 0), Z Imϕ = {(b, 0)|b ∈

K} ∼= K, Kerϕ = {(a, 0)|a ∈ K} ∼= K � ϕ2 = 0.

�
2 U A ∈ Kn×m. ������ A : Km×1 → Kn×1, X 7→ AX. j

A = (A1, A2, · · · , Am), Z KerA = {AX = 0�MXY}, ImA = {A�xXY} =

L(A1, A2, · · · , Am).

[\
KerA = {X ∈ Km×1|AX = 0}, ImA = {AX|X ∈ Km×1} = L(Aei, 1 ≤

i ≤ m) = L(A1, A2, · · · , Am). 2

hT
2 U V V m 2��XY- ξ1, ξ2, · · · , ξm V V ���F- U V n 2�

�XY- η1, η2, · · · , ηn V U �F- ϕ ∈ L(V, U),

ϕ(ξ1, ξ2, · · · , ξm) = (η1, η2, · · · , ηn)An×m.

Z
dimImϕ = r(A), dimKerϕ = m − r(A).

[\ t(���L 2 �j�-����} (1)σ2(Imϕ) = ImA; (2)σ1(Kerϕ) =

KerA.���-σ2(Imϕ) = σ2ϕ(V ) = Aσ1(V ) = A(Kn) = ImA;W α ∈ Kerϕ, ϕ(α) =

0,_` Aσ1(α) = σ2ϕ(α) = 0,_` σ1(Kerϕ) ⊆ KerA. ��-U β ∈ KerA,A(β) =

0,
s) σ1 VIJ-_`�� α ∈ V, � σ1(α) = β, )V σ2ϕ(α) = Aσ1(α) =

A(β) = 0,
s) σ2

IJ-_` ϕ(α) = 0,
e

α ∈ Kerϕ, β ∈ σ1(Kerϕ), _`
KerA ⊆ σ1(Kerϕ), _` σ1(Kerϕ) = KerA.��; 2, ����K 2
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2



�-Z
dimImϕ + dimKerϕ = m.
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2 U ξ1, ξ2, · · ·, ξr V Kerϕ ���F-E^ V �F ξ1, · · ·,

ξr, ξr+1, · · · , ξm, w¥?@ ϕ(ξr+1), · · · , ϕ(ξm) V Imϕ ���FK���-
(1) U ar+1ϕ(ξr+1) + · · · + amϕ(ξm) = 0, Z ϕ(ar+1ξr+1 + · · · + amξm) = 0, _

` ar+1ξr+1 + · · · + amξm ∈ Kerϕ,
e�� a1, · · · , ar, � ar+1ξr+1 + · · · + amξm =

a1ξ1 + · · · + arξr. ]^ ξ1, · · · , ξr, ξr+1, · · · , ξm ��®¯-_` a1 = · · · = ar =

ar+1 = · · · = am = 0,
e

ϕ(ξr+1), · · · , ϕ(ξm) ��®¯K
(2) 8)cd� ϕ(α) ∈ Imϕ, aC α ∈ V , b α = Σm

i=1aiξi, _` ϕ(α) =

Σm

i=1aiϕ(ξi) = Σm

i=r+1aiϕ(ξi), � ϕ(α) °s ϕ(ξr+1), · · · , ϕ(ξm) ��±§K 2

 ¡¢£�[
3 U V V m 2��XY- U V n 2��XY-8) ϕ ∈

L(V, U), ²³��´� 3, �� V �F ξ1, · · · , ξm

0
U �F η1, · · · , ηn ��

ϕ(ξ1, · · · , ξm) = (η1, · · · , ηn)

(

Ir 0
0 0

)

.

µ¶
Imϕ = L(ϕ(ξ1), · · · , ϕ(ξr), ϕ(ξr+1), · · · , ϕ(ξm)) = L(η1, · · · , ηr),_` dimImϕ =

r. w¥?@Kerϕ = L(ξr+1, · · · , ξm). ���-·¸ Kerϕ ⊇ L(ξr+1, · · ·, ξm). ¨�G
¥-U α =

∑

n

i=1
aiξi ∈ Kerϕ. Z 0 = ϕ(α) =

∑

n

i=1
aiϕ(ξi) =

∑

r

i=1
aiηi.

e
ai = 0,

1 ≤ i ≤ r. fg- α =
∑

n

i=r+1
aiξi ∈ L(ξr+1, · · · , ξm).

e
Kerϕ = L(ξr+1, · · · , ξm),

dimKerϕ = m − r. 2

uv
4 U ϕ : V → U V����-

ϕ(ξ1, ξ2, · · · , ξm) = (η1, η2, · · · , ηn)A,

Z
(1) ϕ V,��~k��yzV r(A) = m;

(2) ϕ V.��~k��yzV r(A) = n.
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(1) ϕ V°¹��/
(2) ϕ VIJ��/
(3) ϕ V,�/
(4) ϕ V.�/
(5) ϕ ���Fw�NOV°¹OK
w¥�;<¦§=>23�GH`'º(2345�1(K
�

3 U V V 5 2��XY- ξ1, ξ2, ξ3, ξ4, ξ5 V V ���F- U V 4 2��
XY- η1, η2, η3, η4 V U ���F- ϕ ∈ L(V, U),

ϕ(ξ1, ξ2, ξ3, ξ4, ξ5) = (η1, η2, η3, η4)









1 2 1 −3 2
2 1 1 1 −3
1 1 2 2 −2
2 3 −5 −17 10
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»
Imϕ � Kerϕ.
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1 0 0 1 −9

4

0 1 0 −3 11

4

0 0 1 2 −5

4

0 0 0 0 0









, ]Á r(A) = 3, _`

dimImϕ = 3. ]^ A �ÂÃx��®¯-_` Imϕ = k1(η1 + 2η2 + η3 + 2η4) +

k2(2η1 + η2 + η3 + 3η4) + k3(η1 + η2 + 2η3 − 5η4), ki ∈ K, 1 ≤ i ≤ 3. Ä]^ AX = 0

�FÅMÆ^ α1 =













−1
3
−2
1
0













, α2 =













9
−11
5
0
4













, _` Kerϕ = k1(−ξ1 + 3ξ2 − 2ξ3 +

ξ4) + k2(9ξ1 − 11ξ2 + 5ξ3 + 4ξ4), ki ∈ K, i = 1, 2.2

�
4 U ϕ : V → V ′ V����- U V V �<XY-Z

dimImϕ(U) + dim(Kerϕ ∩ U) = dimU.

[\ ÇÈ
ϕ É§���� ϕ′ : U → ϕ(U), α 7→ ϕ(α), Z Kerϕ′ = Kerϕ ∩

U, Imϕ′ = ϕ(U),
s2345����K 2

¤
2 dimU − dimKerϕ ≤ dimϕ(U) ≤ dimU .
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�
5 U ϕ : V −→ V ′ V����- U V V ′ �<XY-Z

dim(Imϕ ∩ U) + dimKerϕ = dimϕ−1(U).

[\ ÇÈ
ϕ É§����� ϕ′ : ϕ−1(U) −→ U , α 7→ ϕ(α), Z Kerϕ′ =

Kerϕ, Imϕ′ = Imϕ ∩ U,
s2345��K 2

¤
3 dimϕ−1(U) ≤ dimU + dimKerϕ.

�
6 U A, B ∈ Kn×n,

»?}

r(A) + r(B) − n ≤ r(AB) ≤ min{r(A), r(B)}.

[\ U A,B
^���� A : Kn −→ Kn, X 7→ AX;B : Kn −→ Kn, X 7→

BX,
ÇÈ

A É§��� ϕ : ImB −→ Kn, BX 7→ ABX, Z Kerϕ = ImB ∩

KerA; Imϕ = ImAB,
s2345Ê dimImB = dimImAB + dim(ImB ∩ KerA) ≤

dimImAB + dimKerA = dimImAB + n − dimImA, � r(B) ≤ r(AB) + n − r(A).

]^ KerB ⊆ KerAB, _` n − r(B) ≤ n − r(AB),
e

r(AB) ≤ r(B). ¨�G¥
ImAB ⊆ ImA, _` r(AB) ≤ r(A).

ËÌ
P176 : 1, 2, 4, 5; P180 : 6, 7

(Í 6,7 R�ÎÏ}8) n 2��XY V �cdbÐÑÒ<XY {Vi}1≤i≤m ÓÔÕÖ×
V , � ⋃

1≤i≤m
Vi  V ).
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